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Preface

More than eighty mathematicians from a variety of countries gathered in
Durham in July 2003 for the London Mathematical Society’s symposium on
Geometry and Cohomology in Group Theory. This was the third symposium
in an influential sequence of meetings that began with the meeting organised
by Scott and Wall in 1976 and continued with the Kropholler—St6hr meeting in
1994. As with these previous meetings, the 2003 Symposium attracted many
of the world’s leading researchers in this highly active field of mathematics.

The meeting came at an exciting time in the field, marked by a deepening
of the fertile interactions with logic, analysis and large-scale geometry, as
well as striking progress on classical problems at the heart of cohomological
group theory. The symposium was built around six lecture courses exposing
important aspects of these recent developments. The lecturers were A. Adem,
W. Liick, J. McCammond, L. Mosher, R. Oliver, and Z. Sela.

The structure of this volume reflects that of the symposium: major survey
articles form the backbone of the book, providing an extended tour through
a selection of the most important trends in modern geometric group theory;
these are supported by shorter research articles on diverse topics. All of the
articles were refereed and we thank the referees for their hard work.

The articles corresponding to the minicourses are written in a style that
researchers approaching the field for the first time should find inviting. In the
first, Bestvina and Feighn present their own interpretation of Sela’s theory
of limit groups. (Important aspects of the theory are developed in the many
exercises and an appendix by Wilton guides the reader through these.) Liick’s
essay on L2-methods in geometry, topology and group theory is crafted specif-
ically for an algebraically-minded audience. Mosher’s article on the quasi-
isometric rigidity of certain mapping class groups begins with a general in-
troduction to quasi-isometric rigidity. McCammond’s account of non-positive
curvature in group theory focuses on the explicit construction of examples,
emphasising the utility of combinatorics and computational group theory in
this regard.

We thank all of the authors who contributed to this volume and apologise
to them for our tardiness in gathering their work into final form. We thank
the London Mathematical Society and the Engineering and Physical Sciences
Research Council of the United Kingdom for their continuing support of the
Durham Symposia series. We recall with particular fondness the contribution

vi



vii

that the late Karl Gruenberg made to this symposium and its predecessors.
We thank him and all of the participants of the 2003 symposium, each of
whom made a contribution to its congenial atmosphere and mathematical
success. We hope that some of the mathematical excitement generated at the
meeting will be transmitted to the reader through these proceedings.

Martin R. Bridson, University of Oxford
Peter H. Kropholler, University of Glasgow
Ian J. Leary, The Ohio State University
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Notes on Sela’s work: Limit groups and
Makanin-Razborov diagrams

Mladen Bestvina* Mark Feighn*

Abstract

This is the first in a planned series of papers giving an alternate
approach to Zlil Sela’s work on the Tarski problems. The present paper
is an exposition of work of Kharlampovich-Myasnikov and Sela giving
a parametrization of Hom(G,F) where G is a finitely generated group
and F is a non-abelian free group.

Contents
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This is the first of a planned series of papers giving an alternative approach to
Zlil Sela’s work on the Tarski problems [35, 34, 36, 38, 37, 39, 40, 41, 31, 32].

*The authors gratefully acknowledge support of the National Science Foundation. This

material is based upon work supported by the National Science Foundation under Grants
Nos. DMS-0502441 and DMS-0805440.



2 M. Bestvina and M. Feighn

The present paper is an exposition of the following result of Kharlampovich-
Myasnikov [14, 15] and Sela [34]:

Theorem. Let G be a finitely generated non-free group. There is a finite
collection {q; : G — T;} of proper epimorphisms of G such that, for any
homomorphism f from G to a free group F, there is o € Aut(G) such that
fo factors through some g;.

A more refined statement is given in the Main Theorem on page 7. Our
approach, though similar to Sela’s, differs in several aspects: notably a dif-
ferent measure of complexity and a more geometric proof which avoids the
use of the full Rips theory for finitely generated groups acting on R-trees;
see Section 7. We attempted to include enough background material to make
the paper self-contained. See Paulin [24] and Champetier-Guirardel [5] for
accounts of some of Sela’s work on the Tarski problems.

The first version of these notes was circulated in 2003. In the meantime
Henry Wilton [45] made available solutions to the exercises in the notes. We
also thank Wilton for making numerous comments that led to many improve-
ments.

Remark 1.1. In the theorem above, since G is finitely generated we may
assume that F' is also finitely generated. If F' is abelian, then any f factors
through the abelianization of G mod its torsion subgroup and we are in the
situation of Example 1.4 below. Finally, if F; and F3 are finitely generated
non-abelian free groups then there is an injection Fi — Fy. So, if {¢;} is a
set of epimorphisms that satisfies the conclusion of the theorem for maps to
F5, then {q¢;} also works for maps to Fj. Therefore, throughout the paper we
work with a fixed finitely generated non-abelian free group F.

Notation 1.2. Finitely generated (finitely presented) is abbreviated fg (respec-
tively fp).

The main goal of [34] is to give an answer to the following:

Question 1. Let G be an fg group. Describe the set of all homomorphisms
from G toF.

Example 1.3. When G is a free group, we can identify Hom(G,F) with the
cartesian product F" where n = rank(G).

Example 1.4. If G = Z™, let u : Z™ — Z be the projection to one of the
coordinates. If h : Z" — F is a homomorphism, there is an automorphism
a @ Z" — Z" such that ha factors through p. This provides an explicit
(although not 1-1) parametrization of Hom(G,F) by Aut(Z") x Hom(Z,F) =
GL,(Z) x F.

Example 1.5. When G is the fundamental group of a closed genus g orientable

surface, let 4 : G — F,; denote the homomorphism to a free group of rank
g induced by the (obvious) retraction of the surface to the rank g graph. It
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is a folk theorem! that for every homomorphism f : G — F there is an au-
tomorphism « : G — G (induced by a homeomorphism of the surface) so
that fa factors through p. The theorem was generalized to the case when
G is the fundamental group of a non-orientable closed surface by Grigorchuk
and Kurchanov [9]. Interestingly, in this generality the single map p is re-
placed by a finite collection {p1,- -, ur} of maps from G to a free group F.
In other words, for all f € Hom(G,F) there is a € Aut(G) induced by a
homeomorphism of the surface such that fa factors through some p;.

1.2 Basic properties of limit groups
Another goal is to understand the class of groups that naturally appear in the
answer to the above question, these are called limit groups.

Definition 1.6. Let G be an fg group. A sequence {f;} in Hom(G,F) is stable
if, for all g € G, the sequence {f;(g)} is eventually always 1 or eventually
never 1. The stable kernel of {f;}, denoted Ker fi, is

{g€ G| fi(g) =1 for almost all i}.

An fg group I is a /imit group if there is an fg group G and a stable sequence
{fi} in Hom(G,F) so that ' = G/Ker, f;.

Remark 1.7. One can view each f; as inducing an action of G on the Cayley
graph of F, and then can pass to a limiting R-tree action (after a subsequence).
If the limiting tree is not a line, then Ker f; is precisely the kernel of this
action and so I' acts faithfully. This explains the name.

Definition 1.8. An fg group T is residually free if for every element v € T’
there is f € Hom(T',F) such that f(vy) # 1. It is w-residually free if for every
finite subset X C T there is f € Hom(T',F) such that f|X is injective.

Exercise 2. Residually free groups are torsion free.
Exercise 3. Free groups and free abelian groups are w-residually free.

Exercise 4. The fundamental group of nlP?> forn = 1, 2, or 3 is not w-
residually free, see [18].

Exercise 5. Every w-residually free group is a limit group.
Exercise 6. An fg subgroup of an w-residually free group is w-residually free.

Exercise 7. Every non-trivial abelian subgroup of an w-residually free group
is contained in a unique maximal abelian subgroup. For example, F x Z is not
w-residually free for any non-abelian F.

Isee Zieschang [46] and Stallings [43]
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Lemma 1.9. Let G; — Gy — - be an infinite sequence of epimorphisms
between fg groups. Then the sequence

Hom(G1,F) «— Hom(G2,F) « ---
eventually stabilizes (consists of bijections).

Proof. Embed F as a subgroup of SLy(R). That the corresponding sequence
of varieties Hom(G;, SL2(R)) stabilizes follows from algebraic geometry, and
this proves the lemma. O

Corollary 1.10. A sequence of epimorphisms between (w—)residually free
groups eventually stabilizes. O

Lemma 1.11. Every limit group is w-residually free.

Proof. Let T be a limit group, and let G and {f;} be as in the definition.
Without loss, G is fp. Now consider the sequence of quotients

G—-G —-Gy—---—>T

obtained by adjoining one relation at a time. If T is fp the sequence termi-
nates, and in general it is infinite. Let G’ = G; be such that Hom(G',F) =
Hom(T',F). All but finitely many f; factor through G’ since each added re-
lation is sent to 1 by almost all f;. It follows that these f; factor through I'
and each non-trivial element of I" is sent to 1 by only finitely many f;. By
definition, I is w-residually free. O

The next two exercises will not be used in this paper but are included for
their independent interest.

Exercise 8. Every w-residually free group T' embeds into PSLy(R), and also
into SO(3).

Exercise 9. Let I" be w-residually free. For any finite collection of nontrivial
elements g1,--- ,gx € T there is an embedding ' — PSLy(R) whose image
has no parabolic elements and so that gi,--- ,gr go to hyperbolic elements.

1.3 Modular groups and the statement of the main the-
orem

Only certain automorphisms, called modular automorphisms, are needed in
the theorem on page 2. This section contains a definition of these automor-
phisms.
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Definition 1.12. Free products with amalgamations and HNN-decompositions
of a group G give rise to Dehn twist automorphisms of G. Specifically, if G =
Axc B and if z is in the centralizer Zg(C') of C in B, then the automorphism
a, of G, called the Dehn twist in z, is determined as follows.

o (g) = g, if g€ A;
? z2gz~', ifg€B.

IfC C A ¢:C — Ais a monomorphism, G = Ax¢c = (At | tat™! =
#(a),a € A)?2 and z € Z4(C), then a, is determined as follows.

_Jg, ifge 4
az(g)_{gz, ifg=t.

Definition 1.13. A GAD? of a group G is a finite graph of groups decom-
position* of G with abelian edge groups in which some of the vertices are
designated QH® and some others are designated abelian, and the following
holds.

e A QH-vertex group is the fundamental group of a compact surface S with
boundary and the boundary components correspond to the incident edge
groups (they are all infinite cyclic). Further, S carries a pseudoAnosov
homeomorphism (so S is a torus with 1 boundary component or x(S) <
—2).

e An abelian vertex group A is non-cyclic abelian. Denote by P(A) the
subgroup of A generated by incident edge groups. The peripheral sub-
group of A, denoted P(A), is the subgroup of A that dies under every
homomorphism from A to Z that kills P(A), i.e.

P(A) =n{Ker(f) | f € Hom(A,Z),P(A) C Ker(f)}.

The non-abelian non-QH vertices are rigid.

Remark 1.14. We allow the possibility that edge and vertex groups of GAD’s
are not fg.

Remark 1.15. If A is a GAD for a fg group G, and if A is an abelian vertex

group of A, then there are epimorphisms G — A/P(A) — A/P(A). Hence,
A/P(A)and A/P(A) are fg. Since A/P(A) is also torsion free, A/P(A) is free,

2¢ is called a stable letter.

3Generalized Abelian Decomposition

4We will use the terms graph of groups decomposition and splitting interchangeably.
Without further notice, splittings are always minimal, i.e. the associated G-tree has no
proper invariant subtrees.

5Quadratically Hanging
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and so A = Ay ® P(A) with Ay = A/P(A) a retract of G. Similarly, A/P(A)
is a direct summand of A/P(A). A summand complementary to A/P(A) in
A/P(A) must be a torsion group by the definition of P(A). In particular,
P(A) has finite index in P(A). It also follows from the definition of P(A)
that any automorphism leaving P(A) invariant must leave P(A) invariant as
well. It follows that if A is torsion free, then any automorphism of A that is
the identity when restricted to P(A) is also the identity when restricted to
P(A).

Definition 1.16. The modular group Mod(A) associated to a GAD A of G is
the subgroup of Aut(G) generated by

e inner automorphisms of G,
e Dehn twists in elements of G that centralize an edge group of A,

e unimodular® automorphisms of an abelian vertex group that are the
identity on its peripheral subgroup and all other vertex groups, and

e automorphisms induced by homeomorphisms of surfaces S underlying
QH-vertices that fix all boundary components. If S is closed and ori-
entable, we require the homeomorphisms to be orientation-preserving’.

The modular group of G, denoted Mod(G), is the subgroup of Aut(G) gener-
ated by Mod(A) for all GAD’s A of G. At times it will be convenient to view
Mod(G) as a subgroup of Out(G). In particular, we will say that an element
of Mod(G) is Irivial if it is an inner automorphism.

Definition 1.17. A generalized Dehn twist is a Dehn twist or an automorphism
a of G = Axc B or G = Ax¢c where in each case A is abelian, « restricted
to P(A) and B is the identity, and « induces a unimodular automorphism of
A/P(A). Here P(A) is the peripheral subgroup of A when we view A *c B
or G = A as a GAD with one or zero edges and abelian vertex A. If C is an
edge groups of a GAD for G and if z € Zg(C), then C determines a splitting
of G as above and so also a Dehn twist in 2. Similarly, an abelian vertex A
of a GAD determines® a splitting A ¢ B and so also generalized Dehn twists.

Exercise 10. Mod(G) is generated by inner automorphisms together with
generalized Dehn twists.

Definition 1.18. A factor set for a group G is a finite collection of proper
epimorphisms {¢; : G — G;} such that if f € Hom(G,F) then there is
a € Mod(G) such that fo factors through some g;.

5The induced automorphism of A/P(A) has determinant 1.
"We will want our homeomorphisms to be products of Dehn twists.
8y folding together the edges incident to A
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Main Theorem ([14, 15, 35]). Let G be an fg group that is not free. Then,
G has a factor set {q; : G — T;} with each T; a limit group. If G is not a
limit group, we can always take o to be the identity.

We will give two proofs—one in Section 4 and the second, which uses less in
the way of technical machinery, in Section 7. In the remainder of this section,
we explore some consequences of the Main Theorem and then give another
description of limit groups.

1.4 Makanin-Razborov diagrams

Corollary 1.19. /terating the construction of the Main Theorem (for T';'s
etc.) yields a finite tree of groups terminating in groups that are free.

Proof. f T — T" is a proper epimorphism between limit groups, then since
limit groups are residually free, Hom(I",F) C Hom(I',F). We are done by
Lemma 1.9. O

Definition 1.20. The tree of groups and epimorphisms provided by Corol-
lary 1.19 is called an MR-diagram® for G (with respect to F). If

q q q gm —1
G—>1"1—1>1"2—2>--- il

is a branch of an MR-diagram and if f € Hom(G,F) then we say that f MR-
factors through this branch if there are o € Mod(G) (which is the identity if
G is not a limit group), a; € Mod(T;), for 1 <i < m, and f’ € Hom(Ty,,F)
(recall T'y, is free) such that f = f'gm_10m—1 - qa1qa.

Remark 1.21. The key property of an MR-diagram for G is that, for f €
Hom(G,T), there is a branch of the diagram through which f MR-factors.
This provides an answer to Question 1 in that Hom(G,F) is parametrized
by branches of an MR-diagram and, for each branch as above, Mod(G) x
Mod(Ty) x --+ x Mod(T'm—1) x Hom(T'y,,F). Note that if Iy, has rank n,
then Hom(T',, ,F) = F".

In [32], Sela constructed MR-diagrams with respect to hyperbolic groups.
In her thesis [1], Emina Alibegovié constructed MR-diagrams with respect to
limit groups. More recently, Daniel Groves [10, 11] constructed MR-diagrams
with respect to torsion-free groups that are hyperbolic relative to a collection
of free abelian subgroups.

1.5 Abelian subgroups of limit groups
Corollary 1.22. Abelian subgroups of limit groups are fg and free.

9for Makanin-Razborov, cf. [19, 20, 25].
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Along with the Main Theorem, the proof of Corollary 1.22 will depend on
an exercise and two lemmas.

Exercise 11 ([34, Lemma 2.3]). Let M be a non-cyclic maximal abelian
subgroup of the limit group T'.

1. IfT'= Axc B with C abelian, then M is conjugate into A or B.

2. IfT' = Axc with C abelian, then either M is conjugate into A or there
is a stable letter t such that M is conjugate to M’ = (C,t) and T =
Axc M.

As a consequence, if « € Mod(T) is a generalized Dehn twist and a|M is
non-trivial, then there is an element v € T' and a GAD A = M ¢ B or
A = M for T such that, up to conjugation by ~y, « is induced by a unimodular
automorphism of M/P(M) (as in Definition 1.17). (Hint: Use Exercise 7.)

Lemma 1.23. Suppose thatT is a limit group with factor set{¢; : T — G;}. If
H is a (not necessarily fg) subgroup of T such that, for every homomorphism
f: T — F, f|H factors through some ¢;|H (pre-compositions by automor-
phisms of T' not needed) then, for some i, ¢;|H is injective.

Proof. Suppose not and let 1 # h; € Ker(g;|H). Since I' is a limit group,
there is f € Hom(I',F) that is injective on {1,hy, -+ ,h,}. On the other
hand, f|H factors through some ¢;|H and so h; = 1, a contradiction. O

Lemma 1.24. Let M be a non-cyclic maximal abelian subgroup of the limit
group T'. There is an epimorphism r : T' — A where A is free abelian and
every modular automorphism of T is trivial® when restricted to M N Ker(r).

Proof. By Exercise 10, it is enough to find r such that oM N Ker(r) is
trivial for every generalized Dehn twist & € Mod(T'). By Exercise 11 and
Remark 1.15, there is a fg free abelian subgroup M, of M and a retraction
re : I' — M, such that o|M N Ker(ry) is trivial. Let r =II,7, : T' — I, M,
and let A be the image of r. Since I' is fg, so is A. Hence A is free abelian. [

Proof of Corollary 1.22. Let M be a maximal abelian subgroup of a limit
group I We may assume that M is not cyclic. Since I' is torsion free, it
is enough to show that M is fg. By restricting the map r of Lemma 1.24
to M, we see that M = A ® A’ where A is fg and each a|A’ is trivial. Let
{¢; : T' — I';} be a factor set for I" given by Theorem 1.3. By Lemma 1.23,
A’ injects into some ;. Since Hom(T';,F) C Hom(T',F), we may conclude by
induction that A’ and hence M is fg. O

10agrees with the restriction of an inner automorphism of T'.
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1.6 Constructible limit groups

It will turn out that limit groups can be built up inductively from simpler
limit groups. In this section, we give this description and list some properties
that follow.

Definition 1.25. We define a hierarchy of fg groups — if a group belongs to
this hierarchy it is called a CLG!!.

Level 0 of the hierarchy consists of fg free groups.

A group I' belongs to level < n + 1 iff either it has a free product decom-
position I' = I'y * I's with I’y and I'; of level < n or it has a homomorphism
p:T — I” with TV of level < n and it has a GAD such that

e p is injective on the peripheral subgroup of each abelian vertex group.

e p is injective on each edge group F and at least one of the images of F
in a vertex group of the one-edged splitting induced by E is a maximal
abelian subgroup.

e The image of each QH-vertex group is a non-abelian subgroup of I".

e For every rigid vertex group B, p is injective on the envelope B of
B, defined by first replacing each abelian vertex with the peripheral
subgroup and then letting B be the subgroup of the resulting group
generated by B and by the centralizers of incident edge-groups.

Example 1.26. A {g free abelian group is a CLG of level one (consider a one-
point GAD for Z" and p : Z" — (0)). The fundamental group of a closed
surface S with x(S) < —2 is a CLG of level one. For example, an orientable
genus 2 surface is a union of 2 punctured tori and the retraction to one of
them determines p. Similarly, a non-orientable genus 2 surface is the union
of 2 punctured Klein bottles.

Example 1.27. Start with the circle and attach to it 3 surfaces with one
boundary component, with genera 1, 2, and 3 say. There is a retraction to
the surface of genus 3 that is the union of the attached surfaces of genus 1
and 2. This retraction sends the genus 3 attached surface say to the genus 2
attached surface by “pinching a handle”. The GAD has a central vertex labeled
Z and there are 3 edges that emanate from it, also labeled Z. Their other
endpoints are QH-vertex groups. The map induced by retraction satisfies the
requirements so the fundamental group of the 2-complex built is a CLG.

Example 1.28. Choose a primitive!? w in the fg free group F and form I' =
Fxz F, the double of F along (w) (so 1 € Z is identified with w on both sides).
There is a retraction I' — F' that satisfies the requirements (both vertices are
rigid), so I is a CLG.

! Constructible Limit Group
120 proper root
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The following can be proved by induction on levels.

Exercise 12. Every CLG is fp, in fact coherent. Every fg subgroup of a CLG is
a CLG. (Hint: a graph of coherent groups over fg abelian groups is coherent.)

Exercise 13. Every abelian subgroup of a CLG T is fg and free, and there is
a uniform bound to the rank. There is a finite K(T',1).

Exercise 14. Every non-abelian, freely indecomposable CLG admits a princi-
pal splitting over Z: A xz B or Axz with A, B non-cyclic, and in the latter
case Z is maximal abelian in the whole group.

Exercise 15. Every CLG is w-residually free.

The last exercise is more difficult than the others. It explains where the
conditions in the definition of CLG come from. The idea is to construct
homomorphisms G — F by choosing complicated modular automorphisms of
G, composing with p and then with a homomorphism to F that comes from
the inductive assumption.

Example 1.29. Consider an index 2 subgroup H of an fg free group F' and
choose g € F'\ H. Suppose that G := H xp) (g) is freely indecomposable
and admits no principal cyclic splitting. There is the obvious map G — F,
but G is not a limit group (Exercise 14 and Theorem 1.30). This shows the
necessity of the last condition in the definition of CLG’s. '3

In Section 6, we will show:
Theorem 1.30. For an fg group G, the following are equivalent.

1. G isa CLG.
2. G isw-residually free.
3. G is a limit group.

The fact that w-residually free groups are CLG’s is due to O. Kharlampov-
ich and A. Myasnikov [16]. Limit groups act freely on R”-trees; see Remeslen-
nikov [27] and Guirardel [13]. Kharlampovich-Myasnikov [15] prove that limit
groups act freely on Z"-trees where Z" is lexicographically ordered. Remeslen-
nikov [26] also demonstrated that 2-residually free groups are w-residually free.

13The element g := a?b?a=2b"! ¢ H := (a,b?,bab™!) C F := {(a,b) is such an example.
This can be seen from the fact that if (z,y,z) denotes the displayed basis for H, then
92 = x?yz—2y~122y2~2 is Whitehead reduced and each basis element occurs at least 3
times.
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2 The Main Proposition

Definition 2.1. An fg group is generic if it is torsion free, freely indecompos-
able, non-abelian, and not a closed surface group.

The Main Theorem will follow from the next proposition.
Main Proposition. Generic limit groups have factor sets.

Before proving this proposition, we show how it implies the Main Theorem.

Definition 2.2. Let G and G’ be fg groups. The minimal number of gen-
erators for G is denoted u(G). We say that G is simpler than G’ if there
is an epimorphism G’ — G and either u(G) < p(G’) or u(G) = w(G’) and
Hom(G,F) C Hom(G',F).

Remark 2.3. Tt follows from Lemma 1.9 that every sequence {G;} with G;11
simpler than G; is finite.

Definition 2.4. If G is an fg group, then by RF(G) denote the universal
residually free quotient of G, i.e. the quotient of G by the (normal) subgroup
consisting of elements killed by every homomorphism G — F.

Remark 2.5. Hom(G,F) = Hom(RF(G),F) and for every proper quotient G’
of RF(G), Hom(G',F) C Hom(G,F).

The Main Proposition implies the Main Theorem. Suppose that G is an fg
group that is not free. By Remark 2.3, we may assume that the Main The-
orem holds for groups that are simpler than G. By Remark 2.5, we may
assume that G is residually free, and so also torsion free. Examples 1.4 and
1.5 show that the Main Theorem is true for abelian and closed surface groups.
If G = U x V with U non-free and freely indecomposable and with V' non-
trivial, then U is simpler than G. So, U has a factor set {¢; : U — L;}, and
{g*xIdy :UxV — L; * V} is a factor set for G.

If G is not a limit group, then there is a non-empty finite subset {g;} of G
such that any homomorphism G — F kills one of the g;. We then have a factor
set {G — H; := G/{g;)}. Since Hom(H;,F) C Hom(G,F), by induction the
Main Theorem holds for H; and so for G.

If G is generic and a limit group, then the Main Proposition gives a factor
set {¢; : G — G;} for G. Since G is residually free, each G; is simpler than
G. We are assuming that the Main Theorem then holds for each G; and this
implies the result for G. O

3 Review: Measured laminations and R-trees
The proof of the Main Proposition will use a theorem of Sela describing the

structure of certain real trees. This in turn depends on the structure of
measured laminations. In Section 7, we will give an alternate approach that



12 M. Bestvina and M. Feighn

only uses the lamination results. First these concepts are reviewed. A more
leisurely review with references is [2].

3.1 Laminations

Definition 3.1. A measured lamination A on a simplicial 2-complex K consists
of a closed subset |A| C |K| and a transverse measure p. |A] is disjoint
from the vertex set, intersects each edge in a Cantor set or empty set, and
intersects each 2-simplex in 0, 1, 2, or 3 families of straight line segments
spanning distinct sides. The measure p assigns a non-negative number | I
to every interval I in an edge whose endpoints are outside |A|. There are two
conditions:

1. (compatibility) If two intervals I, J in two sides of the same triangle
A intersect the same components of |[A|N A then [, u = [, p.

2. (regularity) u restricted to an edge is equivalent under a “Cantor func-
tion” to the Lebesgue measure on an interval in R.

A path component of |A| is a feaf.

Two measured laminations on K are considered equivalent if they assign
the same value to each edge.

Proposition 3.2 (Morgan-Shalen [21]). Let A be a measured lamination on
compact K. Then
A=A U---UAg

so that each A; is either minimal (each leaf is dense in |A;|) or simplicial
(each leaf is compact, a regular neighborhood of |A;| is an I-bundle over a leaf
and |A;| is a Cantor set subbundle).

There is a theory, called the Rips machine, for analyzing minimal measured
laminations. It turns out that there are only 3 qualities.

Example 3.3 (Surface type). Let S be a compact hyperbolic surface (possibly
with totally geodesic boundary). If S admits a pseudoAnosov homeomor-
phism then it also admits filling measured geodesic laminations — these are
measured laminations A (with respect to an appropriate triangulation) such
that each leaf is a biinfinite geodesic and all complementary components are
ideal polygons or crowns. Now to get the model for a general surface type lam-
ination attach finitely many annuli S* x I with lamination S* x (Cantor set)
to the surface along arcs transverse to the geodesic lamination. If these addi-
tional annuli do not appear then the lamination is of pure surface type. See
Figure 1.

Example 3.4 (Toral type). Fix a closed interval I C R, a finite collection of
pairs (J;, J}) of closed intervals in I, and isometries ; : J; — J/ so that:
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A W

Figure 1: A surface with an additional annulus and some pieces of leaves.

1. If v; is orientation reversing then J; = J; and the midpoint is fixed by
Vi

2. The length of the intersection of all J; and J; (over all ¢) is more than
twice the translation length of each orientation preserving <; and the
fixed points of all orientation reversing ~; are in the middle third of the
intersection.

Now glue a foliated band for each pair (J;, J}) so that following the band
maps J; to J] via «;. Finally, using Cantor functions blow up the foliation
to a lamination. There is no need to explicitly allow adding annuli as in the
surface case since they correspond to ; = Id. The subgroup of Isom(R)
generated by the extensions of the 7;’s is the Bass group. The lamination is
minimal iff its Bass group is not discrete.

Example 3.5 (Thin type). This is the most mysterious type of all. It was
discovered by Gilbert Levitt, see [17]. In the pure case (no annuli attached)
the leaves are 1-ended trees (so this type naturally lives on a 2-complex, not
on a manifold). By performing certain moves (sliding, collapsing) that don’t
change the homotopy type (respecting the lamination) of the complex one can
transform it to one that contains a (thin) band. This band induces a non-
trivial free product decomposition of m; (K), assuming that the component
is a part of a resolution of a tree (what’s needed is that loops that follow
leaves until they come close to the starting point and then they close up are
non-trivial in ).
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In the general case we allow additional annuli to be glued, just like in the
surface case. Leaves are then 1-ended trees with circles attached.

Theorem 3.6 (“Rips machine”). Let A be a measured lamination on a finite
2-complex K, and let A; be a minimal component of A. There is a neighbor-

N’ with measured lamination A’ as in one of 3 model examples, and there is
a m -isomorphism f : N — N’ such that f*(A") = A

We refer to A; as being of surface, toral, or thin type.

3.2 Dual trees

Let G be an fg group and let Kbea simply connected 2-dimensional simplicial
G-complex so that, for each simplex A of K, Stab(A) = Fiz(A).! Let A be
a G-invariant measured lamination in K. There is an associated real G-tree

T(A) constructed as follows. Consider the pseudo-metric on K obtained by
minimizing the A-length of paths between points. _The real tree T(A) is the
associated metric space'®. There is a natural map K — T(A) and we say that
(K, ) is a model for T(A) if

o for each edge é of K, T(A | &) — T(A) is an isometry (onto its image)
and

e the quotient K /G is compact.

If a tree T admits a model (K R), then we say that T is dual to (K, A) This
is denoted T = Dual(K,A). We will use the quotient (K,A) := (K,A)/G
with simplices decorated (or labeled) with stabilizers to present a model and
sometimes abuse notation by calling (K, A) a model for T

Remark 3.7. Often the G-action on K is required to be free. We have relaxed
this condition in order to be able to consider actions of fg groups. For example,
if T is a minimal'8, simplicial G- tree (with the metric where edges have length
one'”) then there is a lamination A in T such that Dual(T,A) = T.'8

If S and T are real G-trees, then an equivariant map f : S — T is a
morphism if every compact segment of S has a finite partition such that the
restriction of f to each element is an isometry or trivial'®.

145tab(A) := {g € G | gA = A} and Fiz(A) :={g€ G| gz ==z,2 € A}

15jdentify points of pseudo-distance 0

1610 proper invariant subtrees

17This is called the simplicial metric on T.

18The metric and simplicial topologies on T don’t agree unless T is locally finite. But,
the action of G is by isomorphisms in each structure. So, we will be sloppy and ignore this
distinction.

19has image a point
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If S is a real G-tree with G fp, then there is a real G-tree T' with a model
and a morphism f : T'— S. The map f is obtained by constructing an equiv-
ariant map to S from the universal cover of a 2-complex with fundamental
group G. In general, if (K,A) is a model for T and if T — S is a morphism
then the composition K — T — S is a resolution of S.

3.3 The structure theorem

Here we discuss a structure theorem (see Theorem 3.13) of Sela for certain
actions of an fg torsion free group G on real trees. The actions we consider
will usually be super stable?’, have primitive?! abelian (non-degenerate) arc
stabilizers, and have trivial tripod?? stabilizers. There is a short list of basic
examples.

Example 3.8 (Pure surface type). A real G-tree T is of pure surface type if it
is dual to the universal cover of (K, A) where K is a compact surface and A is
of pure surface type. We will usually use the alternate model where boundary
components are crushed to points and are labeled Z.

Example 3.9 (Linear). The tree T is linear if G is abelian, T is a line and
there an epimorphism G — Z" such that G acts on T via a free Z"-action
on T. In particular, T is dual to (K,A) where K is the universal cover of
the 2-skeleton of an n-torus K. For simplicity, we often complete K with its
lamination to the whole torus. This is a special case of a toral lamination.

Example 3.10 (Pure thin). The tree T is pure thin if it is dual to the universal
cover of a finite 2-complex K with a pure thin lamination A. If T' is pure thin
then G 2 Fx V] *---xV,, where F' is non-trivial and fg free and {Vi,--- ,V, }
represents the conjugacy classes of non-trivial point stabilizers in 7.
Example 3.11 (Simplicial). The tree T' is simplicial if it is dual to (K,A)
where all leaves of A := A/G are compact. If T is simplicial it is convenient
to crush the leaves and complementary components to points in which case
K becomes a tree isomorphic to T'.

If K is a graph of 2-complexes with underlying graph of groups G then
there is a simplicial 7 (G)-space K(K) obtained by gluing copies of K, x1I
and K,’s equipped with a simplicial 7 (G)-map_ K(K) — T(G) that crushes
to points copies of K, x {point} as well as the Ky’s.

Definition 3.12. A real G-tree is very small if the action is non-trivial?4,
minimal, the stabilizers of non-degenerate arcs are primitive abelian, and the
stabilizers of non-degenerate tripods are trivial.

201f J C I are (non-degenerate) arcs in T and if Fizr (I) is non-trivial, then Fizp (J) =
F i$T (I )

21root-closed

223, cone on 3 points

23for each bonding map ¢e : Ge — Gy there are simplicial Ge- and Gy-complexes Ke
and K, together with a ¢¢-equivariant simplicial map ®. : K. - K,

2410 point is fixed by G
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Theorem 3.13 ([33, special case of Section 3] See also [12]). Let T be a real
G-tree. Suppose that G is generic and that T is very small and super stable.
Then, T has a model.

Moreover, there is a model for T that is a graph of spaces such that each
edge space is a point with non-trivial abelian stabilizer and each vertex space
with restricted lamination is either

e (point) a point with non-trivial stabilizer,

e (linear) a non-faithful action of an abelian group on the (2-skeleton of
the) universal cover of a torus with an irrational 2> lamination, or

e (surface) a faithful action of a free group on the universal cover of a sur-
face with non-empty boundary (represented by points with Z-stabilizer)
with a lamination of pure surface type.

Remark 3.14. For an edge space {point}, the restriction of the lamination
to {point} x I may or may not be empty. It can be checked that between
any two points in models as in Theorem 3.13 there are A-length minimizing
paths. Thin pieces do not arise because we are assuming our group is freely
indecomposable.

Remark 3.15. Theorem 3.13 holds more generally if the assumption that G
is freely indecomposable is replaced by the assumption that G is freely inde-
composable rel point stabilizers, i.e. if V is the subset of G of elements acting
elliptically?® on T, then G cannot be expressed non-trivially as A x B with all
g € V conjugate into AU B.

We can summarize Theorem 3.13 by saying that T is a non-trivial finite
graph of simplicial trees, linear trees, and trees of pure surface type (over
trivial trees). See Figure 2.

Corollary 3.16. /f G and T satisfy the hypotheses of Theorem 3.13, then G
admits a non-trivial GAD A. Specifically, A may be taken to be the GAD in-
duced by the boundary components of the surface vertex spaces and the simpli-
cial edges of the model. The surface vertex spaces give rise to the QH-vertices
of A and the linear vertex spaces give rise to the abelian vertices of A.

3.4 Spaces of trees

Let G be a fg group and let A(G) be the set of minimal, non-trivial, real
G-trees endowed with the Gromov topology?”. Recall, see [22, 23, 4], that
in the Gromov topology lim{(7},,d,)} = (T,d) if and only if: for any finite

2510 essential loops in leaves

26fixing a point
27The second author thanks Gilbert Levitt for a helpful discussion on the Gromov and
length topologies.
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Figure 2: A model with a surface vertex space, a linear vertex space, and 2
rigid vertex spaces (the black boxes). The groups A, B and C are abelian
with A and B infinite cyclic. Pieces of some leaves are also indicated by wavy
lines and dots. For example, the dot on the edge labeled C is one leaf in a
Cantor set of leaves.

subset K of T, any € > 0, and any finite subset P of G, for sufficiently large
n, there are subsets K, of T,, and bijections f, : K, — K such that

|d(gfn(5n)7fn(tn)) - dn(gsnytn)l <€

for all s,,t, € K, and all g € P. Intuitively, larger and larger pieces of the
limit tree with their restricted actions appear in nearby trees.

Let P.A(G) be the set of non-trivial real G-trees modulo homothety, i.e.
(T,d) ~ (T, Ad) for X\ > 0. Fix a basis for F and let Tf be the corresponding
Cayley graph. Give T the simplicial metric. So, a non-trivial homomorphism
f: G — F determines Ty € PA(G). Let X be the subset of Hom(G,F) con-
sisting of those homomorphisms with non-cyclic image. The space of interest
is the closure 7(G) of (the image of) {T} | f € X} in PA(G).

Proposition 3.17 ([34]). Every sequence of homomorphisms in X has a
subsequence { f,} such that imTy, =T in T(G). Further,

1. T is irreducible®®.

2. Ker f, Is precisely the kernel Ker(T') of the action of G on T
3. The action of G/Ker(T) on T is very small and super stable.
4. Forge G, U(g):={T € T(G) | g€ Ker(T)} is clopen*®.

28T is not a line and doesn’t have a fixed end
29hoth open and closed
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Proof. The first statement follows from Paulin’s Convergence Theorem [22].%0

The three numbered statements are exercises in Gromov convergence. O

Caution. Sela goes on to claim that stabilizers of minimal components of
the limit tree are trivial (see Lemma 1.6 of [34]). However, it is possible to
construct limit actions on the amalgam of a rank 2 free group Fy and Z3
over Z where one of the generators of Z3 is glued to the commutator c of basis
elements of Fy and where the Z* acts non-simplicially on a linear subtree with
¢ acting trivially on the subtree but not in the kernel of the action. As a result,
some of his arguments, though easily completed, are not fully complete.

Remark 3.18. There is another common topology on A(G), the length topol-
ogy. For T € A(G) and g € G, let ||g||r denote the minimum distance
that g translates a point of 7. The length topology is induced by the map
A(G) — [0,00)¢, T (||gllr)gec- Since the trees in A(G) are non-trivial, it
follows from [42, page 64] that {0} is not in the image3!. Since 7(G) consists
of irreducible trees, it follows from [23] that the two topologies agree when
restricted to 7(G) and from [6] that 7 (G) injects into ([0,00)¢ \ {0})/(0, c0).

Corollary 3.19. 7(QG) is metrizable and compact.

Proof. [0,00)¢ \ {0} — ([0,00)¢ \ {0})/(0,0) has a section over T(G) (e.g.
referring to Footnote 31, normalize so that the sum of the translation lengths
of words in Bg of length at most two is one). Therefore, 7(G) embeds in
the metrizable space [0,00)¢. In light of this, the main statement of Propo-
sition 3.17 implies that 7(G) is compact. O

Remark 3.20. Culler and Morgan [6] show that, if G is fg, then PA(G) with
the length topology is compact. This can be used instead of Paulin’s conver-
gence theorem to show that 7(G) is compact. The main lemma to prove is
that, in the length topology, the closure in PA(G) of {Ty | f € X} consists
of irreducible trees.

4 Proof of the Main Proposition

To warm up, we first prove the Main Proposition under the additional as-
sumption that I" has only trivial abelian splittings, i.e. every simplicial I-tree
with abelian edge stabilizers has a fixed point. This proof is then modified to
apply to the general case.

30Paulin’s proof assumes the existence of convex hulls and so does not apply in the
generality stated in his theorem. His proof does however apply in our situation since
convex hulls do exist in simplicial trees.

31 In fact, if Bg is a finite generating set for G then ||g||7 # O for some word g that is a
product of at most two elements of Bg.
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Proposition 4.1. Suppose that T is a generic limit group and has only trivial
abelian splittings®?. Then, T has a factor set.

Proof. Let T € T(I"). By Proposition 3.17, either Ker(T') is non-trivial or
T satisfies the hypotheses of Theorem 3.13. The latter case doesn’t occur
or else, by Corollary 3.16, I'/Ker(T) admits a non-trivial abelian splitting.
In particular, Ker(T) is non-trivial. Choose non-trivial ky € Ker(T). By
Item 4 of Proposition 3.17, {U(kr) | T € T(T')} is an open cover of 7 (T"). Let
{U(k;)} be a finite subcover. By definition, {I' — Ab(T")}U{g : T — T'/{k; )}
is a factor set. O

The key to the proof of the general case is Sela’s notion of a short homo-
morphism, a concept which we now define.

Definition 4.2. Let G be an fg group. Two elements f and f’' in Hom(G,F)
are equivalent, denoted f ~ f’, if there is @ € Mod(G) and an element c € F
such that f’ =i, o f o @.3® Fix a set B of generators for G and by |f| denote
maxgep |f(a)| where, for elements of F, | - | indicates word length. We say
that f is short if, for all f' ~ f, |f| < |f'|.

Note that if f € X and f’ ~ f, then f’ € X. Here is another exercise in
Gromov convergence. See [34, Claim 5.3] and also [28] and [2, Theorem 7.4].

Exercise 16. Suppose that G is generic, {f;} is a sequence in Hom(G,F),
andlimTy, =T in T(G). Then, either

e Ker(T) is non-trivial, or
e eventually f; is not short.

The idea is that if the first bullet does not hold, then the GAD of G given
by Corollary 3.16 can be used to find elements of Mod(G) that shorten f; for
i large.

Let Y be the subset of X consisting of short homomorphisms and let 7/ (G)
be the closure in 7(G) of {T} | f € Y}. By Corollary 3.19, 7'(G) is compact.

Proof of the Main Proposition. Let T € T'(T"). By Exercise 16, Ker(T) is
non-trivial. Choose non-trivial kr € Ker(T). By Corollary 3.19, {U(kr) |
T € T'(T")} is an open cover of 7'(T"). Let {U(k;)} be a finite subcover. By
definition, {I' — Ab(T")} U {g; : T — IT'/{k;))} is a factor set. O

Remark 4.3. Cornelius Reinfeldt and Richard Weidmann point out that a
factor set for a generic limit group I' can be found without appealing to
Corollary 3.19 as follows. Let {vi,...} enumerate the non-trivial elements

32By Proposition 3.17 and Corollary 3.16, generic limit groups have non-trivial abelian
splittings. The purpose of this proposition is to illustrate the method in this simpler
(vacuous) setting.

334, is conjugation by ¢
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of I. Let Q; :={T'/{m),.-.,T/{w)}. If Q; is not a factor set, then there
is f; € Y that is injective on {7,...,7}. By Paulin’s convergence theo-
rem, a subsequence of {T%, } converges to a faithful I-tree in contradiction to
Exercise 16.

JSJ-decompositions will be used to prove Theorem 1.30, so we digress.

5 Review: JSJ-theory

Some familiarity with JSJ-theory is assumed. The reader is referred to Rips-
Sela [29], Dunwoody-Sageev [7], Fujiwara-Papasoglou [8]. For any freely inde-
composable fg group G consider the class GAD’s with at most one edge such
that:

(JSJ) every non-cyclic abelian subgroup A C G is elliptic.
We observe that

e Any two such GAD’s are hyperbolic-hyperbolic®* or elliptic-elliptic®®(a
hyperbolic-elliptic pair implies that one splitting can be used to refine
the other. Since the hyperbolic edge group is necessarily cyclic by (JSJ),
this refinement gives a free product decomposition of G).

e A hyperbolic-hyperbolic pair has both edge groups cyclic and yields a
GAD of G with a QH-vertex group.

e An elliptic-elliptic pair has a common refinement that satisfies (JSJ)
and whose set of elliptics is the intersection of the sets of elliptics in the
given splittings.

Given a GAD A of G, we say that g € G is A-elliptic®® if there is a vertex
group V of A such that either:

e V is QH and g is conjugate to a multiple of a boundary component;
e V is abelian and g is conjugate into P(V); or
e V isrigid and g is conjugate into the envelope of V.

The idea is that A gives rise to a family of splittings3” with at most one
edge that come from edges of the decomposition, from simple closed curves in
QH-vertex groups, and from subgroups A’ of an abelian vertex A that contain

34each edge group of corresponding trees contains an element not fixing a point of the
other tree

35each edge group of corresponding trees fixes a point of the other tree

36We thank Richard Weidmann for pointing out an error in a previous version of this
definition and also for suggesting the correction.

37not necessarily satisfying (JSJ).
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P(A) (equivalently P(A)) and with A/A’ = Z. For example, a non-peripheral
element of A is hyperbolic in some 1-edge splitting obtained by blowing up the
vertex A to an edge and then collapsing the original edges of A. An element
is A-elliptic iff it is elliptic with respect to all these splittings with at most
one edge. Conversely, any finite collection of GAD’s with at most one edge
and that satisfy (JSJ) gives rise to a GAD whose set of elliptics is precisely
the intersection of the set of elliptics in the collection.

Definition 5.1. An abelian JSJ-decomposition of G is a GAD whose elliptic set

is the intersection of elliptics in the family of a// GAD’s with at most one edge
and that satisfy (JSJ).

Example 5.2. The group G = F' x Z has no 1-edge GAD’s satisfying (JSJ) so
the abelian JSJ-decomposition A of G is a single point labeled G. Of course,
G does have (many) abelian splittings. If F is non-abelian, then every element
of G is A-elliptic. If F' is abelian, then only the torsion elements of G are
A-elliptic.

To show that a group G admits an abelian JSJ-decomposition it is nec-
essary to show that there is a bound to the complexity of the GAD’s arising
from finite collections of 1-edge splittings satisfying (JSJ). If G were fp the
results of [3] would suffice. Since we don’t know yet that limit groups are fp,
another technique is needed. Following Sela, we use acylindrical accessibility.

Definition 5.3. A simplicial G-tree T is n-acylindrical if, for non-trivial g € G,
the diameter in the simplicial metric of the sets Fiz(g) is bounded by n. It
is acylindrical if it is n-acylindrical for some n.

Theorem 5.4 (Acylindrical Accessibility: Sela [33], Weidmann [44]). Let G
be a non-cyclic freely indecomposable fg group and let T be a minimal k-a-
cylindrical simplicial G-tree. Then, T/G has at most 1 + 2k(rank G — 1)
vertices.

The explicit bound in Theorem 5.4 is due to Richard Weidmann. For limit
groups, 1-edge splittings satisfying (JSJ) are 2-acylindrical and finitely many
such splittings give rise to GAD’s that can be arranged to be 2-acylindrical.
Theorem 5.4 can then be applied to show that abelian JSJ-decompositions
exist.

Theorem 5.5 ([34]). Limit groups admit abelian JSJ-decompositions.

Exercise 17 (cf. Exercises 10 and 11). /f T is a generic limit group, then
Mod(T") is generated by inner automorphisms together with the generalized
Dehn twists associated to 1-edge splittings of T' that satisfy (JSJ); see [34,
Lemma 2.1]. In fact, the only generalized Dehn twists that are not Dehn
twists can be taken to be with respect to a splitting of the form A xc B where
A=CoZ.
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Remark 5.6. Suppose that A is an abelian JSJ-decomposition for a limit group
G. If B is a rigid vertex group of A or the peripheral subgroup of an abelian
vertex of A and if « € Mod(G), then a|B is trivial®®. Indeed, B is A’-elliptic
in any 1-edge GAD A’ of G satisfying (JSJ) and so the statement is true for
a generating set of Mod(G).

6 Limit groups are CLG’s

In this section, we show that limit groups are CLG’s and complete the proof
of Theorem 1.30.

Lemma 6.1. Limit groups are CLG’s

Proof. Let T be a limit group, which we may assume is generic. Let {f;} be a
sequence in Hom(T',F) such that f; is injective on elements of length at most
i (with respect to some finite generating set for I'). Define f; to be a short
map equivalent to f;. According to Exercise 16, ¢ : I' — I" :=T'/Ker fiisa
proper epimorphism, and so by induction we may assume that I is a CLG.
Let A be an abelian JSJ-decomposition of I'. We will show that ¢ and A
satisfy the conditions in Definition 1.25. The key observations are these.

e Elements of Mod(T') when restricted to the peripheral subgroup P(A)
of an abelian vertex A of A are trivial (Remark 5.6). Since Ker f; is

trivial, g|P(A) is injective. Similarly, the restriction of g to the envelope
of a rigid vertex group of A is injective.

e Elements of Mod(I') when restricted to edge groups of A are trivial.
Since I' is a limit group, each edge group is a maximal abelian subgroup
in at least one of the two adjacent vertex groups. See Exercise 7.

e The g-image of a QH-vertex group @ of A is non-abelian. Indeed,
suppose that @ is a QH-vertex group of A and that ¢(Q) is abelian.
Then, eventually f;(Q) is abelian. QH-vertex groups of abelian JSJ-
decompositions are canonical, and so every element of Mod(T") preserves
Q up to conjugacy. Hence, eventually f;(Q) is abelian, contradicting the
triviality of Ker f;.

O

Proof of Theorem 1.30. (1) = (2) => (3) were exercises. (3) => (1) is the
content of Lemma 6.1. O

38Recall our convention that trivial means agrees with the restriction of an inner auto-
morphism.
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7 A more geometric approach

In this section, we show how to derive the Main Proposition using Rips theory
for fp groups in place of the structure theory of actions of fg groups on real
trees.

Definition 7.1. Let K be a finite 2-complex with a measured lamination (A, u).
The length of A, denoted ||A|, is the sum X [, u over the edges e of K.

If ¢ : K — T is a resolution, then ||¢||x is the length of the induced lami-
nation A,. Suppose that K is a 2-complex for G.3° Recall that Tf is a Cayley
graph for F with respect to a fixed basis and that from a homomorphism
f:G — T aresolution ¢ : (K,K®)) — (TF,T]éO)) can be constructed, see [3].
The resolution ¢ depends on a choice of images of a set of orbit representatives
of vertices in K. If ¢ minimizes || - ||x over this set of choices, then we define

[fllx =[x -

Lemma 7.2. Let Ky and K, be finite 2-complexes for G. There is a number
B = B(K}, K>) such that, for all f € Hom(G,F),

B7 - fllxr < fllxe < B+ IIf Ik -

Proof. Let ¢, : K — Tg be a resolution such that ||¢1 ||z, = ||f||x,. Choose
an equivariant map () : f{éo) — f({o) between O-skeleta. Then, ¢;¢(®)
determines a resolution ¢ : Ko — Tp. Extend 9(®) to a cellular map ™) :
K'Z(l) - K 1(1) between 1-skeleta. Let By be the maximum over the edges e of
the simplicial length of the path (1) (e) and let E5 be the number of edges in
KZ- Then,

1fllx; < l¢2llx, < B2Nalldrllx, = BalNal|fllx, -
The other inequality is similar. O

Recall that in Definition 4.2, we defined another length |- | for elements of
Hom(G,TF).

Corollary 7.3. Let K be a finite 2-complex for G. Then, there is a number
B = B(K) such that for all f € Hom(G,F)

B7 - |fI < flx < B-Ifl.

Proof. If B is the fixed finite generating set for G and if Rp is the wedge
of circles with fundamental group identified with the free group on B, then
complete Rg to a 2-complex for G by adding finitely many 2-cells and apply
Lemma 7.2. O

39i.e. the fundamental group of K is identified with the group G
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Remark 7.4. Lemma 7.2 and its corollary allow us to be somewhat cavalier
with our choices of generating sets and 2-complexes.

Exercise 18. The space of (nonempty) measured laminations on K can be
identified with the closed cone without 0 in R, where E is the set of edges of
K, given by the triangle inequalities for each triangle of K. The projectivized
space PML(K) is compact.

Definition 7.5. Two sequences {m;} and {n;} in N are comparable if there is
a number C > 0 such that C~1 - m; < n; < C -m; for all 3.

Exercise 19. Suppose K is a finite 2-complex for G, {f;} is a sequence in
Hom(G,F), ¢; : K — Ty is an f;-equivariant resolution, imTy, = T, and
limAg, = A. IF{|f;|} and {||¢:||x } are comparable, then, there is a resolution
K — T that sends lifts of leaves of A to points of T and is monotonic (Cantor
function) on edges of K.

Definition 7.6. An element f of Hom(G,F) is K-shortif || f||lx < ||f'||x for
all f/ ~ f.

Corollary 7.7. Let {f;} be a sequence in Hom(G,F). Suppose that f{ ~
fi ~ fI' where f! is short and f!" is K-short. Then, the sequences {|f!|} and
{Ilf”|x} are comparable. -

Definition 7.8. If £ is a leaf of a measured lamination A on a finite 2-complex
K, then (conjugacy classes of) elements in the image of 71 (¢ C K) are carried
by £. Suppose that A; is a component of A. If A; is simplicial (consists of a
parallel family of compact leaves £), then elements in the image of m (£ C K)
are carried by A;. If A; is minimal and if N is a standard neighborhood*? of
A;, then elements in the image of m (N C K) are carried by A;.

Definition 7.9. Let K be a finite 2-complex for G. Let {f;} be a sequence
of short elements in Hom(G,F) and let ¢; : K — Tf be an f;-equivariant
resolution. We say that the sequence {¢;} is short if {||¢;||x } and {|fi|} are
comparable.

Exercise 20. Let G be freely indecomposable. In the setting of Definition 7.9,
if{¢} is short, A =1limAy,, and T =1limTy,, then A has a leaf carrying non-
trivial elements of Ker(T).

The idea is again that, if not, the induced GAD could be used to shorten.

The next exercise, along the lines of Exercise 15, will be needed in the following
lemma.*!

Exercise 21. Let A be a 1-edge GAD of a group G with a homomorphism q
to a limit group T". Suppose:

40

see Theorem 3.6
411t is a consequence of Theorem 1.30, but since we are giving an alternate proof we
cannot use this.
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e the vertex groups of A are non-abelian,
e the edge group of A is maximal abelian in each vertex group, and
e g is injective on vertex groups of A.

Then, G is a limit group.

Lemma 7.10. Let T" be a limit group and let g : G — T" be an epimorphism
such that Hom(G,F) = Hom(I',F). If a« € Mod(G) then « induces an auto-
morphism o/ of T' and &' is in Mod(T").

Proof. Since I' = RF(G), automorphisms of G induce automorphisms of T'.
Let A be a 1-edge splitting of G such that & € Mod(A). It is enough to
check the lemma for a. We will check the case that A = A ¢ B and that «
is a Dehn twist by an element ¢ € C and leave the other (similar) cases as
exercises. We may assume that g(A) and g(B) are non-abelian for otherwise
o is trivial. Our goal is to successively modify ¢ until it satisfies the conditions
of Exercise 21.

First replace all edge and vertex groups by their g-images so that the
third condition of the exercise holds. Always rename the result G. If the
second condition does not hold, pull*? the centralizers Z4(c) and Zg (c) across
the edge. Iterate. It is not hard to show that the limiting GAD satisfies
the conditions of the exercise. So, the modified G is a limit group. Since
Hom(G,F) = Hom(T',F), we have that G =T and a = &'. O

Alternate proof of the Main Proposition. Suppose that I' is a generic limit
group, T € T'(T"), and {f;} is a sequence of short elements of Hom(T,F)
such that lim T}, = T. As before, our goal is to show that Ker(T) is non-
trivial, so suppose it is trivial. Recall that the action of I" on T satisfies all
the conclusions of Proposition 3.17.

Let ¢ : G — T be an epimorphism such that G is fp and Hom(G,F) =
Hom(T,F). By Lemma 7.10, elements of the sequence {f;q} are short. We
may assume that all intermediate quotients G — G’ — T are freely indecom-
posable?3.

Choose a 2-complex K for G and a subsequence so that A = lim A4, exists
where ¢; : K — Ty is an fjg-equivariant resolution and {¢;} is short. For
each component Aq of A, perform one of the following moves to obtain a new
finite laminated 2-complex for an fp quotient of G (that we will immediately
rename (K,A) and G). Let G denote the subgroup of G carried by A,.

1. If Ay is minimal and if Gy stabilizes a linear subtree of T, then enlarge
N(Ao) to a model for the action of ¢(Gy) on T

42If Ay is a subgroup of A, then the result of pulling Ao across the edge is A *(4, ¢
(Ag, B), cf. moves of type IIA in [3].
43see [30]
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2. If Ay is minimal and if Gy does not stabilize a linear subtree of T', then
collapse all added annuli to their bases.

3. If Ag is simplicial and Gq stabilizes an arc of T, then attach 2-cells to
leaves to replace Gy by ¢(Go).

In each case, also modify the resolutions to obtain a short sequence on the new
complex with induced laminations converging to A. The modified complex
and resolutions contradict Exercise 20. Hence, Ker(T') is non-trivial.

To finish, choose non-trivial kr € Ker(T). As before, if {U(kr,)} is a
finite cover for 7'(T"), then {T' — AY(T)}U{T — I'/{(kr, )} is a factor set. O
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Solutions to Bestvina & Feighn’s exercises on
limit groups

Henry Wilton

Abstract

This article gives solutions to the exercises in Bestvina and Feighn’s
paper [2] on Sela’s work on limit groups. We prove that all constructible
limit groups are limit groups and give an account of the shortening
argument of Rips and Sela.

Mladen Bestvina and Mark Feighn’s beautiful first set of notes [2] on Zlil
Sela’s work on the Tarski problems (see [10] et seq.) provides a very useful
introduction to the subject. It gives a clear description of the construction
of Makanin—Razborov diagrams, and precisely codifies the structure theory
for limit groups in terms of constructible limit groups (CLGs). Furthermore,
the reader is given a practical initiation in the subject with exercises that
illustrate the key arguments. This article is intended as a supplement to [2],
to provide solutions to these exercises. Although we do give some definitions
in order not to interrupt the flow, we refer the reader to [2] for all the longer
definitions and background ideas and references.

1 Definitions and elementary properties

In this section we present solutions to exercises 2, 3, 4, 5, 6 and 7, which give
some of the simpler properties and the first examples and non-examples of
limit groups.

1.1 w-residually free groups

Fix F a free group of rank r > 1.

Definition 1.1 A finitely generated group G is w-residually free if, for any
finite subset X C G, there exists a homomorphism h : G — T whose restriction
to X is infective. (Equivalently, whenever 1 ¢ X there exists a homomorphism
h:G—TF sothatl¢h(X).)

Residually free groups inherit many of the properties of free groups; the
first and most obvious property is being torsion-free.

30
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Lemma 1.2 (Exercise 2 of [2]) Any residually free group is torsion-free.

Proof.  Let G be w-residually free (indeed G can be thought of as merely
residually free). Then for any g € G, there exists a homomorphism h : G — F
with h(g) # 1; so h(g*) # 1 for all integers k, and g* # 1. a

It is immediate that any subgroup of an w-residually free group is w-
residually free (exercise 6 of [2]).

That the choice of F does not matter follows from the observation that all
finitely generated free groups are w-residually free.

Example 1.3 (Free groups) Let F be a finitely generated free group. Real-
ize F as the fundamental group of a rose T' with r petals; that is, the wedge of
r circles. ThenT has an infinite-sheeted cover that corresponds to a subgroup
F' of F of countably infinite rank. The group F can be realized as a free fac-
tor of F'; this exhibits an injection F — F. In particular, every free group is
w-residually free.

Example 1.4 (Free abelian groups) Let A be a finitely generated free abe-
lian group, and let ay,...,a, € A be non-trivial. Fix a basis for A, and
consider the corresponding inner product. Let z € A be such that (z,a;) # 0
for all i. Then inner product with z defines a homomorphism A — Z so that
the image of every a; is non-trivial, as required.

Examples 1.3 and 1.4 give exercise 3 of [2].

1.2 Limit groups
Groups that are w-residually free are natural examples of limit groups.

Definition 1.5 Let F be as above, and T" a finitely generated group. A se-
quence of homomorphisms (f, : T' — ) is stable if, for every g € G, f,(g) is
either eventually 1 or eventually not 1. The stable kernel of a stable sequence
of homomorphisms (f,,) consists of all g € G with f,(g) eventually trivial; it
Is denoted ker f, .

A limit group /s a group arising as a quotient T'/ker f, for (f,) a stable
sequence.

Lemma 1.6 (Exercise 5 of [2]) Every group that is w-residually free group
is a limit group.

Proof. Let G be an w-residually free group. Fix a generating set, and let
X, C G be the ball of radius n about the identity in the word metric. Let
fn : G — F be a homomorphism that is injective on X,,. Now f, is a stable
sequence and the stable kernel is trivial, so G is a limit group. O

In fact every limit group is w-residually free (lemma 1.11 of [2]). Hence-
forth, we shall use the terms interchangeably.
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1.3 Negative examples

Let’s see some examples of groups that aren’t limit groups. The first three
examples are surface groups that aren’t even residually free. It follows from
lemma 1.2 that the fundamental group of the real projective plane is not a
limit group. A slightly finer analysis yields some other negative examples.

Lemma 1.7 The only 2-generator residually free groups are the free group of
rank 2 and the free abelian group of rank 2.

Proof.  Let G be a residually free group generated by x and y. If G is
non-abelian then [z,y] # 1 so there exists a homomorphism f : G — F
with f([z,y]) # 1. So f(z) and f(y) generate a rank 2 free subgroup of F.
Therefore G is free. O

In particular, the fundamental group of the Klein bottle is not a limit
group. Only one other surface group fails to be w-residually free. This was
first shown by R. S. Lyndon in [5].

Lemma 1.8 (The surface of Euler characteristic -1) Let X be a closed
surface of Euler characteristic -1. Then any homomorphism f. : m (%) — F
has abelian image. In particular, since w1 (X) Is not abelian, it is not residually
free.

Proof. Let T be a bouquet of circles so F = 71 (I'). Realize the homomorphism
f« as a map from ¥ to I', which we denote by f. Our first aim is to find an
essential simple closed curve in the kernel of f,.

Consider = the mid-point of an edge of I'. Altering f by a homotopy, it
can be assumed that f is transverse at z; in this case, f~1(z) is a collection
of simple closed curves. Let « be such a curve. If 7 is null-homotopic in X
then 7 can be removed from f~!(z) by a homotopy. If all components of the
pre-images of all midpoints  can be removed in this way then f. was the
trivial homomorphism. Otherwise, any remaining such component ~ lies in
the kernel of f as required.

We proceed with a case-by-case analysis of the components of ¥ \ 7.

1. If v is 2-sided and separating then, by examining Euler characteristic,
the components of ¥\~ are a punctured torus or a Klein bottle, together
with a Mébius band. So f factors through the one-point union 7'V RP?
or K VRP?. In either case, it follows that the image is abelian.

2. If v is 2-sided and non-separating then ¥.—+y is the non-orientable surface
with Euler characteristic -1 and two boundary components, so f. factors
through Z  Z/27Z and hence through Z.

3. If 7y is 1-sided then 42 is 2-sided and separating, and case 1 applies.
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This finishes the proof. O

Lemmas 1.2, 1.7 and 1.8 give exercise 4 of [2]. Here is a more interesting
obstruction to being a limit group. A group G is commutative transitive
if every non-trivial element has abelian centralizer; equivalently, if [z,y] =
[y, 2] = 1 then [z, 2] = 1. Note that F is commutative transitive, since every
non-trivial element has cyclic centralizer.

Lemma 1.9 (Exercise 7 of [2]) Limit groups are commutative transitive.

Proof. Let G be w-residually free, let g € G, and suppose a,b € G commute
with g. Then there exists a homomorphism

f:G—F

injective on the set {1,g,[a,b]}. Then f([g,a]) = f([g,b]) = 1; since F is
commutative transitive, it follows that

f([a" b]) =1

So [a,b] = 1, as required. O

A stronger property also holds. A subgroup H C G is malnormal if,
whenever g ¢ H, gHg~! N H = 1. The group G is CSA if every maximal
abelian subgroup is malnormal.

Remark 1.10 /fG js CSA then G is commutative transitive. For, let g € G
with centralizer Z(g). Consider maximal abelian A C Z(g) and h € Z(g).
Then g € hRAR~' N A, so h € A. Therefore Z(g) = A.

Lemma 1.11 Limit groups are CSA.

Proof. Let H C G be a maximal abelian subgroup, consider g € G, and
suppose there exists non-trivial h € gHg™' N H. Let f : G — F be injective
on the set

{1,9,h,[g,h]}

Then f([h, ghg™']) = 1, which implies that f(h) and f(ghg™!) lie in the same
cyclic subgroup. But in a free group, this is only possible if f(g) also lies in
that cyclic subgroup; so f([g,h]) =1, and hence [g,h] = 1. By lemma 1.9 it
follows that g commutes with every element of H, so g € H. O
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2 Embeddings in real algebraic groups

In this section we provide solutions to exercises 8 and 9 of [2], which show
how to embed limit groups in real algebraic groups and also PSLs(R), and
furthermore give some control over the nature of the embeddings. First, we
need a little real algebraic geometry.

By, for example, proposition 3.3.13 of [3], every real algebraic variety V
has an open dense subset Vo C V' with finitely many connected components,
so that every component V' C V¢, is a manifold.

Lemma 2.1 Consider a countable collection Vi,V,,... C V of closed subva-
rieties. Then for any component V' of Vi, as above, either there exists k so
that V! Cc Vy, or
o0
vinlJVv
i=1
has empty interior.

Proof. Suppose V'N(J; V; doesn’t have empty interior. Then, by Baire’s Cat-
egory Theorem, there exists k such that V' NV}, doesn’t have empty interior.
Consider z in the closure of the interior of V' N'V; and let f be an algebraic
function on V' that vanishes on V;. Then f has zero Taylor expansion at
z, so f vanishes on an open neighbourhood of z. In particular, x lies in the
interior of V' N V;. So the interior of V' NV} is both open and closed, and
V' C V; since V' is connected. O

Lemma 2.2 (Exercise 8 of [2]) Let § be an algebraic group over R into
which F embeds. Then for any limit group G there exists an embedding
G — G.
In particular, G embeds into SLy(R) and SO(3).
Proof. Consider the variety V = Hom(G, G). (If G is of rank r, then V is a

subvariety of G", cut out by the relations of G. By Hilbert’s Basis Theorem,
finitely many relations suffice.) For each g € G, consider the subvariety

Vo ={f € VIf(g) =1}.

If G does not embed into G then V is covered by the subvarieties V, for g # 1.
By lemma 2.1 every component of V;¢, is contained in some V;, so

V=V,U...uV,

for some non-trivial gi,...,g, € G.
So every homomorphism from G to § kills one of the g;. But F embeds in
G, so this contradicts the assumption that G is w-residually free. O
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Remark 2.3 Given a limit group G and an embedding f : G — SLy(R) we
have a natural map G — PSLy(R). This is also an embedding since any
element in its kernel satisfies f(g)?> =1 and G is torsion-free.

We can gain more control over embeddings into PSLy(R) by considering
the trace function.

Lemma 2.4 (Exercise 9 of [2]) /f G is a limit group and ¢:,...,9, € G
are non-trivial then there is an embedding G — PSLy(R) whose image has
no non-trivial parabolic elements, and so that the images of ¢i,...,g, are all
hyperbolic.

Proof. Abusing notation, we identify each element of the variety V =
Hom(G, SLy(R)) with the corresponding element of Hom(G, PSLy(R)), and
call it elliptic, hyperbolic or parabolic accordingly. For each g € G, consider
the closed subvariety U, of homomorphisms that map g to a parabolic, and
the open set W, of homomorphisms that map g to a hyperbolic. (Note that
v € SLy(R) is parabolic if |try| = 2 and hyperbolic if |try| < 2.) Fix an
embedding F — SL;(R) whose image in PSLs(R) is the fundamental group
of a sphere with open discs removed; such a subgroup is called a Schottky
group, and every non-trivial element is hyperbolic. Call a component V'
of Vieg essential if its closure contains a homomorphism G — SLy(R) that
factors through F < SLy(R) and maps the g; non-trivially.

Suppose every essential component V' of V¢, is contained in some Uy for
non-trivial ¢’. Then, since there are only finitely many components, for certain
non-trivial ¢{,...,g),, every homomorphism G — F kills one of the g; or one
of the g}, contradicting the assumption that G is w-residually free. Therefore,
by lemma 2.1, there exists an essential component V' so that V' nJ 21 Ug
has empty interior. In particular,

ﬂng ~ U U,
7 g#1

is non-empty, as required. g

3 GADs for limit groups

In this section we provide solutions to exercises 10 and 1l, and also the re-
lated exercise 17. For the definitions of the modular group Mod(G), and of
generalized Dehn twists, see definitions 1.6 and 1.17 respectively in [2].

Lemma 3.1 (Exercise 10 of [2]) Mod(G) is generated by inner automor-
phisms and generalized Dehn twists.
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Proof.  Since the mapping class group of a surface is generated by Dehn
twists (see, for example, [4]), it only remains to show that unimodular au-
tomorphisms of abelian vertices are generated by generalized Dehn twists.
Given such a vertex A, we can write

G:A*p(A)B

for some subgroup B of G. Any unimodular automorphism of A is a general-
ized Dehn twist of this splitting. O

Lemma 3.2 (Exercise 11 of [2]) Let M be a non-cyclic maximal abelian
subgroup of a limit group G.

1. If G = Axc B for C abelian then M is conjugate into either A or B.

2. If G = Ax¢ with C abelian then either M is conjugate into A or there is
a stable letter t so that M is conjugate to M' = {C,t) and G = Axc M’'.

Proof. We first prove 1. Suppose M is not elliptic in the splitting G = Ax*¢ B.
(Note that we don’t yet know that M is finitely generated.) Non-cyclic abelian
groups have no free splittings, so C is non-trivial. Let T' be the Bass—Serre
tree of the splitting. Either M fixes an axis in T', or it fixes a point on the
boundary. In the latter case, there is an increasing chain of edge groups

CicCyC...M.

But every C; is a conjugate of C;, and since M is malnormal it follows that
C; = Cy. So M = C;, contradicting the assumption that M is not elliptic.

If M fixes a line in T then M can be conjugated to M’ fixing a line L so
that A stabilizes a vertex v of L and M’ is of the form M’ = C®Z; C fixes L
pointwise, and Z acts as translations of L. Consider the edges of L incident
at v, corresponding to the cosets C and aC, for some a € A ~ C. Since
aCa~! = C and C is non-trivial, it follows from lemma 1.11 that a € M’.
But a is elliptic so a € C, a contradiction.

In the HNN-extension case, assuming M is not elliptic in the splitting we
have as before that M preserves a line in the Bass—Serre tree T'. Conjugating
M to M', we may assume C fixes an edge in the preserved line L, so C C M’.
The stabilizer of an adjacent edge is of the form (ta)C(ta)~!, where a € A
and ¢ is the stable letter of the HNN-extension. Therefore C = (ta)C(ta)™!,
so since G is CSA it follows that M’ = C & (ta) and

GZA*CM,

as required. O
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Remark 3.3 Nofe that, in fact, the proof of lemma 1.11 only used that the
vertex groups are CSA and that the edge group was maximal abelian on one
side.

A one-edge splitting of G is said to satisfy condition JSJ if every non-cyclic
abelian group is elliptic in it. Recall that a limit group is generic if it is freely
indecomposable, non-abelian and not a surface group.

Lemma 3.4 (Exercise 17 of [2]) /f G is a generic limit group then the
group Mod(G) is generated by inner automorphisms and generalized Dehn
twists in one-edge splittings satisfying JSJ.

Furthermore, the only generalized Dehn twists that are not Dehn twists
can be taken to be with respect to a splitting of the from G = A x¢ B with
A=CoLZ.

Proof. By lemma 3.1, Mod(G) is generated by inner automorphisms and
generalized Dehn twists. By lemma 3.2, any splitting of G as an amalgamated
product satisfies JSJ. Consider, therefore, the splitting

GZA*C.

A (generalized) Dehn twist d, in this splitting fixes A and maps the stable
letter ¢ — tz, for some z € Zg(C).

Suppose that this HNN-extension doesn’t satisfy JSJ, so there exists some
(without loss, maximal) abelian subgroup M that is not elliptic in the split-
ting. By lemma 3.2, after conjugating M to M’, we have that

G=A*CM,

and M’ = C & (t) where t is the stable letter. Since M’ = Z¢(C), a Dehn
twist &, along z (for ¢ € C and n € Z) fixes A and maps

t— z+41t.

But this is a generalized Dehn twist in the amalgamated product. So Mod(G)
is, indeed, generated by generalized Dehn twists in one-edge splittings satis-
fying JSJ.
Any generalized Dehn twist § that is not a Dehn twist is in a splitting of
the form
G=A *C B

with A abelian, and acts as a unimodular automorphism on A that preserves
P(A). Recall that A/P(A) is finitely generated, by remark 1.15 of [2]. To
show that it is enough to use splittings in which A = C & Z, we work by
induction on the rank of A/P(A). Write A = A’ ® Z, where P(A) C A'.
Then there is a modular automorphism «, agreeing with ¢ on A’, generated
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by generalized Dehn twists of the required form, by induction. Now ¢ and «
differ by a generalized Dehn twist in the splitting

G=A*Ar (A,*C B)

which is of the required form. O

4 Constructible Limit Groups

For the definition of CLGs see [2]. The definition lends itself to the technique
of proving results by a nested induction, first on level and then on the number
of edges of the GAD A. To prove that CLGs have a certain property, this
technique often reduces the proof to the cases where G has a one-edge splitting
over groups for which the property can be assumed. In this section we provide
solutions to exercises 12, 13, 14 and 15, which give the first properties of CLGs,
culminating in the result that all CLGs are w-residually free.

4.1 CLGs are CSA

We have seen that limit groups are CSA. This section is devoted to proving
that CLGs are also CSA. Knowing this will prove extremely useful in deducing
the other properties of CLGs. Note that the property of being CSA passes to
subgroups.

Lemma 4.1 CLGs are CSA.

By induction on the number of edges in the graph of groups A, it suffices to
consider a CLG G such that

G=A*CB

or
G = A*C

where each vertex group is assumed to be CSA and the edge group is taken
to be maximal abelian on one side. (In the first case, we will always assume
that C is maximal abelian in A.) First, we have an analogue of lemma. 3.2.

Lemma 4.2 Let G be as above. Then G decomposes as an amalgamated prod-
uct or HNN-extension in such a way that all non-cyclic maximal abelian sub-
groups are conjugate into a vertex group. Furthermore, in the HNN-extension
case we have that C N C* = 1 where C is the edge group and t is the stable
letter.
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Proof. By induction, we can assume that the vertex groups are CSA. Note
that the proof of the first assertion of lemma 3.2 only relies on the facts that
the vertex groups are CSA and the edge group is maximal abelian in one
vertex group. So the amalgamated product case follows.

Now consider the case of an HNN-extension. Suppose that, for some stable
letter ¢, C N C* is non-trivial. Then since the vertex group A is commutative
transitive, it follows that C C C! (or C* C C, in which case replace t by t~1).
If p : G — G’ is the retraction to a lower level then, since G’ can be taken
to be CSA, p(C') = p(C). But p is injective on edge groups so C = C* and,
furthermore, ¢ commutes with C.

Otherwise, for every choice of stable letter ¢, C N C! is trivial. In either
case, the result now follows as in the proof of the second assertion of lemma
3.2. O

Recall that a simplicial G-tree is k-acylindrical if the fixed point set of
every non-trivial element of G has diameter at most k.

Lemma 4.3 /n the graph-of-groups decomposition given by lemma 4.2, the
Bass-Serre tree is 2-acylindrical.

Proof. In the amalgamated product case this is because, for any a € A\ C,
C NC® = 1. Likewise, in the HNN-extension case this is because CNC! =1
where ¢ is the stable letter. O

Proof of lemma 4.1. Let M C G be a maximal abelian subgroup and suppose
1#mcC MINnM.

Let T be the Bass—Serre tree of the splitting. If M is cyclic then it might act
as translations on a line L in T. Then g also maps L to itself. But it follows
from acylindricality that any element that preserves L lies in M; so g € M as
required.

We can therefore assume that M fixes a vertex v of T'. If g also fixes v
then, since the vertex stabilizers are CSA, g € M. Consider the case when

GZA*CB;

the case of an HNN-extension is similar. Then without loss of generality
M C A and g = ba for some a € A and b € B so MY fixes a vertex stabilized
by A’ for some b € B. Since C is maximal abelian in A we have C = M and
since B is CSA and m € C N C? it follows that b commutes with C so b € M,
hence g € M. O
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4.2 Abelian subgroups
It is no surprise that CLGs share the most elementary property of limit groups.

Lemma 4.4 CLGs are torsion-free.

Proof. The freely decomposable case is immediate by induction. Therefore
assume G is a freely indecomposable CLG of level n, with A and p: G — G’
as in the definition. Suppose g € G is of finite order. Then g acts elliptically
on the Bass—Serre tree of A, so ¢ lies in a vertex group. Clearly if the vertex
is QH then g = 1, and by induction if the vertex is rigid then g = 1. Suppose
therefore that the vertex is abelian. Then g lies in the peripheral subgroup.
But p is assumed to inject on the peripheral subgroup, so by induction g is
trivial. O

However, it is far from obvious that limit groups have abelian subgroups
of bounded rank; indeed, it is not obvious that all abelian subgroups of limit
groups are finitely generated. But this is true of CLGs.

Lemma 4.5 (Exercise 13 in [2]) Abelian subgroups of CLGs are free, and
there is a uniform (finite) bound on their rank.

Proof. The proof starts by induction on the level of G. Let G be a CLG.
Since non-cyclic abelian subgroups have no free splittings we can assume G
is freely indecomposable. Let A be a generalized abelian decomposition. Let
T be the Bass—Serre tree of A. If A fixes a vertex of T then the result
follows by induction on level. Otherwise, A fixes a line T4 in T, on which
it acts by translations. The quotient A’ = T4 /A is topologically a circle;
after some collapses A’ is an HNN-extension; so the rank of A is bounded by
the maximum rank of abelian subgroups of the vertex groups plus 1. So by
induction the rank of A is uniformly bounded. That A is free follows from
lemma 4.4. O

4.3 Heredity

Let X be a (not necessarily compact) surface with boundary. Then a boundary
component § is a circle or a line, and defines up to conjugacy a cyclic subgroup
m (8) C m1(X). These are called the peripheral subgroups of X.

Remark 4.6 Let ¥ be a non-compact surface with non-abelian fundamental
group. Then there exists a non-trivial free splitting of m (X), with respect to
which all peripheral subgroups are elliptic.

Lemma 4.7 (Exercise 12 in [2]) Let G be a CLG of level n and let H be a
finitely generated subgroup. Then H is a free product of finitely many CLGs
of level at most n.
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Proof.  The subgroup H can be assumed to be freely indecomposable by
Grushko’s theorem, so we can also assume that G is freely indecomposable.

Let A and p : G — G’ be as in the definition. The subgroup H inherits
a graph-of-groups decomposition from A, namely the quotient of the Bass—
Serre tree T by H. Since H is finitely generated, it is the fundamental group
of some finite core A’ C T/H. Every vertex of A’ covers a vertex of A, from
which it inherits its designation as QH, abelian or rigid.

The edge groups of A’ are subgroups of the edge groups of A, so they
are abelian and p is injective on them. Furthermore, it follows from lemma
4.1 that H is commutative transitive, so each edge group of A’ is maximal
abelian on one side of the associated one-edge splitting.

Let V' be a vertex group of A’, a subgroup of the vertex group V of A.
There are three case to consider.

1. V! C V are abelian. Since every map f’ : V' — Z with f'(P(V')) =0
extends to a map f : V — Z with f(P(V)) = 0 we have that

P(V')c P(V)
so p is injective on P(V").

2. V! C V are QH. If V' is of infinite index in V then V" is the fundamental
group of a non-compact surface, so by remark 4.6 H is freely decom-
posable. Therefore it can be assumed that V' is of finite degree m in
V. In particular, V is the fundamental group of a compact surface that

admits a pseudo-Anosov automorphism. Furthermore, let g,h € V be
such that p([g, h]) # 1. Then because CLGs are commutative transitive,

p(lg™, ™)) # 1.
But ¢™,h™ € V', so p(V’) is non-abelian.

3. V! C V are rigid. Then V’ C V because CLGs are commutative transi-
tive, so p|y- is injective.

Therefore p|g : H — G’ and A’ satisfy the properties for H to be a CLG. O

4.4 Coherence

A group is coherent if every finitely generated subgroup is finitely presented.
Note that free groups and free abelian groups are coherent. For limit groups,
coherence is an instance of a more general phenomenon, as in the next lemma.
Recall that a group is sfender if every subgroup is finitely generated. Finitely
generated abelian groups are slender.

Lemma 4.8 The fundamental group of a graph of groups with coherent vertex
groups and slender edge groups is coherent.
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Proof. Let A be a graph of groups, with coherent vertex groups and slender
edge groups. Let G = m(A) and H C G a finitely generated subgroup.
Then H inherits a graph-of-groups decomposition from A given by taking the
quotient of the Bass—Serre tree T of A by the action of H. Since H is finitely
generated it is the fundamental group of some finite core A’ C T/H. But, by
induction on the number of edges, H = m (A’) is finitely presented. O

Lemma 4.9 (Exercise 12 in [2]) CLGs are coherent, in particular finitely
presented.

Proof. In the case of a free decomposition the result is immediate. In the
other case, the (free abelian) edge groups of A are finitely generated, so slender
and coherent, by lemma 4.5. Therefore all vertex groups are finitely generated;
in particular, abelian vertex groups are coherent. Finitely generated surface
groups are also coherent. Rigid vertex groups embed into a CLG of lower
level, so by lemma 4.7 they are free products of coherent groups and hence
coherent by induction. The result now follows by lemma 4.8. O

4.5 TFinite K(G,1)

That CLGs have finite K (G, 1) follows from the fact that graphs of aspherical
spaces are aspherical.

Theorem 4.10 (Proposition 3.6 of [9]) Let A be a graph of groups, sup-
pose that for every vertex group V there exists finite K(V,1), and for every
edge group E there exists a finite K(E,1). Then for G = w1 (A), there exists
a finite K(G,1).

Surface groups and abelian groups have finite Eilenberg—Mac Lane spaces.
Rigid vertices embed into a CLG of lower level, so by lemma, 4.7 and induction
they also have finite Eilenberg—-Mac Lane spaces.

Corollary 4.11 (Exercise 13 in [2]) /f G is a CLG then there exists a fi-
nite K(G,1).

4.6 Principal cyclic splittings

A principal cyclic splitting of G is a one-edge splitting of G with cyclic edge
group, such that the image of the edge group is maximal abelian in one of
the vertex groups; further, if it is an HNN-extension then the edge group is
required to be maximal abelian in the whole group. The key observation about
principal cyclic splittings is that any non-cyclic abelian subgroup is elliptic
with respect to them—in other words, they are precisely those cyclic splittings
that feature in the conclusion of lemma 4.2. Applying lemma 4.2, to prove that
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every freely indecomposable, non-abelian CLG has a principal cyclic splitting
it will therefore suffice to produce any non-trivial cyclic splitting (since we
now know that CLGs are CSA).

Proposition 4.12 (Exercise 14 in [2]) Every non-abelian, freely indecom-
posable CLG admits a principal cyclic splitting.

Proof. Let G be a CLG. As usual, by induction it suffices to consider the
cases when G splits as an amalgamated product or HNN-extension. It suffices
to exhibit any cyclic splitting of G, as observed above.
Suppose
G = Ax*¢ B.

If C is cyclic the result is immediate, so assume C is non-cyclic abelian. If
either vertex group is freely decomposable then so is G, since C has no free
splittings; if both vertex groups are abelian then so is G. Therefore A, say,
is freely indecomposable and non-abelian so has a principal cyclic splitting,
which we shall take to be of the form

A= A, *xo BI.

(It might also be an HNN-extension, but this doesn’t affect the proof.) Be-
cause it is principal C is conjugate into a vertex, say B’; so G now decomposes

as
G= AI *o (B, *xCo B)

which is a cyclic splitting as required.
The proof when G = Ax¢ is the same. O

4.7 A criterion in free groups

To prove that a group G is w-residually free, it suffices to show that for any
finite X C G \ 1 there exists a homomorphism f : G — F with 1 ¢ f(X). So
a criterion to show that an element of I is not the identity will be useful.

Lemma 4.13 Lef z € F \ 1, and consider an element g of the form
g= ag 2™ ozlzi2 as .. .an_lzi" ap,

where n > 1 and, whenever 0 < k < n, [ag, 2] # 1. Then g # 1 whenever the
lix| are su ciently large.

Choose a generating set for F so the corresponding Cayley graph is a tree
T. An element u € F specifies a geodesic [1,u] C T. Likewise, a string of
elements wug, U1, ..., u, € F defines a path

[1,uo] -wo[l,ua]--ev (ug .. tn—1)[1,un]
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in T, where - denotes concatenation of paths. The key observation we will use
is as follows. The length of a word w € F is denoted by |w|.

Remark 4.14 Suppose z is cyclically reduced and has no proper roots. Let
a € F be such that a and az both lie in L C T the axis of z. If j is minimal
such that 27 lies in the geodesic [a, az] then, settingu = z/a~! and v = az'~7,
it follows that wv = z = vu, in particular, either uw or v is trivial and [a, z] = 1.

Proof of lemma 4.13. It can be assumed that z is cyclically reduced and has
no proper roots.

Assume that, for each k, |z% | > |ag—_1| + |ak| + |2|. Let L C T be the axis
of z. Denote by g the partial product

gk = agzil alzi2 as ...0—1 P ai.-
The path « corresponding to g is of the form
[1,a0] - go[1, 2] - go2 [1,a1] - ... Gn_1[1, 2" ] - Gn-12""[1, an].

Suppose that g = 1 so this path is a loop. Each section of the form gi[1, z%]
lies in a translate of L, the axis of z. Since T is a tree, for at least one such
section 7y enters and leaves gy L at the same point—otherwise + is a non-trivial
loop. Since |2% | > |ag—1|+ |ak|+|2| it follows that both gi 2% aj, and gi 2% ax 2
lie in gx L and so [ak, 2] = 1 by remark 4.14. O

4.8 CLGs are limit groups
Theorem 4.15 (Exercise 15 in [2]) CLGSs are w-residually free.

Since the freely decomposable case is immediate, let A, G’ and p be as in
the definition of a CLG in [2]. By induction, G’ can be assumed w-residually
free. As a warm up, and for use in the subsequent induction, we first prove
the result in the case of abelian and surface vertices.

Lemma 4.16 Let A be a free abelian group and p : A — G’ a homomorphism
to a limit group. Suppose P C A is a nonlrivial subgroup of finite corank
closed under taking roots, on which p is injective. Then for any finite subset
X C A1 there exists an automorphism o of A, fixing P, so that1 ¢ poa(X).

Proof.  Since ker p is a subgroup of A of positive codimension, for given
z € AN 0 a generic automorphism « certainly satisfies a(x) ¢ ker p. Since X
is finite, therefore, there exists a such that a(z) ¢ kerp for any z € X. 0O

We now consider the surface vertex case.
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Proposition 4.17 Let S be the fundamental group of a surface ¥ with non-
empty boundary, with x(£) < —1, and p: S — G’ a homomorphism injective
on each peripheral subgroup and with non-abelian image. Then for any fi-
nite subset X C S ~ 1 there exists an automorphism o of S, induced by
an automorphism of ¥ fixing the boundary components pointwise, such that

1¢poa(X).

Let the surface X have b > 0 boundary components and Euler characteris-
tic x < 0. When X is cut along a two-sided simple closed curve -, the resulting
pieces either have lower genus (defined to be 1 — £(x + b)) or fundamental
groups of strictly lower rank, depending on whether v was separating or not.
The simplest cases all have fundamental groups that are free of rank 2.

Example 4.18 (The simplest cases) Suppose that S is free of rank 2. By
lemma 1.7, p(S) is free or free abelian, but p(S) is assumed non-abelian, so
p(S) is free and p is injective.

For the more complicated cases, the idea is to find a suitable simple closed
curve ¢ along which to cut to make the surface simpler. In order to apply the
proposition inductively, ¢ needs the following properties:

L p(¢) #1;

2. the fundamental group S’ of any component of ¥ \ ¢ must have p(5’)
non-abelian.

Let’s find this curve in some examples.

dp ds

[ didy

Figure 1: A four-times punctured sphere

Example 4.19 (Punctured spheres) Suppose ¥ is a punctured sphere, so

d17 . 7dn|]:[d
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Assume n > 4 and p(d;) # 1 for all i. Define a relation on {1,...,n} by
i~j e p([di,dj]) = 1.

Since G’ is commutative transitive, ~ is an equivalence relation. Because the
image is non-abelian, there are at least two equivalence classes. Since

Ile -

any equivalence class has at least two elements in its complement. Relabelling
if necessary, it can now be assumed that

p([dl 5 d2])7 p([d?n d4]) 7é 1.

Now if the boundary curves have been coherently oriented then didy has a
representative that is a simple closed curve. Take ¢ as this representative.

The case when ¥ is non-orientable is closely related.

Example 4.20 (Non-orientable surfaces) Suppose ¥ is non-orientable so

S=(61,...,Cm,d1,...,dn|HC?de>.
i J

Exactly the same argument as in the case of a punctured sphere would work
if it could be guaranteed that p(c;) # 1 for all i.

Fix some ci, therefore, and suppose p(cy) = 1. Let v be a simple closed
curve representing c,. Then dicy has a representative 6 which is a simple
closed curve, and p(dycx) # 1. Furthermore, ¥\~ and X \. § are homeomor-
phic surfaces, and a homeomorphism between them extends fo an automor-
phism of ¥ mapping v to 6. This homeomorphism can be chosen not to alter
any of the other c; or the d;.

Therefore, after an automorphism of ¥, it can be assumed that p(c;) # 1
for all i, so a suitable ¢ can be found as in the previous example.

Example 4.21 (Positive-genus surfaces) Suppose ¥ is an orientable sur-
face of positive genus, so

S=(a1,by,...,a9,bg,ds, ..., dn| [ Jlas, 0] ] ] d)-
i J

Assume that g,n > 1. If, for example, p(a;) # 1 then ¢ can be taken fo be a
simple closed curve representing a;. Otherwise, p(aidy) # 1 and a;d, has a
simple closed representative. It remains to show that the single component of
3~ ¢ has non-abelian image.
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Figure 2: The positive-genus case.

Cutting along ¢ expresses S as an HNN-extension:
S = SI X7, .

Let t be the stable letter, and suppose p(S') is abelian. Then ¢ € tS't~1NS’ so
in particular p(tS't=* N S") is non-trivial. But G’ is a limit group and hence
CSA, so p(t) commutes with p(S'), contradicting the assumption that p(S) is
non-abelian.

Note that examples 4.19, 4.20 and 4.21 cover all the more complicated
surfaces with boundary.

Proof of proposition 4.17. Example 4.18 covers all the simplest cases. Sup-
pose therefore that ¥ is more complicated. To apply the inductive hypothesis,
an essential simple closed curve ¢ € ¥ is needed such that p(¢) # 1 and, for
any component S’ of ¥~\.¢, p(S’) is non-abelian. This is provided by examples
4.19, 4.20 and 4.21.

For simplicity, assume ( is separating. The non-separating case is similar.
Then X \ ¢ has two components, 3; and ¥5. Let S; = m;(%;), and denote by
X; the syllables of X in S;—the elements of .S; that occur in the normal form
of some z € X with respect to the splitting over (). Because the pieces ¥;
are simpler than X there exists a € Auty(X) and f : G’ — F such that

1 ¢ fopoa([C,Xl UXQ]).

Consider £ € X. The proposition follows from the claim that, for all suffi-
ciently large k,
fopodtoa(f) 1
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where ¢ is a Dehn twist in {. If £ is a power of ¢ then the result is immediate.
Otherwise, with respect to the one-edge splitting of G over (¢), £ has reduced
form

opT00171 ...-0nTp

where the 0; € X; and the 7; € X,. The image z(¥) = f 0 po 6f 0 a(€) is of
the form

ZkSOZ—ktOZk81Z—kt1 .. .zksnz_ktn

where z = fop((), si = fopoa(o;) and t; = f o po a(r;). This expression
for z(*) satisfies the hypotheses of lemma 4.13, so z(¥) £ 1 for all sufficiently
large k. O

The proof of theorem 4.15 is very similar to the proof of proposition 4.17.
The theorem follows from the following proposition, by induction on level.

Proposition 4.22 Let G be a freely indecomposable CLG, let A and p be as
usual, and let G’ be w-residually free. For any finite subset X C G ~\. 1 there
exists a modular automorphism o of G such that 1 ¢ po a(X).

Proof.  As usual, the proposition is proved by induction on the number of
edges of A. The case of A having no edges follows from lemmas 4.16 and
4.17, and the fact that p is injective on rigid vertices. By induction on level,
G’ is a limit group.

Now suppose A has an edge group E. For simplicity, assume F is separat-
ing. The non-separating case is similar. Then removing the edge correspond-
ing to E divides A into two subgraphs A; and A,. Let G; = m (4A;), and
denote by X; the syllables of X in G;. Without loss assume F is maximal
abelian in G;. Fix non-trivial ¢ € E. By induction there exists a € Mod(A)
and f : G’ — F such that

1¢ fopoa([¢,X1]U X3).

Consider £ € X. The proposition follows from the claim that, for all suffi-
ciently large k,

fopodtoalt) #1.

If £ € F then the result is immediate. Otherwise, with respect to the one-edge
splitting of G over E, £ has reduced form

gpTp0171 -.-0nTp

where the o; € X; and the 7; € X,. The image z(¥) = fopo 5? o a(f) is of

the form

P soz—ktgzksl z“ktl ... zksnz_ktn
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where z = fop((), si = fopoa(o;) and t; = f o poa(r;). In particular,
canceling across those ¢; that commute with z, we have

") = U2 Uy LUy 1 25y,

where ¢, = +1 and wu; don’t commute with z for 0 < ¢ < n. This second
expression for z(*) satisfies the hypotheses of lemma 4.13, so z(*) # 1 for all
sufficiently large k. a

5 The Shortening Argument

We consider a sequence of G-trees T;, arising from homomorphisms f; : G —
IF, that converge in the Gromov topology to a G-tree T. By the results of
section 3 of [2], if the action of G on the limit tree T is faithful then it gives
rise to a generalized abelian decomposition for G. This section is entirely
devoted to the solution of exercise 16, which is essentially Rips and Sela’s
shortening argument—an ingenious means of using this generalized abelian
decomposition to force the action on the limit tree to be unfaithful.

5.1 Preliminary ideas

Once again, fix a generating set for IF so that the corresponding Cayley graph
is a tree, and let |w| denote the length of a word w € F. Fix a generating set
S for G. For f: G — T, let

71 = max|£(g)!
A homomorphism is short if

lfl<leofoal

whenever « is a modular automorphism of G and ¢ is an inner automorphism
of F.

Theorem 5.1 (Exercise 16 of [2]) Suppose every f; is short. Then the ac-
tion on T is not faithful.

The proof is by contradiction. We assume therefore, for the rest of section 5,
that the action is faithful. By the results summarized in section 3 of [2], the
action of G on T gives a GAD A for G. The idea is, if T; are the limiting
trees with basepoints z;, to construct modular automorphisms ¢, so that

di(zi, fi o ¢i(9)x:) < di(=i, fi(g)x:)

for all sufficiently large ¢. Then apply these automorphisms to carefully chosen
basepoints.
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All constructions of the limit tree T', such as the asymptotic cone [11], use
some form of based convergence: basepoints z; € T; are fixed, and converge
to a basepoint [z;] € T'. Because the f; are short,

rgleagc dr(1, fi(g)) < Iglgéi dr(t, fi(9)t)

for all ¢ € Tf; otherwise, conjugation by the element of F nearest to ¢ leads to
a shorter equivalent homomorphism. It follows that 1 € T; is always a valid
basepoint; we set = [1] € T to be the basepoint for T

The proof of theorem 5.1 goes on a case-by-case basis, depending on
whether [z, gz] intersects a simplicial part or a minimal part of T'.

5.2 The abelian part

The next proposition is a prototypical shortening result for a minimal vertex.

Proposition 5.2 Let V' be an abelian vertex group of A. For g € G, let I(g)
be the translation length of g on T. Fix e > 0. Then for any finite subset
S C V there exists a modular automorphism ¢ of G such that

max(¢(g)) <e.

Proof. 'The minimal V-invariant subtree Ty is a line in T', on which V acts
indiscretely. Since S is finite, V' can be assumed finitely generated. It suffices
to prove the theorem in the case where S is a basis for V. Assume furthermore
that each element of S translates Ty in the same direction.

Suppose the action of V' on Ty is free. Let S = {g1,...,9n}, ordered so
that

(gr) > Uge)>...>1l(gn) > 0.
Since the action is indiscrete, there exists an integer A such that

I(g1) — M(g2) < %l(gz).

Applying the automorphism that maps g; — g1 — Ag2 and proceeding induc-
tively, we can make I(g;) as short as we like.

If the action of V' is not free then V = V' @V, where V' acts freely on Ty
and V; fixes Ty pointwise. Applying the free case to V' gives the result. O

The aim is to prove the following theorem.

Theorem 5.3 Let V be an abelian vertex. Then for any finite subset S C G
there exists a modular automorphism ¢ such that for any g € S:

1. if [z, gz] intersects a translate of Ty in a segment of positive length then

d(w) ¢(g)w) < d(w’ gw);
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2. otherwise, ¢(g9) = g.

Proof. By a result of J. Morgan (claim 3.3 of [6]—the article is phrased in
terms of laminations), the path [z, gx] intersects finitely many translates of
Ty in non-trivial segments. Let € be the minimal length of all such segments
across all g € S. Assume that g € S is such that [z, gz] intersects a translate
of Ty non-trivially.

Suppose first that x lies in a translate of Ty, so without loss of generality
x € Ty. Then g has a non-trivial decomposition in the GAD provided by
corollary 3.16 of [2] of the form

g=aoba;...q,

where the q; lie in V and the b; are products of elements of other vertices and
loop elements. Write g; = agb; ...b;—1a;—;. The decomposition can be chosen
so that each component of the geodesic [z, gz| that lies in g; Ty is non-trivial.
For each 4, decompose [z, b;x] as

[.’E, Si] . [Si,ti] . [ti,bi.’E]

where [z, s;] and [¢;, b;x] are maximal segments in Ty and b;Ty respectively.
Then

[z, 9z] = [z, a081) - g1[s1,t1] - g1t brarsa] - ... - gnlSnstn] - Gnltn, bpan ]

where each [s;, ;] and [t;, b;a;8;+1] is a non-trivial segment. Therefore

n n—1
d(z,gz) = d(z,a0s1)+ Z d(s;, t;) + Z d(t;, b;0:8i41) + d(ty,, bpanx)
i=1 i=1
> Zd(siati) +(n+1)e
i=1

Since V' acts indiscretely on the line Ty, by modifying the b; by elements
of V it can be assumed that

d(z, s;),d(t;, biz) < ie.
By proposition 5.2 there exists ¢ € Mod(G) such that ¢(b;) = b; for all b; and
d(z, 9(as)z) < ge

for all a;. Now as before [z, ¢(g)z] decomposes as

[z, ¢(a0)s1] - #(g1)[s1,t1] - - - - - &(Gn)[tn > bnd(an )]
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SO

n n—1
d(z,¢(9)x) = d(z,d(ao)s1)+ D d(si,t:)+ Y dlti, bid(ai)si1)

i=1 i=1

+d(tna by ¢(an)x)
n n—1
< d(z,¢(a0)a) + Y d(si,ti) + Y d(biz, bid(ai)z)
i—1 i—1
+d(b'nx, bn¢(an)x) + ge

n
1
< Zd(s’i’ti) + (n+ 5)6
im1

Therefore, d(z, $(9)z) < d(z, gr) — e and in particular the result follows.
Now suppose = does not lie in a translate of Tyy. Then g has a non-trivial
decomposition in the corresponding GAD of the form

g=b0a1b1 bn

where the a; lie in V and the b; are products of elements of other vertices and
loop elements. Let ¢’ = a1b; ...b,—1a,. Let z’ be the first point on [z, gz
in a translate of Ty, so ' = byy € byTy for some y € Ty . Likewise let z”
be the last point on [z, gz], so £ = byg'z € byg’Ty for some z € Ty . Since
the action of V' on Ty is indiscrete we can modify b, by an element of V' and
assume that d(y, z) < Le.

Then the geodesic [z, gz] decomposes as

[z, 9z] = [, boy] - [boy, bog'2] - [bog'z, 9]

SO
1

Applying the first case to ¢’ and y we obtain ¢ € Mod(G) such that
1
d(y, $(9')y) < d(y,9'y) — 3¢
S0
1
d(z,é(9)z) < d(z,boy) +d(y, $(9')y) + d(z, buz) + 7€

1 1
< d(z,boy) + d(y,g'y) — Z¢t d(z, by ) + G
< d(z,92)

as required. O



Solutions to the exercises 53

5.3 The surface part

The surface part is dealt with by Rips and Sela, in [8], in the following theorem.

Theorem 5.4 (Theorem 5.1 of [8]) Let V' be a surface vertex. Then for
any finite subset S C G there exists a modular automorphism ¢ such that for
anygesS:

1. if [z, gx] intersects a translate Ty in a segment of positive length then
d(z, d(g)z) < d(z, gz);
2. otherwise, ¢(g) = g.

Rips and Sela use the notion of groups of interval exchange transforma-
tions, which are equivalent to surface groups, and prove an analogous result
to proposition 5.2. The rest of the proof is the same as that of theorem 5.3.
5.4 The simplicial part

It remains to consider the case where [z, gz] is contained in the simplicial part
of T.

Theorem 5.5 Let S C G be finite and let x € T. Then there exist ¢, €
Mod(A) such that, for all g € S,

d(z, pn(9)z) = d(, gz);
furthermore, for all g € S that do not fix x, and for all su ciently large n,

A (Zns fr © n(9)2n) < dn(Tn, fr(9)Tn)-

Let e be a closed simplicial edge containing x. The proof of the theorem
is divided into cases, depending on whether the image of e is separating in
T/G. In both cases, the following lemma will prove useful.

Lemma 5.6 Lef A be a vertex group of the splitting over e. Let T4 be the
minimal A-invariant subtree of T; conjugating A, we can assume that Ta Ne
is precisely one point, y. Fix any non-irivial ¢ € C = Stab(e). Then there
exists a sequence of integers m,, such that, for any a € A,

dn (Tn, fr (™" ac™ )2,) — d(y, ay)

asn — 0.
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Proof. The key observation is that

2d,, (xnvAXis(fn (c))) < dn(xnvfn (c)xn) — 0,

and the same holds for the y,. Let z], be the nearest point on Axis(f,(c)) to
xn; likewise, let y/, be the nearest point on Axis(f,(c)) to y,. Then, for each
n, there exists m,, such that

o (fa (€™ )20, 9n) < U(fa(c)) — 0

as n — o0o. Therefore
dn(fn(cm" )xmyn) -0

as n — 00, and the result follows. O
The next lemma helps with the case where the image of e is separating.
Lemma 5.7 Assume the image of e is separating, so the induced splitting is
G = Ax*¢ B.

Assume furthermore that, with the notation of the previous lemma, = # y.
Then there exists o, € Mod(A) such that, for all g € S:

1. ifge A then an(g) = g,
2. ifgé¢ A then

dn(xn,fn Oan(g)xn) < dn(xnyfn(g)xn)

Proof. Fix a non-trivial ¢ € C, and let §. be the Dehn twist in ¢ that is the
identity when restricted to A. Let o, = 07 where m, are the integers given
by lemma 5.6. Any g ¢ A has normal form

g = agb1a1 .. .blal
with the a; € A~ C and the b; € B \ C, except for ag and a; which may be
trivial. Therefore d(z,gx) = Y, d(z,bix) + Y, d(z,a;x). Fix € > 0. If q; is
non-trivial then a; ¢ C and so

d(z,a;x) = 2d(z,y) + d(y, a;y).

Let & be the number of a; that are non-trivial (so {—1 < k < [41). Therefore,
for all sufficiently large n,

A (Tn, fr(9)Tn) > Z d(z, biz) + Z d(y aiy) + 2kd(z,y) — €.



Solutions to the exercises 55

By contrast, for all sufficiently large n,

dn(Tn, fo 0 0 (9)T0) < Y d(@,biw) + Y d(y, aiy) + e

by lemma 5.6. By assumption z # y, so d(z,y) > 0. Therefore taking
€ < kd(z,y) gives the result. O

We now turn to the non-separating case.

Lemma 5.8 Assume the image of e is non-separating, so the splitting induced
by e is
G=A *O .

Let t be a stable letter. As before, conjugate A so that T4 Ne is precisely one
pointy. Fix any non-trivial c € C = Stab(e). Then there exists a sequence of
integers p, such that

dn (Y, fr (P )yn) -0
asn — oo. Therefore, for any fixed integer j,

dn(ynyfn(tcp" )jyn) -0

asn — oo.

Proof. As in the proof of lemma 5.6, by the definition of Gromov convergence,
26 (Y, Axis(fn(c))) < dn(Yn, fu(c)yn) — 0
as n — 0o, and similarly,
25 (fo (¢ )y, Axis(fu(c))) — O

as n — 00. Let y/, be the nearest point on Axis(f,(c)) to yn, and let y// be
the nearest point on Axis(f,(c)) to f,(¢7!)y,. Then there exist integers p,

such that
o (fu (P )y 9n) — 0

as n — 0o0. The result now follows. O

Lemma 5.9 Assume the situation is in lemma 5.8. Then there exists a,, €
Mod(A) such that, for all g€ S:

1. ifg e C then a,(g) = g;
2. ifg ¢ C then

d’n(xnyfn o an(g)xn) < d’n(xn7fn(g)wn)
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Proof. Fix a stable letter ¢ that translates z away from y. Fix a non-trivial
¢ € C and let i, € Mod(G) be conjugation by c. Set a,, = iI*» o §P», where
my, are integers given by lemma 5.6 and p, are given by lemma 5.8. Any g is
of the form

g = aotjl a .. .tjlal

with j; # 0 and the a; € A \ C except for a9 and a; which may be trivial.
Unlike in the case of a separating edge, we have to be a little more careful
in estimating d(z,gz) because the natural path from z to gz given by the
decomposition of g may backtrack. To be precise, backtracking occurs when
a; # 1 and j;;1 < 0 and also when j; > 0 and a;,1 # 1. Let k be the number
of 4 for which backtracking does not occur, so 0 < k < 2. Then

d(z,gz) = Z d(y, a;y) + Z d(z,t z) + 2kd(z, y).

Fix € > 0. Then for all sufficiently large n,

dn (Tn, fo(9)T0) > Z d(y, aiy) + 2kd(z,y) + Z d(z,t" z) —e.

Now for each 1,

dn (fa (€™ )zn, fu((tcP ) ) fu (™" )2n) — O

and
dy (fn (Cmn )mn’ fn (aicmn )mn) - d(ya aiy)'

So for all sufficiently large n,

dﬂ(xnvf’n oan(g)a:n) < Zd(ya a’zy) +e.

Taking 2¢ < 2kd(z,y) + >, d(z, t%i z) gives the result. O
We are now ready to prove the theorem.

Proof of theorem 5.5. Suppose first that = lies in the interior of an edge e.
If e has separating image in the quotient then lemma 5.7 can be applied both
ways round, giving rise to modular automorphisms «, and 3,. The theorem
is then proved by taking ¢n, = ay, o 8,. If e is non-separating then applying
lemma 5.9 and taking ¢, = oy, gives the result.

Suppose now that z is a vertex. For each orbit of edges [e] adjoining z,
let af be the result of applying lemma 5.7 or lemma 5.9 as appropriate to e.
Now taking

— a1 €p
¢n =0l o...00

where [e1],. .., [ep] are the orbits adjoining x gives the required automorphism.
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This is the final piece of the shortening argument.

Proof of theorem 5.1. Fix a generating set S for G. Let f; : G — F be a
sequence of short homomorphisms corresponding to the convergent sequence
of G-trees T;. Let T be the limiting G-tree and suppose that the action of G
on T is faithful. By corollary 3.16 of [2] this induces a GAD A for G. Let
z € T be the basepoint fixed in subsection 5.1.

Composing the automorphisms given by theorems 5.3 and 5.4 there exists
a € Mod(A) such that, for any g € G,

d(z, ¢(9)z) < d(z, g)

if [z, gz] intersects an abelian or surface component of T' and ¢(g) = g other-
wise. By theorem 5.5, for all sufficiently large 7 there exist §; € Mod(A) such
that d(z, B;(g)x) = d(z, gz) and, furthermore,

dz'(l’fi Oﬂi(g)) < dz(lafz(g))

whenever [z, gz] is a non-trivial arc in the simplicial part of the tree. It follows
that for ¢; = G; o a,

di(1, fi o #i(9)) < di(1, £i(9))

for all g € S and all sufficiently large ¢. This contradicts the assumption that
the f; were short. O

6 Bestvina and Feighn’s geometric approach

In section 7 of [2], Bestvina and Feighn provide a more geometric proof of
their Main Proposition. In this section we provide proofs of the exercises
needed in this argument.

6.1 The space of laminations

Recall that ML (K) is the space of measured laminations on K, and PML(K)
is its quotient by the action of R, . Let E be the set of edges of K.

Proposition 6.1 (Exercise 18 of [2]) The space of measured laminations
on K can be identified with a closed cone in RE — {0}, given by the triangle
inequality for each 2-cell of K. Hence, when ML(K) is endowed with the
corresponding topology, PML(K) is compact.

Proof. Recall that two laminations are considered equivalent if they assign
the same measure to each edge. Therefore it suffices to show existence of a
lamination with the prescribed values on the edges. First, for each edge e
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with fe > 0, fix a closed proper subinterval I, contained in the interior of
e. Now fix a Cantor function ¢ : I, — [0, [, u]. This gives a measure x on e,

given by
/ w= / CedA
J .nJ

where d\ is Lebesgue measure on R. Now suppose e, ez, es are the edges of
a simplex in K. Divide e; into intervals e and €3 so that

2/d,u:/d,u+/d,u—/d,u
e? e1 [ es

and e? shares a vertex with e, and similarly for e$. Divide e; and es likewise.
Fix a Cantor set in each e]. Now for each distinct i, j inscribe a lamination
between e/ and ej-. Since any path transverse to this lamination can be
homotoped to an edge path respecting the lamination, the measure on the
edges determines a transverse measure to the lamination. (]

6.2 Matching resolutions in the limit

A measured lamination on K defines a G-tree. The next exercise shows the
close relation between the topology on the space of laminations and the topol-
ogy on the space of trees. For the definition of a resolution, see [2]. The
solution is most easily phrased in terms of some explicit construction of the
limiting tree. I shall use the asymptotic cone, T,,; T can be realized as the
minimal G-invariant subtree of T,,. For the definition of the asymptotic cone
see, for example, [11]. To see how to choose basepoints and scaling to ensure
that the action is non-trivial see, for example, [7].

Proposition 6.2 (Exercise 19 in [2]) Consider f;-equivariant resolutions
¢i : R — T]F.

Suppose lim Ty, = T, lim Ay, = A and the sequences (|f;|) and (||¢:||x) are
comparable. Then there is a resolution that sends lifts of leaves of A to points
of T and is a Cantor function on edges of K.

Proof. A resolution ¢ : K — T is determined by a choice of ¢(%) for a lift @
of each vertex v of K. 5

First, define a resolution ¢’ : K — T,, by setting ¢/(9) = [¢;(?)]. Since
(Ifi]) and (||#%||x ) are comparable, ¢'(?) is a valid point of T;,. The resolution
¢’ maps leaves of A to points, and is a Cantor function on edges. However,
T, is far from minimal. Let 7 : T, — T be closest-point projection to the
minimal invariant subtree, which is equivariantly isomorphic to 7. Now let
¢ = o ¢'’; this is a resolution that still maps leaves of A to points, and is a
Cantor function on edges, as required. |
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6.3 Finding kernel elements carried by leaves

Exercise 20 of [2] relies heavily on the results of [1]. The most important
result is a structure theorem for resolutions of stable actions on real trees,
summarized in the following theorem.

Theorem 6.3 (Theorems 9.4 and 9.5 of [1]) Let A be a lamination on a
2-complex K, resolving a stable action of G = m (K) on a real tree T. Then

A=A U.. . UAg.

Each component has a standard neighbourhood N; carrying a subgroup H,; C
G. Let T; be the minimal H;-invariant subtree of T. Each component is of
one of the following types.

1. Surface type. N; is a cone-type 2-orbifold, with some annuli attached.
H; fits into a short exact sequence

1—>kerT; - H; - m(0) > 1
where O is a cone-type 2-orbifold.

2. Toral type. T; is a line, and H; fits into a short exact sequence
1—kerT, - H, —-A—1

where A C Isom(R).
3. Thin type. H; splits over an arc stabilizer, carried by a leaf of A;.

4. Simplicial type. All the leaves of A; are compact, and N; is an interval
bundle over a leaf. H; fits into a short exact sequence satisfying

1—kerT; - H, —-C—1

where C is finite.

Furthermore, if E is a subgroup carried by a leaf, E fits into a short exact
sequence of the form
lok—-oFE—->C—1

where k fixes an arc of T and C is finite or cyclic.

In particular, the standard neighbourhoods induce a graph-of-spaces de-
composition for K, and a corresponding graph-of-groups decomposition for G.
The vertex spaces are the IV; and the closures of the components of K —U; N;.
The edge spaces are boundary components of the N;, and are all contained in
a leaf. See theorem 5.13 of [1].

The proof of this exercise will also make use of the following result.
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Proposition 6.4 (Corollary 5.9 of [1]) /f h € H; fixes an arc of T; then
h € kerT;.

We are now ready to prove the exercise.

Theorem 6.5 (Exercise 20 of [2]) /n the situation describe in the exer-
cise, the lamination A has a leaf carrying non-trivial elements of the kernel.

Proof. Note that G/ ker T is a limit group. Suppose no elements of ker T" are
carried by a leaf of A.

Consider I" the graph of groups for G induced by A. The aim is to show
that T really is a GAD. Since a GAD decomposition can be used to shorten,
this contradicts the assumption that the f; are short. We deal with each sort
of vertex in turn.

1. Suppose A; is of surface type. Then N; is a cone-type 2-orbifold, with
some annuli attached. Suppose g € H; is carried by an annulus. Then
g fixes an arc of T;, so by proposition 6.4, g € ker T;. But T; contains
a tripod, and tripod stabilizers are trivial, so g € kerT contradicting
the assumption. Therefore N; can be assumed to have no attached
annuli. Consider an element g € H; carried by the leaf corresponding
to a cone-point. Then ¢ has finite order, so g € kerT, since G/kerT
is a limit group. This contradicts the assumption, so IN; has no cone-
points. Therefore N; is genuinely a surface. Moreover, N; carries a
pseudo-Anosov homeomorphism, since it carries a minimal lamination.

2. If A; is toral, then H; is an extension
1—-kerT;, - H, —-A—1

for A C IsomR. The elements of ker T; are carried by annuli in N;. But
ker T; itself fits into an exact sequence

l-k—kerT; - A —1

where K C kerT and A’ is abelian. In order not to contradict the
assumption that no elements of the kernel are carried by a leaf, therefore,
K must be trivial; so we have

1A >H, - A—1.

and H; acts faithfully on T'. In particular, H; embeds in the limit group
G/kerT, and so is a limit group. But A’ is normal; since limit groups
are torsion-free and CSA, it follows that H; is free abelian.
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3. If A; is thin, then G splits over a subgroup H fixing an arc of 7;. By
proposition 6.4, H C kerT;. But T; contains a tripod, and tripod sta-
bilizers are trivial, so H C kerT’; since H is carried by a leaf, H must
be trivial by assumption. But this contradicts the assumption that G
is freely indecomposable.

4. If A; is simplicial, then H; fits into the short exact sequence
1—kerT; - H —C—1.

for finite C. As in the toral case, the assumption implies that ker T; is
abelian, and H; embeds in G/ ker T', and so is a limit group. But, again,
H; is torsion-free and CSA; so C is trivial, and H; is abelian and fixes
an arc of 7.

Now consider an edge-group E of I'. Then F is carried by a leaf, and
satisfies

l-k—->F—->C—1

where C is cyclic and x fixes an arc of T. Then k fits into a short exact
sequence

1ok -k—A—>1

where ' C ker T and A is abelian. By assumption, therefore, ' is trivial and
K is abelian; furthermore, E acts faithfully on 7', so embeds in G/ ker T and
is a limit group. Therefore F is free abelian.

In conclusion, I' is a GAD. Just as in the proof of theorem 5.1, this con-
tradicts the assumption that the f; are all short. O

6.4 Examples of limit groups

To complete their argument, Bestvina and Feighn need some elementary ex-
amples of limit groups. This theorem is required.

Theorem 6.6 (Exercise 21 of [2]) Let A be a 1-edged GAD of a group G
with a homomorphism q to a limit group T'. Suppose:

1. the vertex groups of A are non-abelian,
2. the edge group of A is maximal abelian in each vertex group, and

3. q Is injective on vertex groups of A. Then G is a limit group.

This theorem is just a special case of proposition 4.22.
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Abstract

We give a survey on L’-invariants such as L?-Betti numbers and
L?-torsion taking an algebraic point of view. We discuss their basic
definitions, properties and applications to problems arising in topology,
geometry, group theory and K-theory.
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0 Introduction

The purpose of this survey article is to present an algebraic approach to
L?-invariants such as L?-Betti numbers and L?-torsion. Originally these were
defined analytically in terms of heat kernels. Since it was discovered that they
have simplicial and homological algebraic counterparts, there have been many
applications to various problems in topology, geometry, group theory and al-
gebraic K-theory, which on the first glance do not involve any L?-notions.
Therefore it seems to be useful to give a quick and friendly introduction to
these notions in particular for mathematicians who have a more algebraic
than analytic background. This does not mean at all that the analytic as-
pects are less important, but for certain applications it is not necessary to
know the analytic approach and it is possible and easier to focus on the alge-
braic aspects. Moreover, questions about L?-invariants of heat kernels such
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as the Atiyah Conjecture or the zero-in-the-spectrum-Conjecture turn out to
be strongly related to algebraic questions about modules over group rings.

The hope of the author is that more people take notice of L?-invariants
and L?-methods, and may be able to apply them to their favourite problems,
which a priori do not necessarily come from an L?-setting. Typical examples
of such instances will be discussed in this survey article. There are many
open questions and conjectures which have the potential to stimulate further
activities.

The author has tried to write this article in a way which makes it possible
to quickly pick out specific topics of interest and read them locally without
having to study too much of the previous text.

These notes are based on a series of lectures which were presented by
the author at the LMS Durham Symposium on Geometry and Cohomology
in Group Theory in July 2003. The author wants to thank the organizers
Martin Bridson, Peter Kropholler and Tan Leary and the London Mathemat-
ical Society for this wonderful symposium and Michael Weiermann for proof
reading the manuscript.

In the sequel ring will always mean associative ring with unit and R-
module will mean left R-module unless explicitly stated otherwise. The letter
G denotes a discrete group. Actions of G on spaces are always from the left.
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1 Group von Neumann Algebras

The integral group ring ZG plays an important role in topology and geometry,
since for a G-space its singular chain complex or for a G-CW-complex its
cellular chain complex are ZG-chain complexes. However, this ring is rather
complicated and does not have some of the useful properties which other
rings such as fields or semisimple rings have. Therefore it is very hard to
analyse modules over ZG. Often in algebra one studies a complicated ring
by investigating certain localizations or completions of it which do have nice
properties. They still contain and focus on useful information about the
original ring, which now becomes accessible. Examples are the quotient field
of an integral domain, the p-adic completion of the integers or the algebraic
closure of a field. In this section we present a kind of completion of the
complex group ring CG given by the group von Neumann algebra and discuss
its ring theoretic properties.

1.1 The Definition of the Group von Neumann Algebra

Denote by I%(G) the Hilbert space [2(G) consisting of formal sums dgec N9

for complex numbers )\, such that Y _,|\,|> < co. The scalar product is

defined by

g€eG

<Zkg~g,2ug~g> =) ATy

geG geCG geqG
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This is the same as the Hilbert space completion of the complex group ring CG
with respect to the pre-Hilbert space structure for which G is an orthonormal
basis. Notice that left multiplication with elements in G induces an isometric
G-action on [*(G@). Given a Hilbert space H, denote by B(H) the C*-algebra
of bounded (linear) operators from H to itself, where the norm is the operator
norm and the involution is given by taking adjoints.

Definition 1.1 (Group von Neumann algebra). The group von Neumann
algebra N (G) of the group G is defined as the algebra of G-equivariant bounded
operators from I>(G) to I>(G)

N(@G) = BI(G))°.

In the sequel we will view the complex group ring CG as a subring of
N (G) by the embedding of C-algebras p, : CG — N(G) which sends g € G to
the G-equivariant operator ;-1 : I2(G) — 1?(G) given by right multiplication
with ¢g71.

Remark 1.2 (The general definition of von Neumann algebras). In general a
von Neumann algebra A is a sub-x-algebra of B(H) for some Hilbert space H,
which is closed in the weak topology and contains id: H — H. Often in the
literature the group von Neumann algebra N'(G) is defined as the closure in
the weak topology of the complex group ring CG considered as *-subalgebra
of B(I?(@)). This definition and Definition 1.1 agree (see [60, Theorem 6.7.2
on page 434]).

Example 1.3 (The von Neumann algebra of a finite group). If G is finite,
then nothing happens, namely CG = I?(G) = N(G).

Example 1.4 (The von Neumann algebra of Z"). In general there is no
concrete model for N'(G). However, for G = Z", there is the following illumi-
nating model for the group von Neumann algebra N'(Z"). Let L?(T™) be the
Hilbert space of equivalence classes of L?-integrable complex-valued functions
on the n-dimensional torus 7", where two such functions are called equivalent
if they differ only on a subset of measure zero. Define the ring L (T") by
equivalence classes of essentially bounded measurable functions f: T" — C,
where essentially bounded means that there is a constant C' > 0 such that
the set {x € T" | |f(x)] > C} has measure zero. An element (kq,...,k,) in
Z" acts isometrically on L?(T™) by pointwise multiplication with the func-
tion T" — C, which maps (21, 22,...,2,) to 2" ... 2% . Fourier transform

o

yields an isometric Z"-equivariant isomorphism [?(Z") — L*(T"). Hence
N(Z") = B(L*(T™))*" . We obtain an isomorphism (of C*-algebras)

Loo(Tn) iN(Zn)
by sending f € L>®(T") to the Z"-equivariant operator
Mg: LX(T") — L*(T"), g—g-/,
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where g - f(x) is defined by g(z) - f(x).

Let i: H — G be an injective group homomorphism. It induces a ring
homomorphism Ci: CH — CG, which extends to a ring homomorphism

N(@@): N(H) — N(Q) (1.5)

as follows. Let g: [?(H) — [?(H) be a H-equivariant bounded operator. Then
CG @cy I’(H) C I?(G) is a dense G-invariant subspace and

ideq ®crg: CG ®@cn 12 (H) — CG ®cy ZQ(H)

is a G-equivariant linear map, which is bounded with respect to the norm
coming from [*(G). Hence it induces a G-equivariant bounded operator
I2(G) — I?(G), which is by definition the image of g € N'(H) under N/ (i).

In the sequel we will ignore the functional analytic aspects of N (G) and
will only consider its algebraic properties as a ring.

1.2 Ring Theoretic Properties of the Group von
Neumann Algebra

On the first glance the von Neumann algebra A'(G) looks not very nice as a
ring. It is an integral domain, i.e. has no non-trivial zero-divisors if and only if
G is trivial. It is Noetherian if and only if G is finite (see [80, Exercise 9.11]).
It is for instance easy to see that N (Z") = L>(T™) does contain non-trivial
zero-divisors and is not Noetherian. The main advantage of N'(G) is that it
contains many more idempotents than CG. This has the effect that N'(G)
has the following ring theoretic property. A ring R is called semihereditary if
every finitely generated submodule of a projective module is again projective.
This implies that the category of finitely presented R-modules is an abelian
category.

Theorem 1.6 (Von Neumann algebras are semihereditary). Any von Neu-
mann algebra A is semihereditary.

Proof. This follows from the facts that any von Neumann algebra is a Baer
x-ring and hence in particular a Rickart C*-algebra [5, Definition 1, Definition
2 and Proposition 9 in Chapter 1.4] and that a C*-algebra is semihereditary
if and only if it is Rickart [1, Corollary 3.7 on page 270]. O

Remark 1.7 (Group von Neumann algebras are semihereditary). It is quite
useful to study the following elementary proof of Theorem 1.6 in the special
case of a group von Neumann algebra N (G). One easily checks that it suffices
to show for a finitely generated submodule M C N(G)" that M is projective.
Let f: N(G)" — N(G)" be an N(G)-linear map. Choose a matrix A €
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M(m,n; N(G)) such that f is given by right multiplication with A. Because
of N(G) = B(I*>(G))“ we can define a G-equivariant bounded operator

v(f): P(G)™ = P(G)", (ur,...,un) — <Z aj (@), ..., Z a; ., (m)) ,
i=1 i=1

where by definition > .o Ag -9 := > cc Ag - g and a; ; denotes the adjoint
of a; ;. With these conventions v(id) =id, v(r- f+s-g) =r-v(f) +s-v(g)
and v(g o f) = v(g) o v(f) for r,s € C and N(G)-linear maps f and g.
Moreover we have v(f)* = v(f*) for an N(G)-map f: N(G)" — N(G)",
where f*: N(G)" — N(G)™ is given by right multiplication with the matrix
(a};), if f is given by right multiplication with the matrix (a; ;), and v/(f)* is
the adjoint of the operator v(f).

Every equivariant bounded operator I?(G)™ — [?(G)" can be written as

v(f) for a unique f. Moreover, the sequence N'(G)" L N(G)" L N(G)? of
N (G)-modules is exact if and only if the sequence of bounded G-equivariant

operators [2(G)™ 2, 2(G)" 29, I2(G)? is exact. More details and expla-

nations for the last two statements can be found in [80, Section 6.2].

Consider the finitely generated N (G)-submodule M C N(G)". Choose
an N (G)-linear map f: N(G)" — N(G)" with image M. The kernel of
v(f) is a closed G-invariant linear subspace of [2(G)™. Hence there is an
N(G)-map p: N(G)™ — N(G)™ such that v(p) is a G-equivariant projec-
tion, whose image is ker(v(f)). Now v(p) o v(p) = v(p) implies pop = p
and im(v(p)) = ker(v(f)) implies im(p) = ker(f). Hence ker(f) is a direct
summand in N (G)™ and im(f) = M is projective.

The point is that in order to get the desired projection p one passes to the
interpretation by Hilbert spaces and uses orthogonal projections there. We
have enlarged the group ring CG to the group von Neumann algebra N (G),
which does contain these orthogonal projections in contrast to CG.

1.3 Dimension Theory over the Group von Neumann
Algebra

An important feature of the group von Neumann algebra is its trace.

Definition 1.8 (Von Neumann trace). The von Neumann trace on N(G) is
defined by

trye): N(G) = C, [ <f(e)ae>12(a) )
where e € G C I?(G) is the unit element.

It enables us to define a dimension for finitely generated projective N (G)-
modules.
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Definition 1.9 (Von Neumann dimension for finitely generated projective
N(G)-modules). Let P be a finitely generated projective N (G)-module, and
choose a matriz A = (a; ;) € M(n,n; N(G)) with A*> = A such that the image
of the N (G)-linear map ra: N(G)" — N(G)" given by right multiplication
with A is N'(G)-isomorphic to P. Define the von Neumann dimension of P
by

dimy(g)(P) = Y trae(aii) € [0,00).
i=1

We omit the standard proof that dimar()(P) depends only on the isomor-
phism class of P but not on the choice of the matrix A. Obviously

dim/\/’(c,v)(P &) Q) = dim/\/((;)(P) + dimN(G)(Q).

It is not hard to show that dimpr(¢) is faithful, i.e. dimprq)(P) =0« P =0
holds for any finitely generated projective A/ (G)-module P.

Recall that the dual M* of a left or right R-module M is the right or left
R-module homp (M, R) respectively, where the R-multiplication is given by
(fr)(@) = f(z)r or (rf)(xz) = rf(z) respectively for f € M*, x € M and
r € R.

Definition 1.10 (Closure of a submodule). Let M be an R-submodule of N.
Define the closure of M in N to be the R-submodule of N

M = {xeN | f(z)=0 for all f € N* with M C ker(f)}.

For an R-module M define the R-submodule TM and the quotient R-module
PM by

TM = {z€M | f(z)=0 foral f e M*};
PM = M/TM.

Notice that TM is the closure of the trivial submodule in M. It can also
be described as the kernel of the canonical map i(M): M — (M*)*, which
sends ¢ € M to the map M* — R, f — f(x). Notice that TPM = 0,
PPM =PM, M* = (PM)* and that PM = 0 is equivalent to M* = 0.

The next result is the key ingredient in the definition of L?-Betti numbers
for G-spaces. Its proof can be found in [76, Theorem 0.6], [80, Theorem 6.7].

Theorem 1.11. (Dimension function for arbitrary N (G)-modules).

(i) If K € M s a submodule of the finitely generated N(G)-module M,
then M/K is finitely generated projective and K is a direct summand
m M;
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(i) If M is a finitely generated N'(G)-module, then PM is finitely generated
projective, there is an exact sequence 0 — N(G)" — N(G)" — TM —
0 and
M~PM & TM;

(#ii) There exists precisely one dimension function
dimpr(y : {N(G)-modules} — [0,00] := {r € R | r > 0} II {oo}
which satisfies:

(a) Extension Property
If M is a finitely generated projective N'(G)-module, then equality
holds between dimprc)(M) and the expression introduced Defini-
tion 1.9;

(b) Additivity
Ifo - My - My — My, — 0 is an ezact sequence of N(G)-
modules, then

dimN(G)(Ml) = dimN(G)(Mo)+dimN(G)(M2),

where for r,s € [0,00] we define r + s by the ordinary sum of two
real numbers if both v and s are not oo, and by oo otherwise;

(c) Cofinality
Let {M; | i € I} be a cofinal system of submodules of M, i.e.
M = J;c; M; and for two indices i and j there is an index k in I
satisfying M;, M; C M;.. Then

dimprq) (M) = sup{dimp(q)(M;) | i € I};

(d) Continuity
If K C M is a submodule of the finitely generated N'(G)-module
M, then o
dimN(G)(K) = dimN(G)(K).

Definition 1.12 (Von Neumann dimension for arbitrary A (G)-modules). In
the sequel we mean for an (arbitrary) N(G)-module M by dim(q) (M) the
value of the dimension function appearing in Theorem 1.11 and call it the von
Neumann dimension of M.

Remark 1.13 (Uniqueness of the dimension function). There is only one
possible definition for the dimension function appearing in Theorem 1.11,
namely one must have

dimp ) (M) = sup{dimpr(q)(P) | P € M finitely generated

projective submodule} € [0, o0].
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Namely, consider the directed system of finitely generated N (G)-submodules
{M; |i € I} of M which is directed by inclusion. By Cofinality

dimpyg) (M) = sup{dimyg)(M;) | i € I}.
From Additivity and Theorem 1.11 (ii) we conclude
dimpq)(M;) = dimpy ) (PM;)

and that PM; is finitely generated projective. This shows uniqueness of
dimpr(g). The hard part in the proof of Theorem 1.11 (iii) is to show that the
definition above does have all the desired properties.

We also see what dimpr(q) (M) = 0 means. It is equivalent to the condition
that M contains no non-trivial projective A'(G)-submodule, or, equivalently,
no non-trivial finitely generated projective N (G)-submodule.

Example 1.14 (The von Neumann dimension for finite groups). If G is fi-
nite, then N (G) = CG and try(g) (dec Ag ~g> is the coefficient A, of the
unit element e € G. For an N(G)-module M its von Neumann dimension
dimprqy (V) is ‘é—l—times the complex dimension of the underlying complex
vector space M.

The next example implies that dimpr(g)(P) for a finitely generated pro-
jective N/(G)-module can be any non-negative real number.

Example 1.15 (The von Neumann dimension for Z"). Consider G = Z".
Recall that N(Z") = L°(T™). Under this identification we get for the von
Neumann trace

traze): N(Z") = C,  fr | fdu,
Tll,
where p is the standard Lebesgue measure on 1.
Let X C T™ be any measurable set and xx € L (T™) be its characteristic
function. Denote by M, : L?*(T") — L*(T") the Z"-equivariant unitary
projection given by multiplication with xx . Its image P is a finitely generated

projective N'(Z")-module, whose von Neumann dimension dim sz ) (P) is the
volume p(X) of X.

In view of the results above the following slogan makes sense.

Slogan 1.16. The group von Neumann algebra N(G) behaves like the ring
of integers Z provided one ignores the properties integral domain and Noethe-
rian.

Namely, Theorem 1.11 (ii) corresponds to the statement that a finitely
generated Z-module M decomposes into M = M/ tors(M)®tors(M) and that
there exists an exact sequence of Z-modules 0 — Z" — Z" — tors(M) — 0,
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where tors(M) is the Z-module consisting of torsion elements. One obtains
the obvious analog of Theorem 1.11 (iii) if one considers

{Z-modules} — [0,00], M > dimg(Q ®z M).

One basic difference between the case Z and N (G) is that there exist projective
N (G)-modules with finite dimension which are not finitely generated, which
is not true over Z. For instance take the direct sum P = @;°, P; of N(Z")-
modules P; appearing in Example 1.15 with dimprz.)(F;) = 27'. Then P is
projective but not finitely generated and satisfies dimys(z:)(P) = 1.

The proof of the following two results is given in [80, Theorem 6.13 and
Theorem 6.39].

Theorem 1.17 (Dimension and colimits). Let {M; | i € I} be a directed
system of N(G)-modules over the directed set I. For i < j let ¢;;j: M; —
M; be the associated morphism of N(G)-modules. For i € I let v;: M; —
colim;e; M; be the canonical morphism of N'(G)-modules. Then:

(i) We get for the dimension of the N'(G)-module given by the colimit
dimyr(g) (colimje; M;) = sup {dimpy(q)(im(¢;)) | i € I};

(i) Suppose for each i € I that there exists iy € I with i < iy such that
dimp(qy (im(¢s.4,)) < oo holds. Then

dimN(G) (COhmiE] MT;)
= sup {inf {dimp(q)(im(¢;;j: M; — M;)) |j €, i<j}|iel}.

Theorem 1.18 (Induction and dimension). Let i: H — G be an injective
group homomorphism. Then

(i) Induction with N(i): N(H) — N(G) is a faithfully flat functor M +—
i M := N(G) @ni) M from the category of N (H)-modules to the cate-
gory of N(G)-modules, i.e. a sequence of N'(H)-modules My — M; —
M, is exact at My if and only if the induced sequence of N'(G)-modules
1My — 1. My — 1. M is exact at i, M ;

(i1) For any N'(H)-module M we have:

Example 1.19 (The von Neumann dimension and C[Z"]-modules). Consider
the case G = Z". Then C[Z"] is a commutative integral domain and hence
has a quotient field C[Z"] ). Let dimgzn) .o, denote the usual dimension for
vector spaces over C[Z"] (). Let M be a C[Z"]-module. Then

dimprzn ) (N(Z") Qczn] M) = dimC[Zu](O) ((C[Z"](U) ®c[zn) M) . (1.20)
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This follows from the following considerations. Let {M; | i € I} be the di-
rected system of finitely generated submodules of M. Then M = colim;c; M;.
Since the tensor product has a right adjoint, it is compatible with colimits.
This implies together with Theorem 1.17

dimprze) (N(Z") @cpze) M) = sup {dimp(zn) (N (Z") @iz M;) }
dimegzn ), (C[Zn](O) Qc(zn] M) = sup {dimC[Z"]m) (C[Z”]m) ®c(z0] Mz)}

Hence it suffices to prove the claim for a finitely generated C[Z"]-module N.
The case n = 1 is easy. Then C[Z] is a principal integral domain and we can

write
k

N = Clz) o DClz)/(w)
i=1
for non-trivial elements u; € C[Z] and some non-negative integers k and r.
One easily checks that there is an exact N (Z)-sequence

0 — N(Z) =5 N(Z) — N(Z) @cpz) CIZ]/(u;) = 0

using the identification N'(Z) = L°°(S') from Example 1.4 to show injectivity
of the map r,, given by multiplication with u;. This implies

dimy(z) (N(Z) @cizgg N) = r = dimgyg,, (C[Zlo) @cizg N) -

In the general case n > 1 one knows that there exists a finite free C[Z"]-
resolution of N. Now the claim follows from [80, Lemma 1.34].

This example is the commutative version of a general setup for arbitrary
groups, which will be discussed in Subsection 4.2.

A center-valued dimension function for finitely generated projective mod-
ules will be introduced in Definition 7.3. It can be used to classify finitely
generated projective N'(G)-modules (see Theorem 7.5) and shows that the
representation theory of finite dimensional representations over a finite group
extends to infinite groups if one works with AN'(G) (see Remark 7.6).

2 Definition and Basic Properties of L’>-Betti
Numbers

In this section we define L?-Betti numbers for arbitrary G-spaces and study
their basic properties. Our general algebraic definition is very general and is
very flexible. This allows to apply standard techniques such as spectral se-
quences and Mayer-Vietoris arguments directly. The original analytic defini-
tion for free proper smooth G-manifolds with G-invariant Riemannian metrics
is due to Atiyah and will be briefly discussed in Subsection 2.3.



L% -invariants 75

2.1 The Definition of L?*-Betti Numbers

Definition 2.1 (L2-Betti numbers of G-spaces). Let X be a (left) G-space.
Equip N(G) with the obvious N(G)-ZG-bimodule structure. The singular
homology HS (X;N(G)) of X with coefficients in N(G) is the homology of
the N'(GQ)-chain complez N'(G) @z¢ C™8(X), where C3"8 (X) is the singular
chain complex of X with the induced ZG-structure. Define the p-th L2-Betti
number of X by

b2 (X N(G)) = dimya) (HS (X3 N(G))) € (0,00,

where dim () is the dimension function of Definition 1.12.

If G and its action on X are clear from the context, we often omit N'(G) in
the notation above. For instance, for a connected CW -compler X we denote
by béz)()z) the L*-Betti number b1(,2)()~(;/\f(771 (X)) of its universal covering
X with respect to the obvious 1 (X )-action.

Notice that we have nmo assumptions on the G-action or on the topology
on X, we do not need to require that the operation is free, proper, simpli-
cial or cocompact. Thus we can apply this definition to the classifying space
for free proper G-actions EG, which is a free G-CW-complex which is con-
tractible (after forgetting the group action). Recall that EG is unique up to
G-homotopy. Its quotient BG = G\ EG is a connected CW-complex, which is
up to homotopy uniquely determined by the property that 7, (BG) = {1} for
n > 2 and m (BG) 2 G holds, and called classifying space of G. Moreover,
G — EG — BG is the universal G-principal bundle.

Definition 2.2 (L?-Betti numbers of groups). Define for any (discrete) group
G its p-th L?>-Betti number by

b(G) = bV (EG,N(G)).

Remark 2.3 (Comparison with the approach by Cheeger and Gromov). A
detailed comparison of our approach with the one by Cheeger and Gromov [15,
section 2] can be found in [80, Remark 6.76]. Cheeger and Gromov [15, Section
2] define L?-cohomology and L?-Betti numbers of a G-space X by considering
the category whose objects are G-maps f: Y — X for a simplicial complex
Y with cocompact free simplicial G-action and then using inverse limits to
extend the classical notions for finite free G-C'W-complexes such as Y to
X. Their approach is technically more complicated because for instance they
work with cohomology instead of homology and therefore have to deal with
inverse limits instead of directed limits. Our approach is closer to standard
notions, the only non-standard part is the verification of the properties of the
extended dimension function (Theorem 1.11).
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Remark 2.4 (L?-Betti numbers for von Neumann algebras). The algebraic
approach to L?-Betti numbers of groups as
b2 (G) = dimyy(g) (TorfG (C,N(G)))

based on the dimension function for arbitrary modules and homological alge-
bra plays a role in the definition of L2-Betti numbers for certain von Neumann
algebras by Connes-Shlyakhtenko [18]. The point of their construction is to
introduce invariants which depend on the group von Neumann algebra N (G)
only. If one could show that their invariants applied to N (G) agree with the
L?-Betti numbers of G, one would get a positive answer to the open problem,
whether the von Neumann algebras of two finitely generated free groups Fj
and F, are isomorphic as von Neumann algebras if and only if the groups F}
and Fy are isomorphic.

Definition 2.5 (G-CW-complex). A G-CW-complex X is a G-space together
with a G-invariant filtration

l=X,cXpcXxc...cXx,c..c|Jx. =x

n>0

such that X carries the colimit topology with respect to this filtration (i.e. a
set C C X is closed if and only if CNX,, is closed in X,, for alln > 0) and X,
1s obtained from X,,_1 for each n > 0 by attaching equivariant n-dimensional
cells, i.e. there exists a G-pushout

H,ezn qi

HiEL, G/Hl x gn—b =, Xn_1

l l

e, G/H; x D" ——s X,

i€l Wi

The space X, is called the n-skeleton of X. A G-CW-complex X is proper
if and only if all its isotropy groups are finite. A G-space is called cocompact
if G\ X is compact. A G-CW-complex X is finite if X has only finitely many
equivariant cells. A G-CW-complex is finite if and only if it is cocompact. A
G-CW-complex X is of finite type if each n-skeleton is finite. It is called of
dimension < n if X = X,, and finite dimensional if it is of dimension < n for
some integer n. A free G-CW-complex X is the same as a regular covering
X — Y of a CW-complex Y with G as group of deck transformations.

Notice that Definition 2.5 also makes sense in the case where G is a topo-
logical group. Every proper smooth cocompact G-manifold is a proper G-
C'W-complex by means of an equivariant triangulation.

For a G-CW-complex one can use the cellular ZG-chain complex instead
of the singular chain complex in the definition of L?-Betti numbers by the
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next result. Its proof can be found in [76, Lemma 4.2]. For more information
about G-CW-complexes we refer for instance to [104, Sections II.1 and II.2],
[71, Sections 1 and 2], [80, Subsection 1.2.1].

Lemma 2.6. Let X be a G-CW -complex. Let Cg(X) be its cellular ZG-chain
complex. Then there is a ZG-chain homotopy equivalence C3"8(X) — C¢(X)
and we get

oY (XGN(@) = dimye) (Hy (M(G) @26 CL(X)))
The definition of b},Q) (X; N(G)) and the above lemma extend in the obvious
way to pairs (X, A).
2.2 Basic Properties of L?-Betti Numbers

The basic properties of L?-Betti numbers are summarized in the following
theorem. Its proof can be found in [80, Theorem 1.35 and Theorem 6.54]
except for assertion (viii) which follows from [80, Lemma 13.45].

Theorem 2.7 (L?-Betti numbers for arbitrary spaces).

(i) Homology invariance
We have for a G-map f: X — Y

(a) Suppose for n > 1 that for each subgroup H C G the induced map
T XH — YH s C-homologically n-connected, i.e. the map

sing H . . sing H . sing H .

induced by f7 on singular homology with complex coefficients is
bijective for p < n and surjective for p =n. Then

2 2 .
bﬁ) I(X) = bL (Y) for p <mn;
2 2 -
bé N(X) > bl() (Y) forp=mn;

(b) Suppose that for each subgroup H C G the induced map f7: X" —
YH is a C-homology equivalence, i.e. H;ing(fH;(C) is bijective for
p>0. Then

(X)) = bP(Y) for p > 0;

p p
(i) Comparison with the Borel construction

Let X be a G-CW -complex. Suppose that for all x € X the isotropy
group G, is finite or satisfies bém(Gm) =0 for allp > 0. Then

2) (v _ (2 )
VA (XGN(G) = bP(EG x X;N(G)) for p >0,
where G acts diagonally on EG x X ;



78

(iii)

(i)

(v)

(vi)

(vii)

(viii)

W. Lick

Invariance under non-equivariant C-homology equivalences
Suppose that f: X — Y is a G-equivariant map of G-CW -complexes
such that the induced map H;i“g (f;C) on singular homology with com-
plex coefficients is bijective for all p. Suppose that for all x € X the
isotropy group G, is finite or satisfies b1(,2)(Gm) =0 for allp > 0, and
analogously for all y € Y. Then we have for allp > 0

2 . — 2 . .

Independence of equivariant cells with infinite isotropy

Let X be a G-CW -complex. Let X[oo| be the G-CW -subcomplex con-
sisting of those points whose isotropy subgroups are infinite. Then we
get for allp >0

b (X5 N(G) = bP (X, X[oo); N(G));

Kiinneth formula

Let X be a G-space and Y be an H-space. Then X XY is a G x H-space
and we get for allm >0

WX xY) = 3 o (X) b (Y),
prq=n
where we use the convention that 0- oo =0, r - 00 = oo for r € (0, 0]
and r 4+ 0o = oo forr € [0,00];
Induction
Let i: H — G be an inclusion of groups and let X be an H-space. Let
N(@@): N(H) — N(G) be the induced ring homomorphism (see (1.5)).
Then:
Hy (G xp X;N(G) = N(G)@wq) Hy (X;N(H));

(G xn XsN(Q) = b (XGN(H));

Restriction to subgroups of finite index

Let H C G be a subgroup of finite index |G : H|. Let X be a G-space
and let resg X be the H-space obtained from X by restriction. Then

b?) (resd X N(H)) = [G: H] b2 (X;N(G));

Restriction with epimorphisms with finite kernel

Let p: G — Q be an epimorphism of groups with finite kernel K. Let X
be a Q-space. Let p*X be the G-space obtained from X using p. Then
1

b (XN (G)) = il

b7 (X5 N(Q));
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(iz) Zero-th homology and L?-Betti number
Let X be a path-connected G-space. Then:

o

(a) There is an N(G)-isomorphism HS (X; N(G)) — N(G) ®cqg C;

(b) bé2)(X;./\/'(G)) = |G|7L, where |G|7! is defined to be zero if the
order |G| of G is infinite;

(x) Euler-Poincaré formula

Let X be a free finite G-CW -complex. Let x(G\X) be the Euler char-
acteristic of the finite CW -complex G\ X, i.e.

X(G\X) = Y (=) - |L(G\X)] € Z,

p20

where |I,(G\X)| is the number of p-cells of G\X. Then

X(G\X) = D (=172 (X);

p=>0

(xzi) Morse inequalities
Let X be a free G-CW -complex of finite type. Then we get for n >0

n n

DEDTTEI(X) < Y (1) L (G\X));

p=0 p=0

(zii) Poincaré duality
Let M be a cocompact free proper G-manifold of dimension n which is
orientable. Then

B2 (M) = b2 (M,0M);

n—p

(ziii) Wedges
Let X1, Xo, ..., X, be connected (pointed) CW -complezes of finite type
and X =\/_, X; be their wedge. Then

X)o7 (X) = -1 (05 -6 (X))
j=1

BP(X) = Y (X)) for 2 < p;
j=1
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(ziv) Connected sums

Let My, M, ..., M, be compact connected m-dimensional manifolds
form > 3. Let M be their connected sum Mi# ...#M,. Then

b OD o) (00) = v =14 3 (0 (00) 87 (D))
j=1
B (M) = > b (M) for2<p<m-2.
Jj=

Example 2.8. If G is finite, then bz(?) (X; N(Q@)) reduces to the classical Betti
number b, (X) multiplied with the factor |G|™!.

Remark 2.9 (Reading off L>-Betti numbers from H,(X;C)). If f: X - Y
is a G-map of free G-CW-complexes which induces isomorphisms H;ing (f;C)
for all p > 0, then Theorem 2.7 (i) implies

B (XGN(G) = b (VN(G)).

This does not necessarily mean that one can read off béz)(X s N(G)) from
the singular homology H,(X;C) regarded as a CG-module in general. In
general there is for a free G-CW-complex X a spectral sequence converging

to H;ﬁq(X;N(G)), whose E2-term is

E>, = Tor,® (H,(X;C),N(Q)).

There is no reason why the equality of the dimension of the E?-term for two
free G-CW-complexes X and Y implies that the dimension of HY,  (X; N/(G))
and HY, (Y;N(G)) agree. However, this is the case if the spectral sequence
collapses from the dimension point of view. For instance, if we make the

assumption dimy(g) (Torf,:G (M,N(G))) = 0 for all CG-modules M and
p > 2, Additivity and Cofinality of dimy ) (see Theorem 1.11) imply

b (X N(G)) =
dime) (N (G) @ca Hy(X;C)) + dimpe) (Tor(ICG (Hy_1 (X; (C),N(G))) .

The assumption above is satisfied if G is amenable (see Theorem 5.1) or G
has cohomological dimension < 1 over C, for instance, if G is virtually free.

Remark 2.10 (L*-Betti numbers ignore infinite isotropy). Theorem 2.7 (iv)
says that the L2-Betti numbers do not see the part of a G-space X whose
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isotropy groups are infinite. In particular bf) (X;N(@) =0if X isa G-CW-
complex whose isotropy groups are all infinite. This follows from the fact that
for a subgroup H C G

o= if [H| < oo;

dimy gy (V(G) ®cq CIG/H]) = { (‘)H‘ if [H| = oo.

Remark 2.11 (L?-Betti numbers often vanish). An important phenomenon
is that the L?-Betti numbers of universal coverings of spaces and of groups
tend to vanish more often than the classical Betti numbers. This allows to
draw interesting conclusions as we will see later.

2.3 Comparison with Other Definitions

In this subsection we give a short overview of the previous definitions of
L?-Betti numbers. Originally they were defined in terms of heat kernels.
Their analytic aspects are important, but we will only focus on their algebraic
aspects in this survey article. So a reader may skip the brief explanations
below.

The notion of L?-Betti numbers is due to Atiyah [2]. He defined for
a smooth Riemannian manifold with a free proper cocompact G-action by
isometries its analytic p-th L?-Betti number by the following expression in

terms of the heat kernel e~*A» (x,y) of the p-th Laplacian A,
bx(?)(M) = tlirglo ftrc(efmf’ (z,2)) dvol,, (2.12)

where F is a fundamental domain for the G-action and trc denotes the trace of
an endomorphism of a finite-dimensional vector space. The L?-Betti numbers
are invariants of the large times asymptotic of the heat kernel.

A finitely generated Hilbert N'(G)-module is a Hilbert space V together
with a linear G-action by isometries such that there exists a linear isometric G-
embedding into I2 (G)™ for some n > 0. One can assign to it its von Neumann
dimension by

dimprg) (V) = trye) (4) € [0,00),

where A is any idempotent matrix A € M (n,n; N (G)) such that the image
of the G-equivariant operator I?(G)" — [2(G)" induced by A is isometrically
linearly G-isomorphic to V.

The expression in (2.12) can be interpreted as the von Neumann dimension
of the space H&)(M) of square-integrable harmonic p-forms on M, which is
a finitely generated Hilbert N (G)-module (see [2, Proposition 4.16 on page
63])

lim [ trc(e "7 (z,2)) dvol, = dimy (g (H&)(M)) . (2.13)

t—oo F
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Given a cocompact free G-C'W-complex X, one obtains a chain complex
of finitely generated Hilbert A/ (G)-modules C,@(X) = CYX) @z P(G).
Its reduced p-th L?-homology is the finitely generated Hilbert A'(G)-module

HY (X)) = ker(cl?)/im(c)))). (2.14)

Notice that we divide out the closure of the image of the (p+1)-th differential
(31(92_21 of CiQ)(X ) in order to ensure that we obtain a Hilbert space. Then by

a result of Dodziuk [24] there is an isometric bijective G-operator

o~

H, (M) = HP(K;P(G)), (2.15)

where K is an equivariant triangulation of M. Finally one can show [74,
Theorem 6.1]

WAKN(G) = dimye) (B (K (G))) (2.16)

where b(pQ)(K :N(Q)) is the p-th L?-Betti number in the sense of Definition
2.1.

All in all we see that our Definition 2.1 of L?-Betti numbers for arbitrary
G-spaces extends the heat kernel definition of (2.12) for smooth Riemannian
manifolds with a free proper cocompact G-action by isometries. More details
of all these definitions and of their identifications can be found in [80, Chapter
1].

2.4 [2?-Euler Characteristic

In this section we introduce the notion of L?-Euler characteristic.

If X is a G-CW-complex, denote by I(X) the set of its equivariant cells.
For a cell ¢ € I(X) let (G, ) be the conjugacy class of subgroups of G given by
its orbit type and let dim(c) be its dimension. Denote by |G.|~! the inverse
of the order of any representative of (G.), where |G.|~! is to be understood
to be zero if the order is infinite.

Definition 2.17 (L*-Euler characteristic). Let G be a group and let X be a
G-space. Define

WO (XGN(G) = s b (XN(G) € [0,00);
XD(XGN(G) = (1P B (XN (G) €R,
- if K (X; N (Q)) < oo;
m(X; Q) = Yeerx) lGe|Th €10,00],
if X is a G-CW -compler;
(@) = h(EG;N(G)) €0,00];
x2(G) = XMEGN@G) R, if \)(G) < .

We call x® (X;N(G)) and x'¥(G) the L*-Euler characteristic of X and G.
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The condition h )(X;N(G)) < oo ensures that the sum which appears in
the definition of ) (X; N (@)) converges absolutely and that the following
results are true. The reader should compare the next theorem with [15, The-
orem 0.3 on page 191]. It essentially follows from Theorem 2.7. Details of its
proof can be found in [80, Theorem 6.80].

Theorem 2.18 (L?-Euler characteristic).

(i) Generalized Euler-Poincaré formula
Let X be a G-CW -complex with m(X; G) < co. Then

DXN(G) < oo
Yo EnTOa T = ABGNG));

cel(X)

(i) Sum formula

Consider the following G-pushout

X, —* - X,

b

X, —— X
J2

such that iy is a G-cofibration. Suppose that h*)(X;; N (G)) < oo for

i =20,1,2. Then
(X5 N(G)) < oo

DXN(G) = xPHUXLN(G)) + X (X N(G)) — X (Xos N (G));

(i1i) Comparison with the Borel construction

Let X be a G-CW -complex. If for all ¢ € I(X) the group G, is finite or
bz(>2)(Gc) =0 for all p >0, then

BXGN(G) = bP(EGx XsN(G)  forp =0

RO (X;N(G) = h )
XP(XGN(@) = XPUEG x X;N(G)
)

Z (—ndme a1t = YP(EG x X;N(G)),

cel(X)

(iv) Invariance under non-equivariant C-homology equivalences

Suppose that f: X — Y is a G-equivariant map of G-CW -complexes
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with m(X;G) < oo and m(Y;G) < oo, such that the induced map
H,(f;C) on homology with complex coefficients is bijective for allp > 0.
Suppose that for all ¢ € I(X) the group G, is finite or b§,2>(GC) =0 for
all p > 0, and analogously for all d € I(Y). Then

VGN@G) = ) ()T e)
cel(X)

_ Z (_1 dun |Gd| 1
deI(Y)

= XP(Y;N(G));

(v) Kiinneth formula

Let X be a G-CW -complex and 'Y be an H-CW -complex. Then we get
for the G x H-CW -complex X XY

m(XxY;GxH) = m(X;G) -m((Y;H);
W (X xY;N(Gx H)) = h2< N(@)) - h® (Y N (H));
XX xY;N(Gx H) = (X ( ) - X (Y5 N(H)),
if h®® ( N(@)), h(YV; N(H)) < o0,

where we use the convention that 0-00 = 0 and r-00 = oo forr € (0, 00];

(vi) Induction

Let H C G be a subgroup and let X be an H-space. Then

m(G xg X;G) = m(X; H);
(G xu X;N(@)) h®) (X N(H));
G xn XsN(@) = XPOGN(H)),  if i (XN (H)) < oo

(vii) Restriction to subgroups of finite index

Let H C G be a subgroup of finite index [G : H]. Let X be a G-space
and let resg X be the H-space obtained from X by restriction. Then

m(resd X;H) = [G: H]-m(X;G);
W2 (res X;N(H)) = [G:H]| h? (X N(@));
X (resg X;N(H)) = [G: H]-XP(X;N(Q)),

if M (X5 N (@) < o0,

where |G : H] - 0o is understood to be oo;

(viii) Restriction with epimorphisms with finite kernel
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Let p: G — Q be an epimorphism of groups with finite kernel K. Let X
be a Q-space. Let p*X be the G-space obtained from X wusing p. Then

m(p*X;G) = |K|7"-m(X;Q);
K" X;N(G) = KT RP(X5N(Q))
PP XNG) = KT XP(XN(Q)), if kP (XN(Q)) < o

Remark 2.19 (L*-Euler characteristic and virtual Euler characteristic). The
L?-Euler characteristic generalizes the notion of the virtual Euler character-
istic. Let X be a C'W-complex which is wvirtually homotopy finite, i.e. there
is a d-sheeted covering p: X — X for some positive integer d such that X
is homotopy equivalent to a finite CW-complex. Define the virtual Fuler
characteristic following Wall [105]
Xvirt(X) = @

One easily checks that this is independent of the choice of p: X — X since
the classical Euler characteristic is multiplicative under finite coverings. More-
over, we conclude from Theorem 2.18 (i) and (vii) that for virtually homotopy
finite X

mEm(x) < o
XN (X)) = Xvine(X).

Remark 2.20 (L?-Euler characteristic and orbifold Euler characteristic). If
X is a finite G-CW-complex, then ZC€I<X>(—1)‘““‘<C> - |G.|7t is also called
orbifold Euler characteristic and agrees with the L?-Euler characteristic by
Theorem 2.18 (i).

3 Computations of L?-Betti Numbers

In this section we state some cases where the L?-Betti numbers b,gz)()? ) for
certain compact manifolds or finite CW-complexes X can explicitly be com-
puted. These computations give evidence for certain conjectures such as the
Atiyah Conjecture 4.1 for (G, d, Q) and the Singer Conjecture 9.1 which we will
discuss later. Sometimes we will also make a few comments on their proofs in
order to give some insight into the methods. Besides analytic methods, which
will not be discussed, standard techniques from topology and algebra such as
spectral sequences and Mayer-Vietoris sequences will play a role. With our
algebraic setup and the nice properties of the dimension function such as Addi-
tivity and Cofinality these tools are directly available, whereas in the original
settings, which we have briefly discussed in Subsection 2.3, these methods do
not apply directly and, if at all, only after some considerable technical efforts.
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3.1 Abelian Groups
Let X be a Z"-space. Then we get from (1.20)

B (X;N(Z") = dimgggy,, (CIZ")0) ®cz Hi"(X:C)) . (3.1)

Notice that bé2> (X;N(Z™)) is always an integer or co.

3.2 Finite Coverings

Let p: X — Y be a finite covering with d-sheets. Then we conclude from
Theorem 2.7 (vii)

bP(X) = d-bP(Y). (3.2)

This implies for every connected CW-complex X which admits a selfcovering
X — X with d-sheets for d > 2 that b§,2>(X) =0 for all p € Z. In particular

Ry
b (SY) = 0 forall p € Z. (3.3)

3.3 Surfaces

Let Fj be the orientable closed surface of genus g with d embedded 2-disks
removed. (As any non-orientable compact surface is finitely covered by an
orientable surface, it suffices to handle the orientable case by (3.2).) From
the value of the zero-th L?-Betti number, the Euler-Poincaré formula and
Poincaré duality (see Theorem 2.7 (ix), (x) and (xii)) and from the fact that
a compact surface with boundary is homotopy equivalent to a bouquet of
circles, we conclude

@) o 1 if g=0,d=0,1;

by (F, g ) = { 0 otherwise;

gy - |0 ifg=0d=01
b (Fy) = { d+2-(g—1) otherwise;

b (Fq) - { 0 otherwise.

Of course by()z)(ﬁgi) =0 for p > 3.

3.4 Three-Dimensional Manifolds

In this subsection we state the values of the L?-Betti numbers of compact
orientable 3-manifolds.
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We begin with collecting some basic notations and facts about 3-manifolds.
In the sequel 3-manifold means connected compact orientable 3-manifold, pos-
sibly with boundary. A 3-manifold M is prime if for any decomposition of M
as a connected sum M;#M>, M, or M, is homeomorphic to S%. It is irre-
ducible if every embedded 2-sphere bounds an embedded 3-disk. Every prime
3-manifold is either irreducible or is homeomorphic to S' x S? [50, Lemma
3.13]. A 3-manifold M has a prime decomposition, i.e. one can write M as a
connected sum

M = M#M# ... #M,,

where each Mj is prime, and this prime decomposition is unique up to renum-
bering and orientation preserving homeomorphism [50, Theorems 3.15, 3.21].
Recall that a connected CW-complex is called aspherical if m,(X) = 0 for
n > 2, or, equivalently, if X is contractible. Any aspherical 3-manifold is
homotopy equivalent to an irreducible 3-manifold with infinite fundamental
group or to a 3-disk. By the Sphere Theorem [50, Theorem 4.3], an irreducible
3-manifold is aspherical if and only if it is a 3-disk or has infinite fundamental
group.

Let us say that a prime 3-manifold is exceptional if it is closed and no
finite covering of it is homotopy equivalent to a Haken, Seifert or hyperbolic
3-manifold. No exceptional prime 3-manifolds are known. Both Thurston’s
Geometrization Conjecture and Waldhausen’s Conjecture that any 3-manifold
is finitely covered by a Haken manifold imply that there are none.

Details of the proof of the following theorem can be found in [69, Sections
5 and 6]. The proof is quite interesting since it uses both topological and
analytic tools and relies on Thurston’s Geometrization.

Theorem 3.4 (L?-Betti numbers of 3-manifolds). Let M be the connected
sum My# ... #M, of (compact connected orientable) prime 3-manifolds M;
which are non-exceptional. Assume that m (M) is infinite. Then the L?-Betti

numbers of the universal covering M are given by

o (M) = 0

WIOD) = (=1 = Y g+ HE e m@b) | 02 5% - ()
WO = (r—l)—zm L {C e m(dM) | C = 5%}

b (M) = o.

Notice that in the situation of Theorem 3.4 the p-th L?-Betti number
b,(M) is a rational number. It is an integer, if m (M) is torsion-free, and
vanishes, if M is aspherical.
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3.5 Symmetric Spaces

Let L be a connected semisimple Lie group with finite center such that its Lie
algebra has no compact ideal. Let K C L be a maximal compact subgroup.
Then the manifold M := L/K equipped with a left L-invariant Riemannian
metric is a symmetric space of non-compact type with L = Isom(M)? and
K = Isom(M)?, where Isom(M) is the identity component of the group of
isometries Isom (M) and Isom(M)Y is the isotropy group of some point x € M
under the Isom(M)%-action. Every symmetric space M of non-compact type
can be written in this way. The space M is diffeomorphic to R”. Define its

fundamental rank
f-rk(M) = rke (L) — rke(K),

where rke (L) and rke (K) denotes the so called complex rank of the Lie algebra
of L and K respectively (see [62, page 128f]). For a compact Lie group K
this is the same as the dimension of a maximal torus. The proof of the next
result is due to Borel [6].

Theorem 3.5 (L?-Betti numbers of symmetric spaces of non-compact type).
Let M be a closed Riemannian manifold whose universal covering M is a
symmetric space of non-compact type.

Then bf)(M) # 0 if and only if f-rk(M) = 0 and 2p = dim(M). If
f-rk(M) = 0, then dim(M) is even and for 2p = dim(M) we get

This applies in particular to a hyperbolic manifold and thus we get the
result of Dodziuk [25].

Theorem 3.6. Let M be a hyperbolic closed Riemannian manifold of dimen-
ston n. Then

wan{ o wrre

If n is even, then
(=12 x(M) > 0.

The strategy of the proof of Theorem 3.6 is the following. Because of
the Euler-Poincaré formula (see Theorem 2.7 (x)) it suffices to show that
b](f)(]T/f) =0 for 2p # n and bf)(Z\Aj) > 0 for 2p = n. Because of the Hodge-
deRham Theorem (see (2.15)) and the facts that the von Neumann dimension
is faithful and M is isometrically diffeomorphic to the hyperbolic space H",
it remains to show that the space of harmonic L*-integrable forms H{, (H")

is trivial for 2p # n and non-trivial for 2p = n. Notice that this question
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is independent of M or the m (M)-action. Using the rotational symmetry of
H", this question is answered positively by Dodziuk [25].

More generally one has the following so called Proportionality Principle
(see [80, Theorem 3.183].)

Theorem 3.7 (Proportionality Principle for L?-Betti numbers). Let M be

a simply connected Riemannian manifold. Then there are constants B,g2> (M)
for p > 0 depending only on the Riemannian manifold M with the following
property: For every discrete group G with a cocompact free proper action on
M by isometries the following holds

B2 (M;N(G) = BP(M)-vol(G\M).

3.6 Spaces with S!'-Action
The next two theorems are taken from [80, Corollary 1.43 and Theorem 6.65].

Theorem 3.8. (L?-Betti numbers and S'-actions). Let X be a con-
nected S'-CW -complex. Suppose that for one orbit S'/H (and hence for all
orbits) the inclusion into X induces a map on m with infinite image. (In
particular the S'-action has no fized points.)

Then we get
2) (V) — .
bé)(X) = 0 forpelZ;
x(X) = 0.

Proof. We give an outline of the idea of the proof in the case where X is a
cocompact S'-CW-complex, because it is a very illuminating example. The
proof in the general case is given in [80, Theorem 6.65]. It is useful to show the
following slightly more general statement that for any finite S'-CW-complex
Y and S'-map f: Y — X we get bz(,Q)(f*)A(:;./\/(m(X))) = 0 for all p > 0,
where f *X — Y is the pullback of the universal covering X — X with f. We
prove the latter statement by induction over the dimension and the number
of S'-equivariant cells in top dimension of Y. In the induction step we can
assume that Y is an S'-pushout

S'/Hx st L 7

| |

SUH XD —— Y

for n = dim(Y"). It induces a pushout of free finite m; (X )-CW-complexes

! !
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The associated long exact Mayer-Vietoris sequence looks like

CCHy (¢ PPN (m (X))
— Hy(Q" " X; N(mi(X))) @ H, (5 " X; N (m1 (X))
— Hy(f*X; N(m(X))) = Hy1 (¢ F* X5 N (m (X))
— H, 1 (Q" " X; N (m (X)) & Hy 1 (7 X N(m (X)) = ..

Because of the Additivity of the dimension (see Theorem 1.11 (iii)b) it suffices
to prove for all p € Z

dimp(r, (x)) (Hp(J*f*)?;N(m(X)))> - 0
dimp(x, (x)) (Hp(q*f*)?;N(wl(X)))> "
dimN(”l(X)) (HP(Q*]E*X7N(7H(X)))> = 0.

The induction hypothesis applies to foj: Z — X and fojoq: S'/HxS" 1 —
X. Hence it remains to show

dinr, (x)) (@ XN (m (X)) = 0.

By elementary covering theory Q* f*)? is 71 (X)-homeomorphic to m (X) x;
S /H x D" for the injective group homomorphism j: 71 (S'/H) — 71 (X) in-
duced by fo@Q. We conclude from the Kiinneth formula and the compatibility
of dimension and induction (see Theorem 2.7 (v) and (vi))

dimy(r, o)) (Hp(@ XN (m (X)) = b2 (S/H).

Since S'/H is homeomorphic to S*, we get b},Q)(gI\/E) =0 from (3.3). O
The next result is taken from [80, Corollary 1.43].

Theorem 3.9. Let M be an aspherical closed manifold with non-trivial S*-
action. (Non-trivial means that sz # x holds for at least one element s €
St and one element x € M). Then the action has no fized points and the
inclusion of any orbit into X induces an injection on the fundamental groups.

All L?-Betti numbers bf) (M) are trivial and x(M) = 0.

3.7 Mapping Tori

Let f: X — X be a selfmap. Its mapping torus Ty is obtained from the
cylinder X x [0,1] by glueing the bottom to the top by the identification
(x,1) = (f(z),0). There is a canonical map p: Ty — S! which sends (z,t) to
exp(2mit). It induces a canonical epimorphism m (Ty) — Z = m (S1) if X is
path-connected.

The following result is taken from [80, Theorem 6.63].



L% -invariants 91

Theorem 3.10 (Vanishing of L?-Betti numbers of mapping tori).

Let f: X — X be a cellular selfmap of a connected CW -complex X and
let m (T) %G Y Zbea factorization of the canonical epimorphism into
epimorphisms ¢ and 1p. Suppose for given p > 0 that b,(,2>(G X hoi )?,./\/'(G)) <
oo and b;(7221(G X goi X;N(G)) < oo holds, where i: m (E) — i (Ty) is the
map induced by the obvious inclusion of X into Ty. Let Ty be the covering of
Ty associated to ¢, which is a free G-CW -complex. Then we get

b2 (T N(G) = 0.

Proof. We give the proof in the special case where X is a connected finite
CW-complex and ¢ = id, i.e. we show for a connected finite CW-complex
X that bl(?)(f;) = 0 for all p > 0. For each positive integer d there is a
finite d-sheeted covering Ty — T} associated to the subgroup of index d in
m (Ty) which is the preimage of dZ C Z under the canonical homomorphism
71 (Ty) — Z. There is a homotopy equivalence Tps — Tf We conclude from
(3.2) and homotopy invariance of L?>-Betti numbers (see Theorem 2.7 (i))

— b (Th)
b[€2>(Tf) — %.

There is a CW-complex structure on Tys with (,(X) + 3,-1(X) p-cells, if
B,(X) is the number of p-cells in X. We conclude from Additivity of the
dimension function (see Theorem 1.11 (iii)b)

b2 (Tp0) < dime, ) (N (T00) @z 1) Co(Th0))
= B,(X) + 1 (X).

This implies for all positive integers d

B(X) + 8,1 (X)

0 < bI(T)) < y

Taking the limit for d — oo implies by> (T) = 0. O

3.8 Fibrations

The next result is proved in [80, Lemma 6.6. and Theorem 6.67]. The proof
is based on standard spectral sequence arguments and the fact that the di-
mension function is defined for arbitrary N (G)-modules.

Theorem 3.11 (L?-Betti numbers and fibrations).
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(i) Let F LEL Bbea fibration of connected CW -complexes. Consider
a factorization p: m (E) %al m1(B) of the map induced by p into
epimorphisms ¢ and 1. Let i,: m (F) — m (E) be the homomorphism
induced by the inclusion i. Suppose for a given integer d > 1 that
B (G X goi, F3N(G)) = 0 for p < d—1 and b (G X yoi, F; N(G)) < o0
holds. Suppose that w1 (B) contains an element of infinite order or finite
subgroups of arbitrarily large order. Then b,()Q)(G X E,N(G)) =0 for
p<d;

(ii) Let F L E—Bbea fibration of connected CW -complezxes. Consider
a group homomorphism ¢: m (E) — G. Let i.: m (F) — w1 (F) be the
homomorphism induced by the inclusion i. Suppose that for a given
integer d > 0 the L?-Betti number b§,2)(G’ Xgoi. FyN(G)) vanishes for
all p < d. Then the L?-Betti number bé”(G X E:N(G)) vanishes for
all p < d.

4 The Atiyah Conjecture

In this section we discuss the Atiyah Conjecture

Conjecture 4.1 (Atiyah Conjecture). Let G be a discrete group with an
upper bound on the orders of its finite subgroups. Consider d € Z, d > 1 such
that the order of every finite subgroup of G divides d. Let F be a field with
Q C F C C. The Atiyah Conjecture for (G,d, F) says that for any finitely
presented F'G-module M we have

d- dimN<G) (N(G) ®ra M) € Z.

4.1 Reformulations of the Atiyah Conjecture
We present equivalent reformulations of the Atiyah Conjecture 4.1.

Theorem 4.2 (Reformulations of the Atiyah Conjecture). Let G be a discrete
group. Suppose that there exists d € Z, d > 1 such that the order of every
finite subgroup of G divides d. Let F be a field with Q C F C C. Then the
following assertions are equivalent:

(i) The Atiyah Conjecture 4.1 is true for (G,d, F), i.e. for every finitely
presented FG-module M we have

d - dimpg) N(G) @pec M) € Z;
(i) For every FG-module M we have
d - dimprqy (N(G) @pa M) € Z1I {oo}.
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Proof. See [80, Lemma 10.7 and Remark 10.11]. O
We mention that the Atiyah Conjecture 4.1 is true for (G,d, F) if and
only if for any finitely generated subgroup H C G the Atiyah Conjecture 4.1
is true for (H,d, F') (see [80, Lemma 10.4]).
The next result explains that the Atiyah Conjecture 4.1 for (G, d, Q) for a
finitely generated group G is a statement about the possible values of L2-Betti
numbers.

Theorem 4.3 (Reformulations of the Atiyah Conjecture for F' = Q). Let G
be a finitely generated group with an upper bound d € Z,d > 1 on the orders
of its finite subgroups. Then the following assertions are equivalent:

(i) The Atiyah Conjecture 4.1 is true for (G,d,Q);

(i) For every free proper smooth cocompact G-manifold M without boundary
and p € Z we have
d- b2 (M;N(GR)) € Z;

(iii) For every finite free G-CW -complez X and p € Z we have

d- b (X;N(G)) € Z

(iv) For every G-space X and p € Z we have

d- b (X;N(G)) € ZTT {0}

Proof. This follows from [80, Lemma 10.5] and Theorem 4.2. O
We mention that all the explicit computations presented in Section 3 are
compatible with the Atiyah Conjecture 4.1.

4.2 The Ring Theoretic Version of the Atiyah Conjec-
ture

In this subsection we consider the following fundamental square of ring exten-
sions

CG —— N(G)

i ¥ (4.4)

D(G) - UG)

which we explain next.
As before CG is the complex group ring and N(G) is the group von Neu-
mann algebra.
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By U(G) we denote the algebra of affiliated operators. Instead of its
functional analytic definition we describe it algebraically, namely, it is the Ore
localization of N(G) with respect to the multiplicative subset of non-trivial
zero-divisors in N'(G). The proof that this multiplicative subset satisfies the
Ore condition and basic definitions and properties of Ore localization and of
U(G) can be found for instance in [80, Sections 8.1 and 8.2]. In particular
U(G) is flat when regarded as an N (G)-module. Moreover, the ring U(G)
is a von Neumann regular ring, i.e. every finitely generated submodule of a
projective module is a direct summand. This is a stronger condition than
being semihereditary.

Given a finitely generated projective U(G)-module @, there is a finitely
generated projective N'(G)-module P such that U(G) ®n () P and Q are
U(G)-isomorphic. If Py and P, are two finitely generated projective N (G)-
modules, then Py Zpy ) P & U(G) Qna) Po S UG) Qn(a) P1- This
enables us to define a dimension function for dimy() with properties analo-
gous to dimy(g) (see [80, Section 8.3], [98] or [99]).

Theorem 4.5. (Dimension function for arbitrary U (G)-modules).
There exists precisely one dimension function

dimy gy : {U(G)-modules} — [0, 0]
which satisfies:

(i) FExtension Property
If M is an N(G)-module, then

dimu((;) (U(G) QN(G) M) = dimN<G)(M);

(i) Additivity
If0 — My — M; — My — 0 is an exact sequence of U(G)-modules,
then
dimyq)(M1) = dimyq)(Mo) + dimyyq)(M2);

(i1i) Cofinality
Let {M; | i € I} be a cofinal system of submodules of M. Then
dimyq) (M) = sup{dimyq)(M;) | i € I};
(iv) Continuity

If K C M is a submodule of the finitely generated U(G)-module M, then

dimu(G) (K) = dimu((;> (K)
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Remark 4.6 (Comparing Z C Q and M (G) CU(G)). Recall the Slogan 1.16
that the group von Neumann algebra N (G) behaves like the ring of integers
Z, provided one ignores the properties integral domain and Noetherian. This
is supported by the construction and properties of U(G). Obviously U(G)
plays the same role for A(G) as Q plays for Z as the definition of U(G)
as the Ore localization of A(G) with respect to the multiplicative subset of
non-zero-divisors and Theorem 4.5 show.

A subring R C S is called division closed if each element in R, which is
invertible in S, is already invertible in R. It is called rationally closed if each
square matrix over R, which is invertible over S, is already invertible over R.
Notice that the intersection of division closed subrings of S is again division
closed, and analogously for rationally closed subrings. Hence the following
definition makes sense.

Definition 4.7 (Division and rational closure). Let S be a ring with subring
R C S. The division closure D(R C S) or rational closure R(R C S) respec-
tively is the smallest subring of S which contains R and is division closed or
rationally closed respectively.

The ring D(G) appearing in the fundamental square (4.4) is the rational
closure of CG in U(G).

Conjecture 4.8 (Ring theoretic version of the Atiyah Conjecture). Let G
be a group for which there exists an upper bound on the orders of its finite
subgroups. Then:

(R) The ring D(G) is semisimple;
(K) The composition
@ K(CH) S K (CG) S Ko(D(Q)
HCG,|H|<oo
1s surjective, where a is induced by the various inclusions H — G.

Lemma 4.9. Let G be a group. Suppose that there exists d € Z, d > 1
such that the order of every finite subgroup of G divides d. If the group
G satisfies the ring theoretic version of the Atiyah Conjecture 4.8, then the
Atiyah Conjecture 4.1 for (G, d,C) is true.

Proof. Let M be a finitely presented CG-module. Then D(G) Qce M is a
finitely generated projective D(G)-module since D(G) is semisimple by as-
sumption. We obtain a well-defined homomorphism of abelian groups

D: Ko(D(G)) = R, [P]+— dimyq) (U(G) ®p@) P)-
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Because of the fundamental square (4.4) and Theorem 4.5 (i) we have
dimp()(N(G) ®ce M) = D([D(G) ®cc M]).

Hence it suffices to show that d-im(D) is contained in Z. Because of assump-
tion (K) it suffices to check for each finite subgroup H C G and each finitely
generated projective CH-module P

d- dimu(g)(U(G) ®ce CG®cy P) € Z.
Example 1.14 and Theorem 1.18 imply

dimy ) (U(G) ®cq CG @cy P) = dimN(G)(N(G) ®ce CG ®cy P)
dimp @) (N (G) @nm) P)

= dimpy)(P)
o dimc(P)
H|
Obviously d - “45l2) € 7. O

4.3 The Atiyah Conjecture for Torsion-Free Groups

Remark 4.10 (The Atiyah Conjecture in the torsion-free case). Let G be a
torsion-free group. Then we can choose d = 1 in the Atiyah Conjecture 4.1.
The Atiyah Conjecture 4.1 for (G, 1, F) says that dimy; ) (N (G)@ra M) € Z
holds for every finitely presented F'G-module M and Theorem 4.2 says that
then this holds automatically for all FG-modules M with dimpr)(N(G)®@ra
M) < 0. In the case, where F' = Q and G is a torsion-free finitely generated
group G, Theorem 4.3 implies that the Atiyah Conjecture 4.1 for (G, 1, F) is
equivalent to the statement that b](f) (X;N(G)) € Zis true for all G-spaces
X.

Remark 4.11 (The ring theoretic version of the Atiyah Conjecture in the
torsion-free case). Let G be a torsion-free group. Then the ring theoretic
version of the Atiyah Conjecture 4.8 reduces to the statement that D(G) is a
skewfield. In this case we can assign to every D(G)-module N its dimension
dimp(g)(IN) € ZII {oo} in the usual way and we get for every CG-module M

dimN(G) (N(G) Rca M) = dimu((;)(U(G) Rca M) = dimD<G) (D(G) Rca M)

Example 4.12 (The case G = Z"). In the case G = Z" the fundamental
square of ring extensions (4.4) can be identified with

(C[Z'n] L>® (T")

! I

ClZ")y —— MF(T")
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where M F(T™) the ring of equivalence classes of measurable functions 7" —
C. We have already proved

dimpr(zn) (M(Z") ®cpzn) M) = dimegzn ), (C[Z")0) Bcizn) M)

in Example 1.19.

4.4 The Atiyah Conjecture Implies the Kaplanski Con-
jecture

The following conjecture is a well-known conjecture about group rings.

Conjecture 4.13 (Kaplanski Conjecture). Let F be a field and let G be a
torsion-free group. Then FG contains no non-trivial zero-divisors.

Theorem 4.14 (The Atiyah and the Kaplanski Conjecture). Let G be a
torsion-free group and let F' be a field with Q C F C C. Then the Atiyah
Congecture 4.1 for (G, 1, F) implies the Kaplanski Conjecture 4.13 for F' and
G.

Proof. Let u € FG be a zero-divisor. Then the kernel of the A/(G)-map
ry: N(G) — N(G) given by right multiplication with u is non-trivial. Since
N (G) is semihereditary, the image of r, is projective. Hence both ker(r, ) and
N(G)/ker(r,) are finitely generated projective N'(G)-modules. Additivity of
dimps(e) implies

0< dimN(G)(ker(ru)) < dimN(G>(N(G)) =1

We conclude from Remark 4.10 that dim () (ker(r,)) is an integer. Additiv-
ity of dimys(g) implies

dimpr(qy (V(G)/ ker(r,)) = 0.
We conclude NV (G)/ ker(r,) = 0 and hence u = 0. O

4.5 The Status of the Atiyah Conjecture

Let [°°(G,R) be the space of equivalence classes of bounded functions from G
to R with the supremum norm. Denote by 1 the constant function with value
1.

Definition 4.15 (Amenable group). A group G is called amenable, if there
is a (left) G-invariant linear operator p: 1°°(G,R) — R with u(1) = 1, which
satisfies for all f € 1*°(G,R)

inf{f(g) [ g € G} < u(f) <sup{f(g) | g € G}.

The latter condition is equivalent to the condition that u is bounded and u(f) >
0if f(g) >0 forallg € G.
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Definition 4.16 (Elementary amenable group). The class of elementary
amenable groups EAM is defined as the smallest class of groups which has
the following properties:

(i) It contains all finite and all abelian groups;
(i) It is closed under taking subgroups;
(iii) It is closed under taking quotient groups;

(iv) It is closed under extensions, i.e. if 1l - H — G — K — 1 is an ezxact
sequence of groups and H and K belong to EAM, then also G € EAM;

(v) It is closed under directed unions, i.e. if {G; | i € I} is a directed system
of subgroups such that G = J,c; Gi and each G; belongs to EAM, then
G € EAM. (Directed means that for two indices i and j there is a third
index k with G;,G; € Gy.)

The class of amenable groups satisfies all the conditions appearing in Def-
inition 4.16. Hence every elementary amenable group is amenable. The con-
verse is not true.

Definition 4.17 (Linnell’s class of groups C). Let C be the smallest class of
groups, which contains all free groups and is closed under directed unions and
extensions with elementary amenable quotients.

The next result is due to Linnell [65].

Theorem 4.18 (Linnell’s Theorem). Let G be a group in C. Suppose that
there exists d € Z, d > 1 such that the order of every finite subgroup of G
divides d. Then the ring theoretic version of the Atiyah Conjecture 4.8 for G
and hence the Atiyah Conjecture 4.1 for (G,d,C) are true.

The next definition and the next theorem are due to Schick [101].
Definition 4.19. Let D be the smallest non-empty class of groups such that

(i) If p: G — A is an epimorphism of a torsion-free group G onto an
elementary amenable group A and if p~*(B) € D for every finite group
B C A, then G € D;

(i) D is closed under taking subgroups;

(iii) D is closed under colimits and inverse limits over directed systems.

Theorem 4.20. (i) If the group G belongs to D, then G is torsion-free and
the Atiyah Conjecture 4.1 for (G,1,Q) is true for G;

(i) The class D is closed under direct sums, direct products and free prod-

ucts. Every residually torsion-free elementary amenable group belongs
to D.



L% -invariants 99

More information about the status of the Atiyah Conjecture 4.1 can be
found for instance in [80, Subsection 10.1.3].

4.6 Groups Without Bound on the Order of Its Finite
Subgroups

Given a group G, let FIN(G) be the set of finite subgroups of G. Denote by

1
Wz C Q (4.21)

the additive subgroup of R generated by the set of rational numbers {‘}T‘ |
H e FIN(G)}.

There is the following formulation of the Atiyah Conjecture for arbitrary
groups in the literature.

Conjecture 4.22 (Atiyah Conjecture for arbitrary groups G). A group G
satisfies the Atiyah Conjecture if for every finitely presented CG-module M
we have

. 1
dimpr () (N(G) ®@ce M) € Wz-

There do exist counterexamples to this conjecture. The lamplighter group
L is defined by the semidirect product

L:= (@Z/2) X 7Z

nez

with respect to the shift automorphism of €, ., Z/2, which sends (z,,)nez
to (zn—1)nez. Let ey € €, o5 Z/2 be the element whose entries are all zero
except the entry at 0. Denote by t € Z the standard generator of Z which
we will also view as an element of L. Then {ept,t} is a set of generators
for L. The associated Markov operator M: I?(G) — [*(G) is given by right
multiplication with 1 - (egt + ¢ + (egt) ™! +¢~1). It is related to the Laplace
operator Ag: I2(G) — [*(G) of the Cayley graph of G by Ay = 4 -id —4 -
M. The following result is a special case of the main result in the paper
of Grigorchuk and Zuk [41, Theorem 1 and Corollary 3] (see also [40]). An
elementary proof can be found in [22].

Theorem 4.23 (Counterexample to the Atiyah Conjecture for arbitrary
groups). The von Neumann dimension of the kernel of the Markov opera-
tor M of the lamplighter group L associated to the set of generators {egt,t}
is 1/3. In particular L does not satisfy the Atiyah Conjecture 4.22.
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To the author’s knowledge there is no example of a group G for which
there is a finitely presented CG-module M such that dimyg)(N(G) ®zq M)
is irrational.

Let A = @, .4, 7Z/2. Because this group is locally finite, it satisfies the
Atiyah Conjecture for arbitrary groups 4.22, i.e. dimprq)(N(G) ®ca M) €
Z[1/2] for every finitely presented CA-module M. On the other hand, each
non-negative real number r can be realized as dimy ) (N (G) ®@ca M) for a
finitely generated CA-module (see [80, Example 10.13]). Notice that there
is no upper bound on the orders of finite subgroups of A, so that this is no
contradiction to Theorem 4.2.

5 Flatness Properties of the Group von
Neumann Algebra

The proof of next result can be found in [77, Theorem 5.1] or [80, Theorem
6.37).

Theorem 5.1. (Dimension-flatness of N(G) over CG for amenable
G). Let G be amenable and M be a CG-module. Then

dimy/ () (Tor;(,]:G (N(G),M)) = 0 forp>1,
where we consider N(G) as an N'(G)-CG-bimodule.

It implies using an easy spectral sequence argument

Theorem 5.2 (L?-Betti numbers and homology in the amenable case). Let
G be an amenable group and X be a G-space. Then

(i) B (X:N(G)) = dimyie) (N(G) ®c Hy"(X;C));
(ii) Suppose that X is a G-CW -complex with m(X;G) < oo. Then

X)) = Y (e

cel(X)

= > (-1 - dimyg) (NV(G) ®ce Hy(X;C)).
p>0

Further applications of Theorem 5.1 will be discussed in Section 6 and
Section 7.

Conjecture 5.3. (Amenability and dimension-flatness of N (G) over
CG). A group G is amenable if and only if for every CG-module M

dimprq) (Torfg (N(G),M)) =0 forp>1

holds.
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Remark 5.4 (Evidence for Conjecture 5.3). Theorem 5.1 proves the “only
if”-statement of Conjecture 5.3. Some evidence for the “if”-statement of
Conjecture 5.3 comes from the following fact. Notice that a group which
contains a non-abelian free group as a subgroup, cannot be amenable.

Suppose that G contains a free group Z*Z of rank 2 as a subgroup. Notice
that S1VS! is a model for B(Zx*Z). Its cellular C[Z*Z]-chain complex yields an
exact sequence 0 — C[Zx* Z]? — C[Z*Z] — C — 0, where C is equipped with
the trivial Z * Z-action. One easily checks b<12)(S1 VS = —x(Stvsh) =1.
This implies

dimy(z.z) (Tory “(V(Z+2),0)) = 1.
We conclude from Theorem 1.18 (i)

N(@) ®x(zaz) Tor “HN(Z+2),€) = Torf?(W(G),CG Scizey C).

Theorem 1.18 (ii) implies
dimy(q) (Torf% (M(G), CG @iz ©)) = 1.

One may ask for which groups the von Neumann algebra N'(G) is flat as a
CG-module. This is true if G is virtually cyclic, i.e. G is finite or contains Z
as a normal subgroup of finite index. There is some evidence for the following
conjecture (see [77, Remark 5.15]).

Conjecture 5.5 (Flatness of N (G) over CG). The group von Neumann al-
gebra N(G) is flat over CG if and only if G is virtually cyclic.

6 Applications to Group Theory

Recall the Definition 2.1 of the L?-Betti numbers of a group G by bz()z) (G) =

bl(,Q)(EG;N'(G)). In this section we present tools for and examples of com-
putations of the L2-Betti numbers and discuss applications to group theory.
We will explain in Remark 7.8 that for a torsion-free group with a model

of finite type for BG the knowledge of bé,Q)(G;N (G)) is the same as the

knowledge of the reduced L?-homology H,(,2)(EG,12(G)), or, equivalently, of
PHY (EG; N(G)) if G satisfies the Atiyah Conjecture 4.1 for (G, 1,Q).

6.1 L?-Betti Numbers of Groups

Theorem 2.7 implies:
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Theorem 6.1 (L2-Betti numbers and Betti numbers of groups). In the sequel
we use the conventions 0- 0o =0, r- oo = oo for r € (0,00] and r + 0o = oo
for r € [0,00] and put |G|7! =0 for |G| = co. Let G1,Ga,... be a sequence
of non-trivial groups.

(i) Free amalgamated products
Forr e€{2,3,...} I1 {oo} we get

bf)Z)(*g‘:1Gz’) = 0
_ T )~y 1 . )
o (,G) = { 1+ (0760 - ) ,fjffr<oo,
o0 , T = OQ;
b§’2)(*::1G77) = be)(Gi) forp>2;
i=1
bP(*Z:IGz) = Z bp(GL) forp > 17
i=1

(i) Kinneth formula

p
P (G x Gy) = D P (Gr) b0 (Go);
i=0
P
bp(Grx Gy) = Y bi(G1)-by—i(Ga);
1=0

(i1i) Restriction to subgroups of finite index
For a subgroup H C G of finite index |G : H] we get

b (H) = [G: H]- b (G);

(iv) Extensions with finite kernel

Let 1 - H — G — @ — 1 be an extension of groups with finite H.
Then

bY@ = |H|- b (G);
(v) Zero-th L*-Betti number
We have bé2)(G) =0 for |G| = o and ng)(G) = |G|t for |G| < .

Example 6.2 (Independence of L?-Betti numbers and Betti numbers). Given
an integer [ > 1 and a sequence 11, 9, . .., 7 of non-negative rational numbers,
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we can construct a group G such that BG is of finite type and

(2) N for 1 <p<i;
by (G) = { 0 for [+ 1 < p;
b(G) = 0 for p > 1,

holds as follows.
For integers m > 0, n > 1 and 7 > 1 define

i—1

Gi(m,n) =Z/n x (5 °2/2) x | [] «/212/2

j=1
One easily checks using Theorem 6.1.
b (Gi(mom) = T
bl(,Q)(Gz-(m, n)) 0 for p # 1;
b,(Gi(m,n)) = 0 for p > 1.

Define the desired group G as follows. For [ = 1 put G = Gi(m,n) if 1y =
m/n. It remains to treat the case I > 2. Choose integers n > 1 and k > [
with r = kn;Q Fix for ¢ = 2,3,...,k integers m; > 0 and n; > 1 such that
i — p; holds for 1 < ¢ <1 and m; = 0 holds for 7 > [. Put

n-n;

G = Z/n x +_,Gi(mi,n;).

One easily checks using Theorem 6.1 that G has the prescribed L?-Betti num-
bers and Betti numbers and a model for BG of finite type.

On the other hand we can construct for any sequence nj, ns, ... of non-
negative integers a CTW-complex X of finite type such that b,(X) = n, and

b,(f) (X) = 0 holds for p > 1, namely take

X =B(Z/2x7Z/2) x <7 <<7 S”) .

i=1

This example shows by considering the (I + 1)-skeleton that for a finite
connected CW-complex X the only general relation between the L2-Betti

numbers b;(f) (X) of its universal covering X and the Betti numbers b, (X) of
X is given by the Euler-Poincaré formula (see Theorem 2.7 (x))

DL = x(X) = (-1 by(X).

p>0 p>0
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6.2 Vanishing of L>-Betti Numbers of Groups

Let d be a non-negative integer or d = oco. In this subsection we want to
investigate the class of groups

By = {G|bY(G)=0for0<p<dj. (6.3)
Notice that By is the class of infinite groups by Theorem 6.1 (v).

Theorem 6.4. Let d be a non-negative integer or d = co. Then:

(i) The class By, contains all infinite amenable groups;
(i) If G contains a normal subgroup H with H € By, then G € By;

(i11) If G is the union of a directed system of subgroups {G; | i € I} such
that each G; belongs to By, then G € By;

(iv) Suppose that there are groups Gy and Gy and group homomorphisms
¢i: Gy — G; for i = 1,2 such that ¢1 and ¢o are injective, Gy belongs
to By_1, G1 and Gy belong to B; and G is the amalgamated product
G1 *q, Go with respect to ¢1 and ¢o. Then G belongs to By;

(v) Let 1 — H — G — K — 1 be an exact sequence of groups such that

b](f)(H) 1s finite for all p < d. Suppose that K is infinite amenable or
suppose that BK has finite d-skeleton and there is an injective endo-
morphism j: K — K whose image has finite index, but is not equal to
K. Then G € By;

(vi) Let 1 — H — G — K — 1 be an exact sequence of groups such that

H e By_1, bff)(H) < oo and K contains an element of infinite order or
finite subgroups of arbitrary large order. Then G € By;

(vii) Let 1 — H — G — K — 1 be an exact sequence of infinite countable
groups such that bgz)(H) < o0o. Then G € B;.

Proof. (i) We get b](,2) (G) =0 for p =0 from Theorem 6.1 (v). The casep > 1
follows from Theorem 5.2 (i) since H3™8(EG;C) = 0 for p > 1.

ii) Apply Theorem 3.11 (ii) to the fibration BH — BG — B(G/H).

ili) The proof is based on a colimit argument. See [80, Theorem 7.2 (3)].

)l-

v) See [80, Theorem 7.2 (5)].
i) This follows from Theorem 3.11 (i) applied to the fibration BH — BG —
B(G/H).

(vii) This is proved by Gaboriau [38, Theorem 6.8]. O

(

(

(iv) The proof is based on a Mayer-Vietoris argument. See [80, Theorem 7.2
(4

(

(v



L% -invariants 105

More information about the vanishing of the first L?-Betti number can be
found for instance in [4]. Obviously the following is true

Lemma 6.5. If G belongs to Boo, then x*)(G) = 0.

Remark 6.6 (The Theorem of Cheeger and Gromov). We rediscover from
Theorem 6.4 the result of Cheeger and Gromov [15] that all the L2-Betti
numbers of an infinite amenable group G vanish. A detailed comparison of
our approach and the approach by Cheeger and Gromov to L?-Betti numbers
can be found in [80, Remark 6.76].

Remark 6.7 (Advantage of the general definition of L?-Betti numbers). Re-
call that we have given criterions for G € B, in Theorem 6.4. Now it becomes
clear why it is worth while to extend the classical notion of the Euler char-
acteristic x(G) := x(BG) for groups G with finite BG to arbitrary groups.
For instance it may very well happen for a group G with finite BG that G
contains a normal group H which is not even finitely generated and has in
particular no finite model for BH and which belongs to By, (for instance, H
is amenable). Then the classical Euler characteristic is not defined any more
for H, but we can still conclude that the classical Euler characteristic of G
vanishes by Remark 2.19, Theorem 6.4 and Lemma 6.5.

6.3 L2-Betti Numbers of Some Specific Groups

Example 6.8 (Thompson’s group). Next we explain the following observa-
tion about Thompson’s group F. It is the group of orientation preserving
dyadic PL-automorphisms of [0, 1], where dyadic means that all slopes are
integral powers of 2 and the break points are contained in Z[1/2]. It has the
presentation

F = (xg,z1,22,... | 2;

T = Ty for i < m).

This group has some very interesting properties. Its classifying space BF is
of finite type [8] but is not homotopy equivalent to a finite dimensional CW-
complex since F' contains Z" as a subgroup for all n > 0 [8, Proposition 1.8].
It is not elementary amenable and does not contain a subgroup which is free
on two generators [7], [10]. Hence it is a very interesting question whether
F is amenable or not. We conclude from Theorem 6.4 (i) that a necessary
condition for F to be amenable is that b](f) (F) vanishes for all p > 0. By [80,
Theorem 7.10] this condition is satisfied.

Example 6.9 (Artin groups). Davis and Leary [19] compute for every Artin
group A the reduced L?-cohomology and thus the L?-Betti numbers of the
universal covering Sy of its Salvetti complex S,. The Salvetti complex Sy is
a CW-complex which is conjectured to be a model for the classifying space
BA of A. This conjecture is known to be true in many cases and implies that
the L?-Betti numbers of A are given by the L?-Betti numbers of Sy.
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Example 6.10 (Right angled Coxeter groups). The L?-homology and the
L?-Betti numbers of right angled Coxeter groups are treated by Davis and
Okun [20]. More details will be given in Remark 9.6.

Example 6.11 (Fundamental groups of surfaces and 3-manifolds). Let G be
the fundamental group of a compact orientable surface F, ,;1 of genus g with d
boundary components. Suppose that G is non-trivial which is equivalent to
the condition that d > 1 or g > 1. Then ng is a model for BG and we have
computed b§,2>(G) = b;(f) (F¢) in Subsection 3.3.

Let G be the fundamental group of a compact orientable 3-manifold M.
The case |G| < oo is clear, since then the universal covering is homotopy
equivalent to a sphere or contractible. So let us assume |G| = oco. Un-

der the condition that M in non-exceptional, we have computed b,()Q)(M ) in
Theorem 3.4. If M is prime, then either M = S' x S§? and G = Z and

b;f)(G) =0 for all p > 0 or M is irreducible, in which case M is aspherical
and b\ (G) = b\P) (D).

Suppose that M is not prime. Then still b§2> (@) = ng) (M) by Theorem 2.7
(i)a since the classifying map M — BG is 2-connected. Suppose the prime
decomposition of M looks like M = #!_,M;. Then G = «/_,G; for G; =
71 (M;). We know bz(,Q) (G;) for each i if each M; is non-exceptional and we get
B(G) = S, bP(Gy) for p > 2 from Theorem 6.1 (i).

Example 6.12 (One relator groups). Let G = (¢1,92,...9s | R) be a

torsion-free one relator group for s € {2,3...} II {oo} and one non-trivial
relation R. Then

0 if p#£1;
bé”(G) =< s—2 if p=1and s < oo;
0 if p=1and s = 0.

We only treat the case s < co, the general case is obtained from it by taking
the free amalgamated product with a free group. Because the 2-dimensional
CW-complex X associated to the given presentation is a model for BG (see
[85, chapter IIT §§9 -11]) and satisfies x(X) = s — 2, it suffices to prove
béQ)(G) = 0. We sketch the argument of Dicks and Linnell for this claim.
Howie [56] has shown that such a group G is locally indicable and hence left-
orderable. A result of Linnell [64, Theorem 2] for left-orderable groups says
that an element o € CG with a # 0 is a non-zero-divisor in U (G). This implies
that the second differential CZ;(G> in the chain complex U(G) ®@cq C«(EG) is
injective. Since U(G) is flat over N'(G), we get from Theorem 4.5

B(G) = dimpe) (HS (EGN(G))) = dimye) (HS (EG;U(G)))

= dimyq) (ker (cg{(G))> = 0.
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Linnell has an extensions of this argument to non-torsion-free one-relator
groups G with s > 2 generators. (The case s = 1 is obvious.) Such a group
contains a cyclic subgroup Z/k such that any finite subgroup is subconjugated
to Z/k and then

0 if p # 1;
b](f)(G): 8—1—% ifp:lands<00;
00 ifp=1ands=o00

Example 6.13 (Lattices). Let L be a connected semisimple Lie group with
finite center such that its Lie algebra has no compact ideal. Let G C L be
a lattice, i.e. a discrete subgroup of finite covolume. We want to compute
its L2-Betti numbers. There is a subgroup Gy C G of finite index which is
torsion-free. Since bz(f)(G) =[G : Gy - b1(,2)(G0), it suffices to treat the case
G = Gy, i.e. G C L is a torsion-free lattice.

Let K C L be a maximal compact subgroup. Put M = G\L/K. Then the
space L/ K = Mis a symmetric space of non-compact type. We have already
mentioned in Theorem 3.5 that the work of Borel [6] implies for cocompact G
that b(2 (G) = b ( ) # 0 if and only if f- rk(M) = 0 and 2p = dim(M). This
is actually true without the condition “cocompact”, because the condition
“finite covolume” is enough.

Next we deal with the general case of a connected Lie group L. Let Rad(L)
be its radical. One can choose a compact normal subgroup K C L such that
R =Rad(L) x K is a normal subgroup of L and the quotient L = L/R is a
semisimple Lie group such that its Lie algebra has no compact ideal. Then
G1 = L/LNRis alattice in L; and GNR is a lattice in R. The group GNRis a
normal amenable subgroup of G. If GN R is infinite, we get 61(,2) (G) = 0 for all
p > 0 from Theorem 6.4. If GNR is finite, we get by’ (G) = |GNR|~L-b\Y (Gy)
for all p > 0 from Theorem 6.1 (iv). If the center of L, is infinite, the center of
G must also be infinite and hence béQ) (G1) =0 for all p > 0 by Theorem 6.4.
Suppose that the center of Ly is finite. Then we know already how to compute
the L2-Betti numbers of G from the explanation above.

Given a lattice G in a connected Lie group, b§2> (@) > 0 is true if and only
if G is commensurable with a torsion-free lattice in PSLs(R), or, equivalently
commensurable with a surface group for genus > 2 or a finitely generated
non-abelian free group (see Eckmann [27] or Lott [68, Theorem 2]).

6.4 Deficiency and L’-Betti Numbers of Groups

Let G be a finitely presented group. Define its deficiency def(G) to be the
maximum g(P)—r(P), where P runs over all presentations P of G and ¢g(P) is

the number of generators and r(P) is the number of relations of a presentation
P.
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Next we reprove the well-known fact that the maximum appearing in the
definition of the deficiency does exist.

Lemma 6.14. Let G be a group with finite presentation
P = <81782,...,8g ‘ R15R27"‘7RT>

Let ¢: G — K be any group homomorphism. Then

g(P)—r(P) < 1-b2(K x4 EG;N(K)) + b2 (K x4 EG;N(K))
—b(K x4 EG;N(K)).
Proof. Given a presentation P with g generators and r relations, let X be the
associated finite 2-dimensional C'W-complex. It has one 0-cell, g 1-cells, one
for each generator, and r 2-cells, one for each relation. There is an obvious
isomorphism from 7 (X) to G so that we can choose a map f: X — BG which

induces an isomorphism on the fundamental groups. It induces a 2-connected
K-equivariant map f: K x4, X — K x4 EG. We conclude from Theorem 2.7

(i)a
b2 (K x4 X;N(K)) = b2(K x4 EGN(K))  for p=0,1;
B (K xo XiN(K)) > bBP(K x, EGN(K)).

We conclude from the L?-Euler-Poincaré formula (see Theorem 2.18 (i))

g—r = 1-xP(K x; X;N(K))
= 10K x4 X; N(K)) + 02 (K x4 X; N(K))
b (K x4 X; N(K))
1— b2 (K x4 EG;N(K)) + b2 (K x, EG;N(K))
—b0M (K x4 EG;N(K)). O

IN

Example 6.15 (Deficiency of some groups). Sometimes the deficiency is
realized by the “obvious” presentation. For instance the deficiency of a free
group (s1,82,...,54 | 0) on g letters is indeed g. The cyclic group Z/n of
order n has the presentation (¢ | " = 1) and its deficiency is 0. The group
Z/n x Z/n has the presentation (s,t | s",t",[s,t]) and its deficiency is —1.

Remark 6.16 (Non-additivity of the deficiency). The deficiency is not addi-
tive under free products by the following example which is a special case of a
more general example due to Hog, Lustig and Metzler [55, Theorem 3 on page
162]. The group (Z/2 x Z/2) x (Z/3 x Z/3) has the obvious presentation

(s0,to,s1.t1 | s5 = t5 = [so,to] = s = 8 = [s1,t1] = 1)
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One may think that its deficiency is —2. However, it turns out that its defi-
ciency is —1, realized by the following presentation

<807t07817t1 | S% = 17[807t0] = t%7‘9:1)) = 1,[81,t1] = tzl))at(Z) = til))>

This shows that it is important to get upper bounds on the deficiency of
groups. Writing down presentations gives lower bounds, but it is not clear
whether a given presentation realizes the deficiency.

Lemma 6.17. Let G be a finitely presented group and let ¢p: G — K be a
homomorphism such that b§2)(K Xy EG;N(K)) =0. Then

(i) def(Q) < 1;

(i) Let M be a closed oriented 4-manifold with G as fundamental group.
Then
[sign(M)| < x(M).

Proof. (i) This follows directly from Lemma 6.14.

(ii) This is a consequence of the L?-Signature Theorem due to Atiyah [2].
Details of the proof can be found in [80, Lemma 7.22]. O

Theorem 6.18. Let 1 — H 5 G % K — 1 be an evact sequence of infinite
groups. Suppose that G is finitely presented and one of the following conditions
1s satisfied:

(i) 0" (H) < o0;

(i) The classical first Betti number of H satisfies by(H) < oo and K belongs
to Bl .

Then
(i) def(G) < 1;

(i) Let M be a closed oriented 4-manifold with G as fundamental group.
Then
[sign(M)| < x(M).
Proof. If condition (i) is satisfied, then b](f)(G) = 0 for p = 0,1 by Theorem
6.4 (vii), and the claim follows from Lemma 6.17.

Suppose that condition (ii) is satisfied. There is a spectral sequence con-
verging to H)Y, (K x, EG; N(K)) with E*-term
E}, = Tor,* (H,(BH;C),N(K))
(108, Theorem 5.6.4 on page 143]. Since H,(BH;C) is C with the trivial K-
action for ¢ = 0 and finite dimensional as complex vector space by assumption
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for ¢ = 1, we conclude dim /(g (qu) =0 for p+ ¢ = 1 from the assumption
ng)(K) = 0. This implies ng)(K X4 EG;N(K)) = 0 and the claim follows
from Lemma 6.17. O

Theorem 6.18 generalizes results in [29], [58], where also some additional
information is given. Furthermore see [49], [63]. We mention the result of
Hitchin [54] that a connected closed oriented smooth 4-manifold which admits
an Einstein metric satisfies the stronger inequality |sign(M)| < % - x(M).

Finally we mention the following result of Lott [68, Theorem 2] (see also
[28]) which generalizes a result of Lubotzky [70]. The statement we present
here is a slight improvement of Lott’s result due to Hillman [53].

Theorem 6.19 (Lattices of positive deficiency). Let L be a connected Lie
group. Let G be a lattice in L. If def(G) > 0, then one of the following
assertions holds:

(i) G is a lattice in PSLy(C);

(i) def(G) = 1. Moreover, either G is isomorphic to a torsion-free non-
uniform lattice in R x PSLy(R) or PSLy(C), or G is Z or Z>.

7 G- and K-Theory

In this section we discuss the projective class group K, (N (G)) of a group von
Neumann algebra. We present applications of its computation to Gy (CG) and
the Whitehead group Wh(G) of a group G.

7.1 The Kjy-group of a Group von Neumann Algebra

In this subsection we want to investigate the projective class group of a group
von Neumann algebra.

Definition 7.1 (Definition of K,(R) and Go(R)). Let R be an (associative)
ring (with unit). Define its projective class group Ky(R) to be the abelian
group whose generators are isomorphism classes [P] of finitely generated pro-
jective R-modules P and whose relations are [Py] + [P2] = [P1] for any exact
sequence 0 — Py — Py — Py — 0 of finitely generated projective R-modules.
Define the Grothendieck group of finitely generated modules Go(R) anal-
ogously but replace finitely generated projective with finitely generated.

The group Kj is known for any von Neumann algebra (see for instance
[80, Subsection 9.2.1]. For simplicity we only treat the von Neumann algebra
N(G) of a group here.

The next result is taken from [60, Theorem 7.1.12 on page 462, Proposition
7.4.5 on page 483, Theorem 8.2.8 on page 517, Proposition 8.3.10 on page 525,
Theorem 8.4.3 on page 532].
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Theorem 7.2 (The universal trace). There is a map

into the center Z(N(G)) of N(G) called the center valued trace or universal
trace of N'(G), which is uniquely determined by the following two properties:

(i) tr}t\/(c) is a trace with values in the center, i.e. tr}Lv(G) is C-linear, fora €
N(G) with a = 0 we have try; ) (a) = 0 and tri, g (ab) = tri s (ba)
for all a,b € N(G);

(ii) tri () (a) = a for all a € Z(N(G)).

The map tr}‘\/(m has the following further properties:

(iii) trip g s faithful, i.e. tri, g (a) =04 a=0 fora€ N(G),a > 0;

(iv) tryy ) is normal, i.e. for a monotone increasing net {a; | i € I} of
positive elements a; with supremum a we have try, o (a) = sup{tr (a;) |
i € I}, or, equivalently, tr}lv(G) is continuous with respect to the ultra-
weak topology on N (G);

(v) |tk (@ < llal for a € N(G);
(vi) 1} (ab) = atrfy g (b) for all a € Z(N(G)) and b € N(G);

(vii) Let p and q be projections in N'(G). Then p ~ q, i.e. p=uu* and ¢ =
u*u for some element uw € N(G), if and only if tr}‘v(m(p) = i@ (q);

(viii) Any linear functional f: N(G) — C which is continuous with respect to
the norm topology on N'(G) and which is central, i.e. f(ab) = f(ba) for
all a,b € N(G) factorizes as

N(G) ST Z(N(G)) flznvey) C.

Definition 7.3 (Center valued dimension). For a finitely generated projective
N (G)-module P define its center valued von Neumann dimension by

i) (P) i= 3ty (ai) € ZW(G)?? = {a € ZN(G)) | a = a')

for any matriz A = (a;;)i; € M, (N(G)) with A2 = A such that the image
of the map r4: N(G)* — N(G)" induced by right multiplication with A is
N(G)-isomorphic to P.
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There is a classification of von Neumann algebras into certain types. We
only need to know what the type of a group von Neumann algebra is.

Lemma 7.4. Let G be a discrete group. Let Gy be the normal subgroup
of G consisting of elements g € G whose centralizer has finite index (or,
equivalently, whose conjugacy class (g) consists of finitely many elements).
Then:

(i) The group von Neumann algebra N (G) is of type Iy if and only if G is
virtually abelian;

(i1) The group von Neumann algebra N'(G) is of type I, if and only if the
index of Gy in G is infinite;

(iii) Suppose that G is finitely generated. Then N(G) is of type Iy if G is
virtually abelian, and of type 11, if G is not virtually abelian;

(iv) The group von Neumann algebra N (G) is a factor, i.e. its center con-
sists of {r - In(q) | r € C}, if and only if Gy is the trivial group.
Proof. (i) This is proved in [61], [103].
(ii) This is proved in [61],[88].

(iii) This follows from assertions (i) and (ii) since for finitely generated G the
group G has finite index in G if and only if G is virtually abelian.

(iv) This follows from [23, Proposition 5 in II1.7.6 on page 319]. O
The next result follows from [60, Theorem 8.4.3 on page 532, Theorem
8.4.4 on page 533].

Theorem 7.5 (K of finite von Neumann algebras). Let G be a group.
(i) The following statements are equivalent for two finitely generated pro-
jective N'(G)-modules P and Q:
(a) P and Q are N (G)-isomorphic;

(b) P and Q are stably N'(G)-isomorphic, i.e. P®V and Q ®V
are N'(G)-isomorphic for some finitely generated projective N'(G)-
module V';

(¢) dimyrg)(P) = dimjy ) (Q);
(d) [P] = [Q] in Ko(N(G));

(i) The center valued dimension induces an injection
dimya): Ko(M(G)) — ZIN(@)Y? = {a € ZN(G)) | a=a’},

where the group structure on Z(N'(G))%/? comes from addition. If N'(G)
is of type 111, this map is an isomorphism. O
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Remark 7.6 (Group von Neumann algebras and representation theory).
Theorem 7.5 shows that the group von Neumann algebra is the right gen-
eralization of the complex group ring from finite groups to infinite groups if
one is concerned with representation theory of finite groups. Namely, let G
be a finite group. Recall that a finite dimensional complex G-representation
V is the same as a finitely generated CG-module and that Ky(CG) is the
same as the complex representation ring. Moreover, two finite dimensional
G-representations V' and W are linearly G-isomorphic if and only if they have
the same character. Recall that the character is a class function. One easily
checks that the complex vector space of class functions on a finite group G is
the same as the center Z(CG) and that the character of V' contains the same
information as dimj,(¢ (V).

Remark 7.7 (Factors). Suppose that A (G) is a factor, i.e. its center con-
sists of {r - Invq) | r € C}. By Lemma 7.4 (iv) this is the case if and
only if Gy is the trivial group. Then dimpr(q) = dim}’\’/(G) and two finitely
generated projective N'(G)-modules P and @ are N (G)-isomorphic if and
only if dimpy)(P) = dim(e)(Q) holds. This has the consequence that
for a free G-CW-complex X of finite type the p-th L?-Betti number deter-
mines the isomorphism type of PHE (X; N(@)). In particular we must have
PHY (X;N(G)) gy N(G)" provided that n = bf)(X;N(G)) is an inte-
ger. If one prefers to work with reduced L?-homology, this is equivalent to
the statement that HI(,Q)(X :12(@)) is isometrically G-linearly isomorphic to

12(G)" provided that n = b\” (X;NV(G)) is an integer.

Remark 7.8 (The reduced L?-cohomology of torsion-free groups). Let G
be a torsion-free group. Suppose that it satisfies the Atiyah Conjecture 4.1
for (G,1,Q). Suppose that there is a model for BG of finite type. Then
we get for all p that PHY (EG;N(G)) =) N(G)", or, equivalently, that
HS? (X;12(G)) is isometrically G-linearly isomorphic to 2(G)" if the integer
n is given by n = béQ)(X;N(G)). This claim is proved in [80, solution to
Exercise 10.11 on page 546].

We mention that the inclusion i: N (G) — U(G) induces an isomorphism
The Farrell-Jones Conjecture for Ky(CG), the Bass Conjecture and the

passage in K from ZG to CG and to N(G) is discussed in [80, Section 9.5.2]
and [81].
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7.2 The K;- and L-groups of a Group von Neumann Al-
gebra

A complete calculation of the Kj-group and of the L-groups of any von Neu-
mann algebra and of the associated algebra of affiliated operators can be found
in [80, Section 9.3 and Section 9.4], [83] and [99].

7.3 Applications to G-theory of Group Rings

Theorem 7.9 (Detecting Go(CG) by Ky(N(G)) for amenable groups). If G
is amenable, the map

I: Go(CG) — Ky(N(G)), [M] = [PN(G) ®ca M]

is a well-defined homomorphism. If f: Ky(CG) — Gy(CQG) is the forgetful
map sending [P] to [P] and i.: Ky(CG) — Ky(N(Q)) is induced by the in-
clusion i: CG — N(G), then the composition Lo f agrees with i,.

Proof. This is essentially a consequence of the dimension-flatness of N (G)
over CG (see Theorem 5.1). Details of the proof can be found in [80, Theorem
9.64]. O

Now one can combine Theorem 7.5 and Theorem 7.9 to detect elements
in Gy(CQ) for amenable G. In particular one can show

dimg (Q®z Go(CG)) = [con(G)yqfl, (7.10)

where con(G) s is the set of conjugacy classes (g) of elements g € G such
that g has finite order and (g) contains only finitely many elements. Notice
that con(G)y,.¢ contains at least one element, namely the unit element e.

Remark 7.11 (The non-vanishing of [RG] in G¢(RG) for amenable groups).
A direct consequence of Theorem 7.9 is that for an amenable group G the class
[CGE] in Gy (CG) generates an infinite cyclic subgroup. Namely, the dimension
induces a well-defined homomorphism

which sends [CG] to 1. This result has been extended by Elek [32] to finitely
generated amenable groups and arbitrary fields F', i.e. there is a well-defined
homomorphism Gy (FG) — R, which sends [F'G] to 1 and is given by a certain
rank function on finitely generated FG-modules.

The class [RG] in K, (RQG) is never zero for a commutative integral domain
R with quotient field R(gy. The augmentation RG — R and the map K, (R) —
Z, [P]~ dimp, (Ro) ®r P) together induce a homomorphism Ko (RG) —
Z which sends [RG] to 1. A decisive difference between Ky (RG) and Go(RG)
is that [RG] = 0 is possible in Gy(RG) as the following example shows.
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Example 7.12 (The vanishing of [RG] in Go(RG) for groups G containing
Z+7Z). We abbreviate F, = Z+Z. Suppose that G contains F as a subgroup.
Let R be a ring. Then

[RG] = 0 € Gy(RG)

holds by the following argument. Induction with the inclusion F» — G induces
a homomorphism Go(RF;) — Go(RG) which sends [RF3] to [RG]. Hence
it suffices to show [RFy] = 0 in Go(RFy). The cellular chain complex of
the universal covering of S' Vv S! yields an exact sequence of RF,-modules
0 — (RF,)? — RFy, — R — 0, where R is equipped with the trivial F»-
action. This implies [RFy] = —[R] in Go(RF;). Hence it suffices to show
[R] = 0 in Go(RF3). Choose an epimorphism f: Fy — Z. Restriction with f
defines a homomorphism Gy (RZ) — Gy (RF»). It sends the class of R viewed
as trivial RZ-module to the class of R viewed as trivial RFy-module. Hence
it remains to show [R] = 0 in G¢(RZ). This follows from the exact sequence
0> RZ 5 RZ — R —0forsa generator of Z which comes from the

cellular RZ-chain complex of St
Remark 7.11 and Example 7.12 give some evidence for

Conjecture 7.13. (Amenability and the regular representation in G-
theory). Let R be a commutative integral domain. Then a group G is
amenable if and only if [RG] # 0 in Go(RG).

Remark 7.14 (The Atiyah Conjecture for amenable groups and Gy(CG)).
Assume that G is amenable and that there is an upper bound on the orders
of finite subgroups of G. Then the Atiyah Conjecture 4.1 for (G, d,C) is true
if and only if the image of the map

dimN(G) : Go(CG) — R, [M] — dim/\/(@)(N(G) Qca M)
is contained in {r e R | d-r € Z}.
Example 7.15 (K,(CG) — Gy(CQG) is not necessarily surjective). Let A =
D,.cz Z/2. This abelian group is locally finite. Hence the map

P  Ko(CH) — Ky(CA)
HCA,|H|< oo

is surjective and the image of

dimN(G) 1 K ((CA) — R, [P] — dimN(A) (N(A) Rca P)
is Z[1/2]. On the other hand the argument in [80, Example 10.13] shows that
the map

dimN(G) : G()(CA) — R, [M] — dimN(A) (N(A) ®(CA M)

is surjective. In particular the obvious map Ky (CA) — Gy(CA) is not surjec-
tive.
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7.4 Applications to the Whitehead Group

The Whitehead group Wh(G) of a group G is the quotient of K (ZG) by the
subgroup which consists of elements given by units of the shape +g € ZG
for g € G. Let i: H — G be the inclusion of a normal subgroup H C G. It
induces a homomorphism iy: Wh(H) — Wh(G). The conjugation action of
G on H and on G induces a G-action on Wh(H) and on Wh(G) which turns
out to be trivial on Wh(G). Hence i, induces homomorphisms

i1: Z ®z¢ Wh(H) — Wh(G); (7.16)
in: Wh(H)® — Wh(G). (7.17)

Theorem 7.18 (Detecting elements in Wh(G)). Let i: H — G be the inclu-
sion of a normal finite subgroup H into an arbitrary group G. Then the maps
i1 and iy defined in (7.16) and (7.17) have finite kernel.

Proof. See [80, Theorem 9.38]. O
We emphasize that Theorem 7.18 above holds for all groups G. It seems
to be related to the Farrell-Jones Isomorphism Conjecture.

8 Measurable Group Theory

In this section we want to discuss an interesting relation between L>-Betti
numbers and measurable group theory. We begin with formulating the main
result.

Definition 8.1 (Measure equivalence). Two countable groups G and H are
called measure equivalent if there exist commuting measure-preserving free
actions of G and H on some standard Borel space (S0, 1) with non-zero Borel
measure | such that the actions of both G and H admit measure fundamental
domains X andY of finite measure.

The triple (Q, X,Y) is called a measure coupling of G and H. The index

of (2, X,Y) is the quotient %

Here are some explanations. A Polish space is a separable topological space
which is metrizable by a complete metric. A measurable space Q = (2, A) is
a set € together with a o-algebra A. It is called a standard Borel space if it
is isomorphic to a Polish space with its Borel o-algebra. (The Polish space
is not part of the structure, only its existence is required.) More information
about this notion of measure equivalence can be found for instance in [36],
[37] and [46, 0.5E].

The following result is due to Gaboriau [38, Theorem 6.3]. We will discuss
its applications and sketch the proof based on homological algebra and the
dimension function due to R. Sauer [100].



L% -invariants 117

Theorem 8.2 (Measure equivalence and L?-Betti numbers). Let G and H
be two countable groups which are measure equivalent. If C' > 0 is the index
of a measure coupling, then we get for all p >0

bM(G) = C b (H).

The general strategy of the proof of Theorem 8.2 is as follows. In the first
step one introduces the notion of a standard action G ~ X and of a weak
orbit equivalence of standard actions of index C' and shows that two groups
G and H are measure equivalent of index C' if and only if there exist standard
actions G ~ X and H ~ Y which are weakly orbit equivalent with index
C. In the second step one assigns to a standard action G ~ X L?-Betti
numbers b1()2) (G ~ X)), which involve only data that is invariant under orbit
equivalence. Hence b,()Q) (G ~ X) itself depends only on the orbit equivalence
class of G ~ X. In order to deal with weak orbit equivalences, one has
to investigate the behaviour of the L?-Betti numbers of bE,Q)(G ~ X)) under
restriction. Finally one proves that the L?-Betti numbers of a standard action
G ~ X agree with the L?-Betti numbers of G itself.

A version of Theorem 8.2 for L?-torsion is presented in Conjecture 11.30.

8.1 Measure Equivalence and Quasi-Isometry

Remark 8.3 (Measure equivalence is the measure theoretic version of quasi-i-
sometry). The notion of measure equivalence can be viewed as the measure
theoretic analogue of the metric notion of quasi-isometric groups. Namely,
two finitely generated groups Gy and G are quasi-isometric if and only if
there exist commuting proper (continuous) actions of Gy and G; on some
locally compact space such that each action has a cocompact fundamental
domain [46, 0.2 C} on page 6].

Example 8.4 (Infinite amenable groups). Every countable infinite amenable
group is measure equivalent to Z (see [94]). Since obviously all the L2-Betti
numbers of Z vanish, Theorem 8.2 implies the result of Cheeger and Gromov
that all the L?-Betti numbers of an infinite amenable group vanish.

Remark 8.5 (L?-Betti numbers and quasi-isometry). If the finitely gener-
ated groups Gy and (G are quasi-isometric and there exist finite models for
BGy and BG\, then biY (Gy) = 0 < b\*(G1) = 0 holds (see [46, page 224],
[95]). But in general it is not true that there is a constant C' > 0 such that
b](,Q)(GO) = C- b§,2>(G1) holds for all p > 0 (cf. [39, page 7], [46, page 233],
[109]).

Remark 8.6 (Measure equivalence versus quasi-isometry). If F; denotes the
free group on g generators, then define G,, := (F5 x F3) % F,, for n > 2. The
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groups G, and G,, are quasi-isometric for m,n > 2 (see [21, page 105 in IV-
B.46], [109, Theorem 1.5]) and have finite models for their classifying spaces.
One easily checks using Theorem 6.1 that bgz) (G,) =n and b(22) (Gn) =4.

Theorem 8.2 due to Gaboriau implies that G,, and G,, are measure equiv-
alent if and only if m = n holds. Hence there are finitely presented groups
which are quasi-isometric but not measure equivalent.

The converse is also true. The groups Z" and Z™ are infinite amenable and
hence measure equivalent. But they are not quasi-isometric for different m
and n since n is the growth rate of Z" and the growth rate is a quasi-isometry
invariant.

Notice that Theorem 8.2 implies that the sign of the Euler characteristic
of a group G is an invariant under measure equivalence, which is not true for
quasi-isometry by the example of the groups G,, above.

Let the two groups G and H act on the same metric space X properly
and cocompactly by isometries. If X is second countable and proper, then G
and H are measure equivalent. [100, Theorem 2.36]. If X is a geodesic and
proper, then G and H are quasi-isometric.

Remark 8.7 (Kazhdan’s property (T)). Kazhdan’s property (T') is an invari-
ant under measure equivalence [36, Theorem 8.2]. There exist quasi-isometric
finitely generated groups Gy and G; such that Gy has Kazhdan’s property
(T') and Gy not (see [39, page 7]). Hence Gy and G, are quasi-isometric but
not measure equivalent.

The rest of this section is devoted to an outline of the proof of Theorem 8.2
due to R. Sauer [100] which is simpler and more algebraic than the original
one of Gaboriau [38] and may have the potential to apply also to L>-torsion.

8.2 Discrete Measured Groupoids

A groupoid is a small category in which all morphisms are isomorphisms. We
will identify a groupoid G with its set of morphisms. Then the set of objects
G can be considered as a subset of G via the identity morphisms. There are
four canonical maps,

G, (frx—y) —
G, (fra—y) — y;
G, f— Y

G, (f,g)—fogy,

where G* is {(f,9) € G x G | s(f) = t(g)}. We will often abbreviate f o g by
fg.

A discrete measurable groupoid is a groupoid G equipped with the struc-
ture of a standard Borel space such that the inverse map and the composition
are measurable maps and s~ (x) is countable for all objects € G'. Then

source map S:
target map ¢:
inverse map %:
composition o:

QINRQRQ

Ll
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QU C @ is a Borel subset, the source and the target maps are measurable and
t=!(z) is countable for all objects z € G°.
Let u be a probability measure on GY. Then for each measurable subset
A C G the function
G" = C, zr|st(z)NA|

is measurable and we obtain a o-finite measure us on G by

ha(4) = /G 57 @) 0 Al due)

It is called the left counting measure of p. The right counting measure p; is
defined analogously replacing the source map s by the target map ¢t. We call
W invariant if p, = p, or, equivalently, if i,us = us. A discrete measurable
groupoid G together with an invariant measure x on G° is called a discrete
measured groupoid. Given a Borel subset A C G° with u(A) > 0, there is
the restricted discrete measured groupoid G|a = s~'1(A) Nt~1(A), which is
equipped with the normalized measure ﬁ S pla-

An isomorphism of discrete measured groupoids f: G — H is an isomor-
phisms of groupoids which preserves the measures. Given measurable subsets
A C G and B C H" such that t(s~'(A)) and t(s~'(B)) have full mea-
sure in G and H° respectively, we call an isomorphism of discrete measured
groupoids f: G4 — Hp a weak isomorphism of discrete measured groupoids.

Example 8.8 (Orbit equivalence relation). Consider the countable group G
with an action G ~ X on a standard Borel space X with probability measure
u by p-preserving isomorphisms. The orbit equivalence relation

RGEG~X) = {(z,92) |z € X, g€ G} CX xX

becomes a discrete measured groupoid by the obvious groupoid structure and
measure.

An action G ~ X of a countable group G is called standard if X is a
standard Borel measure space with a probability measure pu, the action is by
p-preserving Borel isomorphisms and the action is essentially free, i.e. the
stabilizer of almost every xz € X is trivial. Every countable group G admits a
standard action, which is given by the shift action on J] [0, 1]. Notice that
this G-action is not free but essentially free.

Two standard actions G ~ X and H ~ Y are weakly orbit equivalent if
there are Borel subsets A C X and B C Y, which meet almost every orbit
and have positive measure in X and Y respectively, and a Borel isomorphism
f: A — B, which preserves the normalized measures on A and B and satisfies

f(G-zNnA) = H-f(x)NB



120 W. Liick

for almost all z € A. If A has full measure in X and B has full measure in
Y, then the two standard actions are called orbit equivalent. The map f is
called a weak orbit equivalence or orbit equivalence respectively. The index of

a weak orbit equivalence of f is the quotient %. The next result is due to

Furman [37, Theorem 3.3].

Theorem 8.9 (Measure equivalence and weak orbit equivalence). Two count-
able groups are measure equivalent with respect to a measure coupling of index
C > 0 if and only if there exist standard actions of G and H which are weakly
orbit equivalent with index C.

8.3 Groupoid Rings

Let G be a discrete measured groupoid with invariant measure p on G°. For
a function ¢: G — C and z € G° put

S@)(x) = HgeGlolg) #0,s(9) =x} €{0,1,2...} I {oo};
T(¢)(x) = HgeGlelg) #0,t(g) =x} €{0,1,2...} I {oo}.

Let pug = ps = g be the measure on G induced by p. Let L>®(G) =
L>(G; ) be the C-algebra of equivalence classes of essentially bounded mea-
surable functions G — C. Define L®(G") = L>°(G"; 1) analogously. Define
the groupoid ring of G as the subset

CG :={¢p € L™(G) | S(¢) and T(¢) are essentially bounded on G}.

(8.10)

The addition comes from the pointwise addition in L*°(G). Multiplication
comes from the convolution product

G-0)g) = > blgr) ¥(g)

91,92 €EG.
g2091=9

An involution of rings on CG is defined by (¢*)(g) := ¢(i(g)). Define the
augmentation homomorphism e: CG — L*(G") by sending ¢ to e(¢): G° —
C, zw+— derl(a:) #(g). Notice that € is in general not a ring homomor-
phism, it is only compatible with the additive structure. It becomes a homo-
morphism of CG-modules if we equip L>(G") with the following CG-module
structure

¢-f=e(¢-j(f) forpeCG,feL>G"),

where j: L™ (QO) — CG is the inclusion of rings, which is given by extending
a function on G to G by putting it to be zero outside G°.
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Given a group G and a ring R together with a homomorphism c¢: G —
aut(R), define the crossed product ring R *. G as the free R-module with G
as R-basis and the multiplication given by

Z?ﬁ(,-g : Zsf/'g = Z Z Tg - c(91)(s5,) | - 9-

9€@ ge@ 9€G \ 91,92 €G,
9=919>
Given a standard action G ~ X, let L°(X) x G be the crossed product ring
L (X) *. G with respect to the group homomorphism ¢: G — aut (L*° (X))
which sends g to the automorphism given by composition with I;—1: X —
X, x> g 'z. We obtain an injective ring homomorphism

k: L®(X) * G — CR(G ~ X)

which sends 3 .. fy - g to the function (gz,2) — f;(gz). In the sequel we
will regard L*°(X) * G as a subring of CR(G ~ X)) using k.

Next we briefly explain how one can associate to the groupoid ring CG
of a discrete measured groupoid G a von Neumann algebra N(G), which is
finite, or, equivalently, which possesses a faithful finite normal trace. One can
define on CG an inner product

(G) = /G 6(9) - 0(g) dua-

Then CG as a C-algebra with involution and the scalar product above satisfies
the axioms of a Hilbert algebra A, i.e. we have (y,z) = (x*,y*) for z,y € A,
(xy,z) = (y,x*z) for z,y,z € A and the map A — A, y +— yzx is continuous
for all x € A. Let Hy be the Hilbert space completion of A with respect to
the given inner product. Define the von Neumann algebra N'(A) associated
to A by the C-algebra with involution B(H 4)# which consists of all bounded
left A-invariant operators H4 — H 4. The standard trace is given by

traa)y: N(A) = C,  f = (f(1a),1a).

We do get a dimension function as in Theorem 1.11 for N'(A).

Our main example will be V(G ~ X) := N(CR(G ~ X)) for a standard
action G ~ X of G.

If G is a countable group and G = G is the associated discrete measured
groupoid with one object, then CG = CG, I?(G) = Hcg and the definition of
N(G) and tryr(g) above agrees with the previous Definition 1.1 of N'(G) and

tl“/\/((;>.

Remark 8.11 (Summary and Relevance of the algebraic structures associated
to a standard action). Let G ~ X be a standard action. We have the following
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commutative diagram of inclusions of rings

c — CG — CG — N(G)

l l ! l

L®(X) —— L®(X)*G —— CR(G~X) —— N(G ~ X)

There is a CG-module structure on L>®(R(G ~ X)%) = L>(X). Its re-
striction to L>®(X)« G C CR(G ~ X) is the obvious L*°(X) x G-module
structure on L (X).

The following observation will be crucial. Given two standard actions
G ~ X and G ~ Y, an orbit equivalence f from G ~ X to H ~ Y induces
isomorphisms of rings, all denoted by f, such that the following diagram with
inclusions as horizontal maps commutes

L¥(X) —— CR(G ~ X) —— N(G ~ X)

f*lg f*lg ,-*lg

L®(Y) —— CR(HAY) —— N(GAY)

It is not true that f induces a ring map L*(X) « G — L*>°(Y) * H, since
we only require that f maps orbits to orbits but nothing is demanded about
equivariance of f with respect to some homomorphism of groups from G — H.
The crossed product ring L*>(X) * G contains too much information about
the group G itself. Hence we shall only involve L*°(X), CR(G ~ X), and
N(G ~ X) in any algebraic construction which is designed to be invariant
under orbit equivalence.

8.4 [L?-Betti Numbers of Standard Actions

Definition 8.12. Let G be a discrete measured groupoid. Define its p-th
L?-Betti number by

H(G) = dimyg) (Tog® WG, L7(G)) )

Given a standard action G ~ X, define its p-th L?>-Betti number as the
p-th L*-Betti number of the associated orbit equivalence relation R(G ~ X),
i.€.

b(G~ X) = dimygax) (TorfR(G“X) WN(G ~ X), L‘X’(X))) .

Notice that Theorem 8.2 is true if we can prove the following three lemmas.

Lemma 8.13. If two standard actions G ~ X and H ~'Y are orbit equiva-
lent, then they have the same L?-Betti numbers.
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Lemma 8.14. Let G be a discrete measured groupoid. Let A C G be a Borel
subset such that t(s~'(A)) has full measure in G°. Then we get for all p > 0

(G) = u(A) b7 (Gla)-
Lemma 8.15. Let G ~ X be a standard action. Then we get for all p > 0

B(G A X) = b2(G).

Lemma 8.13 follows directly from Remark 8.11. The hard part of the
proof of Theorem 8.2 is indeed the proof of the remaining two Lemmas 8.14
and 8.15. This is essentially done by developing some homological algebra
over finite von Neumann algebras taking the dimension for arbitrary modules
into account.

8.5 Invariance of L?-Betti Numbers under Orbit
Equivalence

As an illustration we sketch the proof of Lemma 8.15. It follows from the
following chain of equalities which we explain briefly below.

b2 (@) =

dimy () (Tors® (W(G),0)) (8.16)
= dimy(ex) (NG~ X) @) Torf® (W(6),0)) (8.17)
= dimpgax) (TorgG (G~ X), cC)) (8.18)

= dimy(gax) (Torg‘” N(G ~ X),L=(X) % G @c C) )
(8.19)
= dimpgax) (Torf X)+G (A (GmX),LOO(X))) (8.20)
= dimygny) (Torgn (@X) (NG ~ X), L°°(X))) (8.21)
= (G~ X). (8.22)

Equations (8.16) and (8.22) are true by definition. The inclusion of von Neu-
mann algebras N (G) — N (G ~ X) preserves the traces. This implies that
the functor N (G ~ X) @ () — from N(G)-modules to N (G ~ X)-modules
is faithfully flat and preserves dimensions. The proof of this fact is completely
analogous to the proof of Theorem 1.18. This shows (8.17) and (8.18). For
every CG-module M there is a natural L>°(X) % G-isomorphism

L®(X) % G ®cg M = L®(X) ®¢ M.
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This shows that L>°(X) = G is flat as CG-module and that (8.19) and (8.20)
are true. The hard part is now to prove (8.21), which is the decisive step, since
here one eliminates L™ (X) * G from the picture and stays with terms which
depend only on the orbit equivalence class of G ~ X. Its proof involves
homological algebra and dimension theory. It is not true that the relevant
Tor-terms are isomorphic, they only have the same dimension.

This finishes the outline of the proof of Lemma 8.15 and of Theorem 8.2.
The complete proof can be found in [100].

9 The Singer Conjecture

In this section we briefly discuss the following conjecture.

Conjecture 9.1 (Singer Conjecture). If M is an aspherical closed manifold,
then
2 oyt . .
b2 (M) = 0 if 2p # dim(M).

If M is a closed connected Riemannian manifold with negative sectional cur-
vature, then

(0 if2p#dim(M);
b(2)(M) { =0 if2p:dim(M)~

We mention that all the explicit computations presented in Section 3 are
compatible with the Singer Conjecture 9.1. A version of the Singer Conjecture
for L?-torsion will be presented in Conjecture 11.28.

9.1 The Singer Conjecture and the Hopf Conjecture

Because of the Euler-Poincaré formula x(M) = > o,(-=1)" - b;,Q)(M) (see
Theorem 2.7 (x)) the Singer Conjecture 9.1 implies the following conjecture
in case M is aspherical or has negative sectional curvature.

Conjecture 9.2 (Hopf Conjecture). If M is an aspherical closed manifold of
even dimension, then

(_1)(11111(]\1)/2 . X(M) > 0.

If M is a closed Riemannian manifold of even dimension with sectional cur-
vature sec(M), then

(—1)‘1?1“(1”)/2 x(M) > 0 if sec(M) < 0
(=1)dimAD/2 (M) > 0 if sec(M) < 0;
x(M) = 0 if sec(M) = 0
x(M) > 0 if  sec(M) > 0
x(M) > 0 if  sec(M) > 0.
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In original versions of the Singer Conjecture 9.1 and the Hopf Conjecture
9.2 the statements for aspherical manifolds did not appear. Every Riemannian
manifold with non-positive sectional curvature is aspherical by Hadamard’s
Theorem.

9.2 Pinching Conditions

The following two results are taken from the paper by Jost and Xin [59,
Theorem 2.1 and Theorem 2.3].

Theorem 9.3. Let M be a closed connected Riemannian manifold of dimen-
sion dim(M) > 3. Suppose that there are real numbers a > 0 and b > 0
such that the sectional curvature satisfies —a® < sec(M) < 0 and the Ricci
curvature is bounded from above by —b%. If the non-negative integer p satisfies
2p # dim(M) and 2pa < b, then

Theorem 9.4. Let M be a closed connected Riemannian manifold of dimen-
sion dim(M) > 4. Suppose that there are real numbers a > 0 and b > 0
such that the sectional curvature satisfies —a® < sec(M) < —b*. If the non-
negative integer p satisfies 2p # dim(M) and (2p — 1) - a < (dim(M) — 2) - b,
then

b2 (M) = 0.

The next result is a consequence of a result of Ballmann and Briining [3,
Theorem B on page 594].

Theorem 9.5. Let M be a closed connected Riemannian manifold. Suppose
that there are real numbers a > 0 and b > 0 such that the sectional curvature
satisfies —a® < sec(M) < —b?. If the non-negative integer p satisfies 2p <
dim(M) —1 and p-a < (dim(M) — 1 —p) - b, then

Theorem 9.4 and Theorem 9.5 are improvements of the older results by
Donnelly and Xavier [26].

Remark 9.6 (Right angled Coxeter groups and Coxeter complexes). Next
we mention the work of Davis and Okun [20]. A simplicial complex L is
called a flag complez if each finite non-empty set of vertices which pairwise
are connected by edges spans a simplex of L. To such a flag complex they
associate a right-angled Coxeter group Wy, defined by the following presenta-
tion [20, Definition 5.1]. Generators are the vertices v of L. Each generator
v satisfies v = 1. If two vertices v and w span an edge, there is the relation
(vw)? = 1. Given a finite flag complex L, Davis and Okun associate to it
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a finite proper Wi-CW-complex X, which turns out to be a model for the
classifying space of the family of finite subgroups Ezn (W) [20, 6.1, 6.1.1
and 6.1.2]. Equipped with a specific metric, ¥ turns out to be non-positive
curved in a combinatorial sense, namely, it is a CAT(0)-space [20, 6.5.3]. If
L is a generalized rational homology (n — 1)-sphere, i.e. a homology (n — 1)-
manifold with the same rational homology as S" !, then X is a polyhedral
homology n-manifold with rational coefficients [20, 7.4]. So X is a remi-
niscence of the universal covering of a closed n-dimensional manifold with
non-positive sectional curvature and fundamental group Wy. In view of the
Singer Conjecture 9.1 the conjecture makes sense that bé2>(EL;N(WL)) =0
for 2p # n provided that the underlying topological space of L is S"~! (or,
more generally, that it is a homology (n — 1)-sphere) [20, Conjecture 0.4 and
8.1]. Davis and Okun show that the conjecture is true in dimension n < 4
and that it is true in dimension (n+ 1) if it holds in dimension n and n is odd
[20, Theorem 9.3.1 and Theorem 10.4.1].

9.3 The Singer Conjecture and Kahler Manifolds

Definition 9.7. Let (M, g) be a connected Riemannian manifold. A (p —1)-
form n € QP~1(M) is bounded if ||n||s = sup{||n|l. | z € M} < oo holds,
where ||n||. is the norm on At? ' (T, M) induced by g,. A p-form w € QP (M)
is called d(bounded) if w = d(n) holds for some bounded (p — 1)-form n €
QP=1(M). A p-form w € QP (M) is called d(bounded) if its lift & € QP (M) to
the universal covering M is d(bounded).

The next definition is taken from [45, 0.3 on page 265].

Definition 9.8 (Ké&hler hyperbolic manifold). A Ké&hler hyperbolic manifold
is a closed connected Kdahler manifold (M,h) whose fundamental form w is

d(bounded).

Example 9.9 (Examples of Kédhler hyperbolic manifolds). The following list
of examples of Kéhler hyperbolic manifolds is taken from [45, Example 0.3]:

(i) M is a closed Kéhler manifold which is homotopy equivalent to a Rie-
mannian manifold with negative sectional curvature;

(ii) M is a closed Kéhler manifold such that 7 (M) is word-hyperbolic in
the sense of [44] and w9 (M) = 0;

(iii) Mis a symmetric Hermitian space of non-compact type;
(iv) M is a complex submanifold of a Kéhler hyperbolic manifold;

(v) M is a product of two Kéhler hyperbolic manifolds.
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The following result is due to Gromov [44, Theorem 1.2.B and Theorem
1.4.A on page 274]. A detailed discussion of the proof and the consequences
of this theorem can also be found in [80, Chapter 11].

Theorem 9.10. (L>-Betti numbers of Kihler hyperbolic manifolds).
Let M be a Kdhler hyperbolic manifold of complex dimension m and real
dimension n = 2m. Then

B (M) = 0 if p# m;
b2 (M) > 0;
(D)™ x(M) > 0

10 The Approximation Conjecture

This section is devoted to the following conjecture.

Conjecture 10.1 (Approximation Conjecture). A group G satisfies the Ap-
proximation Conjecture if the following holds:
Let {G; | © € I} be an inverse system of normal subgroups of G directed
by inclusion over the directed set I. Suppose that (),c; Gi = {1}. Let X be a
G-CW -complex of finite type. Then G;\X is a G/G;-CW -complez: of finite
type and
O (X N(G)) = Tim b (G\X; N (G/G))-

Remark 10.2 (The Approximation Conjecture for subgroups of finite index).
Let us consider the special case where the inverse system {G; | i € I} is given
by a nested sequence of normal subgroups of finite index
G=GyDG DGy DG3D....
Notice that then by (G\X; N (G/Gy)) = 280X here b, (Gi\X) is th
ice that then b, (G\X; N(G/G;)) = [G:GL],Werep( A\X) is the
classical p-th Betti number of the finite CW-complex G;\X. In this special
case Conjecture 10.1 was formulated by Gromov [46, pages 20, 231] and proved
in [72, Theorem 0.1]. Thus we get an asymptotic relation between the L?-Betti
numbers and Betti numbers, namely
by (Gi\X)
B (X;N(G)) = lim "
p (GN(G)) = lim GG
although the Betti numbers of a connected finite CW-complex Y and the
L?-Betti numbers of its universal covering Y have nothing in common except
the fact that their alternating sum equals x(Y") (see Example 6.2).
Interesting variations of this result for not necessarily normal subgroups
of finite index and Betti-numbers with coefficients in representations can be
found in the paper by Farber [34].



128

W. Lick

Definition 10.3. Let G be the smallest class of groups which contains the
trivial group and is closed under the following operations:

(1)

(ii)

(iii)

(i)

(v)

Amenable quotient

Let H C G be a (not necessarily normal) subgroup. Suppose that H €
G and the quotient G/H is an amenable discrete homogeneous space.
(For the precise definition of amenable discrete homogeneous space see
for instance [80, Definition 15.8]. If H C G is normal and G/H is
amenable, then G/H is an amenable discrete homogeneous space.)

Then G € G;

Colimits

If G = colim;e; G; is the colimit of the directed system {G; | i € I} of
groups indexed by the directed set I and each G; belongs to G, then G
belongs to G;

Inverse limits

If G = lim;¢; G is the limit of the inverse system {G; | i € I} of groups
indexed by the directed set I and each G; belongs to G, then G belongs
to G;

Subgroups
If H is isomorphic to a subgroup of the group G with G € G, then H € G;

Quotients with finite kernel
Letl — K — G — @Q — 1 be an exact sequence of groups. If K is finite
and G belongs to G, then @ belongs to G.

Next we provide some information about the class G. Notice that in the
original definition of G due to Schick [102, Definition 1.12] the resulting class is
slightly smaller: there it is required that the class contains the trivial subgroup
and is closed under operations (i), (ii), (iii) and (iv), but not necessarily under
operation (v). The proof of the next lemma can be found in [80, Lemma 13.11].

Lemma 10.4. (i) A group G belongs to G if and only if every finitely gen-

(i)

(ii)

(i)

erated subgroup of G belongs to G;

The class G is residually closed, i.e. if there is a nested sequence of
normal subgroups G = Gy D G1 D Gy D ... such that (5, Gi = {1}
and each quotient G/G; belongs to G, then G belongs to G;

Any residually amenable and in particular any residually finite group
belongs to G;

Suppose that G belongs to G and f: G — G is an endomorphism. Define
the “mapping torus group” Gy to be the quotient of G * Z obtained by
introducing the relations t~'gt = f(g) for g € G and t € Z a fized
generator. Then Gy belongs to G;
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(v) Let {G; | j € J} be a set of groups with G; € G. Then the direct sum
@jeJ G; and the direct product HjeJ G belong to G.

The proof of the next result can be found in [80, Theorem 13.3]. It is a
mild generalization of the results of Schick [101] and [102], where the origi-
nal proof of the Approximation Conjecture for subgroups of finite index was
generalized to the much more general setting above and then applied to the
Atiyah Conjecture. The connection between the Approximation Conjecture
and the Atiyah Conjecture for torsion-free groups comes from the obvious fact
that a convergent series of integers has an integer as limit.

Theorem 10.5 (Status of the Approximation Conjecture). Fvery group G
which belongs to the class G (see Definition 10.3) satisfies the Approximation
Conjecture 10.1.

11 L2-Torsion

Recall that L?-Betti numbers are modelled on Betti numbers. Analogously
one can generalize the classical notion of Reidemeister torsion to an L%-setting,
which will lead to the notion of L?-torsion. The L?-torsion may be viewed as a
secondary L?-Betti number just as the Reidemeister torsion can be viewed as
a secondary Betti number. Namely, the Reidemeister torsion is only defined
if all the Betti numbers (with coefficients in a suitable representation) vanish,
and similarly the L2-torsion is defined only if the L?-Betti numbers vanish.
Both invariants give valuable information about the spaces in question.

11.1 The Fuglede-Kadison Determinant

In this subsection we briefly explain the notion of the Fuglede-Kadison de-
terminant. We have extended the notion of the (classical) dimension of a
finite dimensional complex vector space to the von Neumann dimension of a
finitely generated projective N'(G)-module (and later even to arbitrary N'(G)-
modules). Similarly we want to generalize the classical determinant of an
endomorphism of a finite dimensional complex vector space to the Fuglede-
Kadison determinant of an N'(G)-endomorphism f: P — P of a finitely gen-
erated projective N (G)-module P and of an N'(G)-map f: N (G)" — N(G)"
of based finitely generated A(G)-modules. This is necessary since for the
definition of Reidemeister torsion one needs determinants and hence for the
definition of L?-torsion one has to develop an appropriate L?-analogue.

Definition 11.1 (Spectral density function). Let f: N'(G)" — N(G)" be an
N(G)-homomorphism. Let v(f): I>(G)™ — I2(G)" be the associated bounded

G-equivariant operator (see Remark 1.7). Denote by {E{*f | A € R} the
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right-continuous family of spectral projections of the positive operator v(f* f).
Define the spectral density function of f by

Fj:R—[0,00) A dimyg (m(E{jf)) .

The spectral density function is monotone and right-continuous. It takes
values in [0, m]. Here and in the sequel |z| denotes the norm of an element x
of a Hilbert space and ||T'|| the operator norm of a bounded operator T'. Since
v(f) and v(f*f) have the same kernel, dim ) (ker(f)) = Fy(0).

Example 11.2 (Spectral density function for finite G). Suppose that G is
finite. Then CG = N(G) = I*(G) and v(f) = f. Let 0 < X\ < ... < A, be
the eigenvalues of f*f and u; be the multiplicity of )\;, i.e. the dimension of
the eigenspace of A;. Then the spectral density function is a right continuous
step function which is zero for A < 0 and has a step of height |“d| at each /).

Example 11.3 (Spectral density function for G = Z"). Let G = Z". We
use the identification N (Z") = L*°(T") of Example 1.4. For f € L>°(T") the
spectral density function Fys, of M;: L*(T") — L*(T"), g+ g - f sends A
to the volume of the set {z € T™ | |f(2)| < A}.

Definition 11.4. (Fuglede-Kadison determinant). Let f: N(G)" —
N(G)" be an N(G)-map. Let Fy(\) be the spectral density function of Def-
inition 11.1 which is a monotone non-decreasing right-continuous function.
Let dF be the unique measure on the Borel o-algebra on R which satisfies
dF(]a,b]) = F(b) — F(a) for a <b. Then define the Fuglede-Kadison deter-
minant

detpr(a)(f) € [0, 00)

by the positive real number

detarq)(f) = exp (/000 In(\) dF)

+

if the Lebesgue integral fooj In(\) dF converges to a real number and by 0
otherwise.

Notice that in the definition above we do not require m = n or that f is
injective or f is surjective.

Example 11.5 (Fuglede-Kadison determinant for finite G). To illustrate this
definition, we look at the example where G is finite. We essentially get the
classical determinant detc. Namely, we have computed the spectral density
function for finite G in Example 11.2. Let A;, A2, ..., A\, be the non-zero
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eigenvalues of f*f with multiplicity ;. Then one obtains, if f*f is the au-
tomorphism of the orthogonal complement of the kernel of f*f induced by

I f
detar(q)(f) :exp< |/g‘ In( ) H)‘? e detc (f f))z‘liu
i=1

If f: CG™ — CG™ is an automorphism, we get

detyrc)(f) = |dete(f)]T.

Example 11.6 (Fuglede-Kadison determinant over N(Z")). Let G = Z".
We use the identification N (Z") = L>°(T™) of Example 1.4. For f € L>(T")
we conclude from Example 11.3

detN(Zn> (Mf: L2 (Tn) — LQ(TH)) =

exp (/n In(|f(2)]) - Xgues |f(u)+0} dvol. )

using the convention exp(—oo) = 0.

Here are some basic properties of this notion. A morphism f: N(G)" —
N(G)" has dense image if the closure im(f) of its image in A(G)" in the
sense of Definition 1.10 is N(G)". The adjoint A* of a matrix A = (a; ;) €
M(m,n; N(Q)) is the matrix in M(n,m; N'(G)) given by (a};), where the
map *: N(G) — N(G) sends an operator a to its adjoint a*. The adjoint
[ N(G)" = N(G)™ of f: N(G)™ — N(G)" is given by the matrix A* if
f is given by the matrix A. The proof of the next result can be found in [80,
Theorem 3.14].

Theorem 11.7 (Fuglede-Kadison determinant).

(i) Composition
Let f: N(G)! — N(G)" and g: N(G)™ — N(G)" be N(G)-homomor-
phisms such that f has dense image and g is injective. Then
detyg)(go f) = detyc)(g) - detne) (f);
(ii) Additivity
Let the maps fi: N(G)" — N(G)", fo: N(G)"* — N(G)" and

f3: N(G)": — N(G)" be N(G)-homomorphisms such that fi has
dense image and fy is injective. Then

et (5 0) = detwio (1) - detwic (1
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(iii) Invariance under adjoint map

Let f: N(G)™ — N(G)" be an N(G)-homomorphism. Then
dety(e) (f) = detare) (f7);

(iv) Induction

Let f: N(H)™ — N(H)" be an N(H)-homomorphism, and let i: H —
G be an injective group homomorphism. Then

detp(c) (i f) = detpm)(f)-

Definition 11.8. (Fuglede-Kadison determinant of N(G)-endomor-
phisms of finitely generated projective modules). Let f: P — P be
an endomorphism of a finitely generated projective N'(G)-module P. Choose
a finitely generated projective N(G)-module Q and an N(G)-isomorphism

u: N(G)" = P @ Q. Define the Fuglede-Kadison determinant

dety)(f) € [0,00)

by the Fuglede-Kadison determinant in the sense of Definition 11.4

detN(G) (uil o(feidg)o u) .

This definition is independent of the choices of @ and u by Theorem 11.7.
Notice that in Definition 11.8 no N (G)-basis appear but that it works only for
endomorphisms, whereas in Definition 11.4 we work with finitely generated
free based modules but do not require that the source and target of f are
isomorphic. There is an obvious analogue of Theorem 11.7 for the Fuglede-
Kadison determinant of endomorphisms of finitely generated projective N'(G)-
modules.

11.2 The Determinant Conjecture

It will be important for applications to geometry to study the Fuglede-Kadison
determinant of N (G)-maps f: N(G)" — N(G)" which come by induction
from ZG-maps or CG-maps. The following example is taken from [80, Exam-
ple 3.22].

Example 11.9 (Fuglede-Kadison determinant of maps coming from elements
in C[Z]). Consider a non-trivial element p € C[Z] = C[z,27!]. We can write

!
p(z) = C’-z"-H(z—ak)

k=1
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for non-zero complex numbers C,aq,...,a; and non-negative integers n,l.
Let rp: N(Z) — N(Z) be the N(Z)-map given by right multiplication with
p. Then

detniz () = 1CI- ] lal.

1<k<l,
lak|>1

Definition 11.10 (Determinant class). A group G is of det > 1-class if for
each A € M(m,n;ZG) the Fuglede-Kadison determinant (see Definition 11.4)
of the morphism r4: N(G)™ — N(G)" given by right multiplication with A
satisfies

detN(G)(TA) 2 1.

Conjecture 11.11 (Determinant Conjecture). Every group G is of det > 1-
class.

The proof of the next result can be found in [80, Theorem 13.3]. It is a
mild generalization of the results of Schick [101] and [102].

Theorem 11.12 (Status of the Determinant Conjecture). Every group G
which belongs to the class G (see Definition 10.3) satisfies the Determinant
Conjecture 11.11.

One easily checks that the Fuglede-Kadison determinant defines a homo-
morphism of abelian groups

®¢ : Wh(G) — (0,00)={reR|r>0} (11.13)

with respect to the group structure given by multiplication of positive real
numbers on the target. We mention the following conjecture.

Conjecture 11.14 (Triviality of the map induced by the Fuglede-Kadison
determinant on Wh(G)). The map ®“: Wh(G) — (0,00) is trivial.

Lemma 11.15. (i) If G satisfies the Determinant Conjecture 11.11, then
G satisfies Conjecture 11.14;

(i) The Approximation Congjecture 10.1 for G and the inverse system {G; |
1 € I} is true if each group G; is of det > 1-class.

Proof. See [80, Theorem 13.3 (1) and Lemma 13.6]. O
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11.3 Definition and Basic Properties of L?>-Torsion

We will consider L2-torsion only for universal coverings and in the L2-acyclic
case. A more general setting is treated in [80, Section 3.4].

Definition 11.16 (det-L2-acyclic). Let X be aﬁnite connected CW -complex
with fundamental group m = w1 (X). Let CN(X) be the N (r)-chain complex
N(G) @z Co(X) with p-th differential cl/)v = idar(q) ®z¢y. We say that X is
det-L?-acyclic if for each p we get for the Fuglede-Kadison determinant ofc,[/)\/
and for the p-th L*-Betti number of)Z'

detN(,r) (Cﬁf) > 0
0

=
=
=
<
N—
I

If X is det-LQ-acyclic, we define the L?-torsion 0f)~( by
p? = —Z 1)? ln detN (CN)) eR.

p>0

If X is a finite OW -complex, we call it det-L*-acyclic if each component
C is det-L?-acyclic. In this case we define

pP(X) = ) (),

Cemy(X)

The condition that X is L?-acyclic is not needed for the definition of L?-
torsion, but is necessary to ensure the basic and useful properties which we
will discuss below.

Remark 11.17 (L>-torsion in terms of the Laplacian). One can express
the L2-torsion also in terms of the Laplacian which is closer to the notions
of analytic torsion and analytic L’- torsion. After a choice of cellular Zn-
basis, every N (m)-chain module C’N (X) looks like N (m)"» for appropriate

non-negative integers n,. Hence we can assign to 01/7\/: CZJ)\/()N() — C]{,\fl()})

its adjoint (c]/y\f) C'p (X)) — C']/)v()?) which is given by the matrix (aj ;)
if 01(,2) is given by the matrix (a; ;). Define the p-th Laplace homomorphism

AV Cé\[()z) — C’év()N() to be the A (7)-homomorphism (C/\/)* o cz/,\/ + CNH o

= P
(cX1)". Then X is det-L2-acyclic if and only if A, is injective and has dense
image, i.e. the closure of its image in CIJ]V()N() is C’év()?), and detpr(r)(A,) > 0.
In this case we get
= 1
PPX) = =5 ) (1) peIn (detun) (Ay))

p=>0

This follows from [80, Lemma 3.30].
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The next theorem presents the basic properties of p(%) ()~( ) and is proved
in [80, Theorem 3.96]. Notice the formal analogy between the behaviour of
p?)(X) and the classical Euler characteristic y(X).

Theorem 11.18. (Cellular L?-torsion for universal coverings).

(i)

(i)

(iii)

(i)

Homotopy invariance

Let f: X — Y be a homotopy equivalence of finite CW -complexes. Let
7(f) € Wh(m (Y)) be its Whitehead torsion (see [17]). Suppose that X
orY is det-L?-acyclic. Then both X and Y are det-L?-acyclic and

P (Y) - pP(X) = eV (r(f)),

where ®(Y) . Wh(n(Y)) = Dcer,v) Whimi(C)) — R is the sum of
the maps ®™(C) of (11.13);

Sum formula

Consider the pushout of finite CW -complexes such that ji is an inclu-
sion of CW -complexes, jo is cellular and X inherits its CW -complex
structure from Xy, X1 and Xo

Xo o, X

.izl lu

X2—>X

Assume )?0, le and )?2 are det-L%-acyclic and that for k = 0,1,2 the
map 71 (i) : 71 (Xy) — m(X) induced by the obvious map iy: X — X
18 injective for all base points in Xj.

Then X is det-L? -acyclic and we get
PIR) = p(F0) + 9 () — ) (Ko

Poincaré duality

Let M be a closed manifold of even dimension. Equip it with some
CW -complex structure. Suppose that M is det-L?-acyclic. Then

Product formula

Let X and Y be finite CW -complexes. Suppose that X is det-L?-acyclic.
Then X x Y is det-L?-acyclic and
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(v) Multiplicativity
Let X —'Y be a finite covering of finite CW -complexes with d sheets.
Then X is det-L?-acyclic if and only if Y is det-L?-acyclic and in this
case B B
K(X) = d-pD(P).

The next three results are taken from [80, Corollary 3.103, Theorem 3.105
and Theorem 3.111]. There is also a more general version of Theorem 11.19
for fibrations (see [80, Theorem 3.100]).

Theorem 11.19 (L?-torsion and fiber bundles). Suppose that F — E % B
is a (locally trivial) fiber bundle of finite CW -complezes with B connected.
Suppose that for one (and hence all) b € B the inclusion of the fiber F, into
E induces an injection on the fundamental groups for all base points in Fj
and F, is det-L?-acyclic. Then E is det-L?-acyclic and

PP (E) = x(B) - p®(F).

Theorem 11.20 (L2-torsion and S!-actions). Let X be a connected S*-CW -
complex of finite type. Suppose that for one orbit S'/H (and hence for all
orbits) the inclusion into X induces a map on m with infinite image. (In
particular the S*-action has no fived points.) Then X is det-L?-acyclic and

(X)) = o

Theorem 11.21 (L2-torsion on aspherical closed S'-manifolds). Let M be
an aspherical closed manifold with non-trivial S'-action. Then the action has
no fized points and the inclusion of any orbit into M induces an injection on
the fundamental groups. Moreover, M is det-L?-acyclic and

pP (M) = 0.

The assertion for the L2-torsion in the theorem below is the main result
of [106] (see also [107]). Its proof is based on localization techniques.

Theorem 11.22 (L*-torsion and aspherical CW-complexes). Let X be an
aspherical finite CW -complex. Suppose that its fundamental group m (X)
contains an elementary amenable infinite normal subgroup H and w1 (X) is of
det > 1-class. Then X is det-L?-acyclic and

pP(X) = o

Remark 11.23 (Homotopy invariance of L2-torsion). Notice that Conjec-
ture 11.14 implies because of Theorem 11.18 (i) the homotopy invariance of
the L2-torsion. i.e. for two homotopy equivalent det-L?-acyclic finite CW-
complexes X and Y we have p(?)(X) = p2)(Y).
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11.4 Computations of L?>-Torsion

Remark 11.24 (Analytic L?-torsion). It is important to know for the fol-
lowing specific calculations that there is an analytic version of L?-torsion in
terms of the heat kernel due to Lott [66] and Mathai [86] and that a deep
result of Burghelea, Friedlander, Kappeler and McDonald [9] says that the
analytic one agrees with the one presented here.

The following result is due to Hess and Schick [51].

Theorem 11.25 (Analytic L?-torsion of hyperbolic manifolds).
Let d = 2n + 1 be an odd integer. To d one can associate an explicit real
number Cyq > 0 with the following property:

For every closed hyperbolic d-dimensional manifold M we have

JO(B) = (1) Cy - vol(M),
where vol(M) is the volume of M.

The existence of a real number C; with p(Q)(]\Aj) = (=1)" - Cy - vol(M)
follows from the version of the Proportionality Principle for L?-Betti numbers
(see Theorem 3.7) for L?-torsion (see [80, Theorem 3.183]). The point is that
this number Cy is given explicitly. For instance C3 = 6% and C5 = 45’% For
each odd d there exists a rational number r; such that Cy = 7=" - r; holds.
The proof of this result is based on calculations involving the heat kernel on

hyperbolic space.

Remark 11.26 (L>-torsion of symmetric spaces of non-compact type). More
generally, the L?-torsion p(?) (M) for an aspherical closed manifold M whose
universal covering M is a symmetric space is computed by Olbricht [93].

The following result is proved in [84, Theorem 0.6].

Theorem 11.27 (L?-torsion of 3-manifolds). Let M be a compact connected
orientable prime 3-manifold with infinite fundamental group such that the
boundary of M is empty or a disjoint union of incompressible tori. Suppose
that M satisfies Thurston’s Geometrization Conjecture, i.e. there is a geo-
metric toral splitting along disjoint incompressible 2-sided tori in M whose
pieces are Seifert manifolds or hyperbolic manifolds. Let My, Msy, ..., M, be
the hyperbolic pieces. They all have finite volume [90, Theorem B on page
52]. Then M is det-L2-acyclic and

— 1 r
(M) = — —. (M.
pIOD) = =g 3l

In particular, p(2>(/Z\Z) is 0 if and only if there are no hyperbolic pieces.
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11.5 Some Open Conjectures about L>-Torsion

All the computations and results above give evidence and are compatible with
the following conjectures about L>-torsion taken from [80, Theorem 11.3].

Conjecture 11.28 (L?-torsion for aspherical manifolds). If M is an aspher-
ical closed manifold of odd dimension, then M is det-L*-acyclic and
(_1)dim(3;[)71 ] p(z) (M) 2 0
If M is a closed connected Riemannian manifold of odd dimension with neg-
ative sectional curvature, then M is det-L?-acyclic and
(_1)dim(;‘;[)71 ] p(2) (M) > 0
If M is an aspherical closed manifold whose fundamental group contains an
amenable infinite normal subgroup, then M is det-L?-acyclic and

PP (M) = 0.

Consider a closed orientable manifold M of dimension n. Let [M;R] be the
image of the fundamental class [M] € H5"8(M;Z) under the change of coef-
ficient map H"M8(M;Z) — HSM8(M;R). Define the L!-norm on C5¢(M;R)
by sending > 7,7 - (o0 A, — M] to >.._; |ri]. It induces a seminorm on
H, (M;R). Define the simplicial volume ||M|| € R to be the seminorm of
[M;R]. More information about the simplicial volume can be found for in-
stance in [42], [47] and [57], and in [80, Chapter 14], where also the following
conjecture is discussed.

Conjecture 11.29 (Simplicial volume and L*-invariants). Let M be an as-
pherical closed orientable manifold of dimension > 1. Suppose that its sim-
plicial volume ||M|| vanishes. Then M is det-L*-acyclic and

PP (M) = 0.

The simplicial volume is a special invariant concerning bounded coho-
mology. The point of this conjecture is that it suggests a connection be-
tween bounded cohomology and L2-invariants such as L?-cohomology and
L?-torsion.

We have already seen that L2-Betti numbers are up to scaling invariant
under measure equivalence. The next conjecture is interesting because it
would give a sharper invariant in case all the L2-Betti numbers vanish, namely
the vanishing of the L?-torsion.

Conjecture 11.30 (Measure equivalence and L?-torsion). Let G; fori = 0,1
be a group such that there is a finite CW -model for BG; and EG; is det-L?-
acyclic. Suppose that Gy and Gy are measure equivalent. Then

p(2)(EGo;N(GO)) =0 & p(2)(EG1;N(G1)) =0.
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11.6 L>-Torsion of Group Automorphisms

In this section we explain that for a group automorphism f: G — G the
L?*-torsion applied to the (G x; Z)-CW-complex E(G % Z) gives an inter-
esting new invariant, provided that G is of det > 1-class and satisfies certain
finiteness assumptions. It seems to be worthwhile to investigate it further.
The following definition and theorem are taken from [80, Definition 7.26 and
Theorem 7.27].

Definition 11.31 (L2-torsion of group automorphisms). Let f: G — G be a
group automorphism. Suppose that there is a finite CW -model for BG and G
is of det > 1-class. Define the L>-torsion of f by

PD(f:G— Q) =p?(BGx;Z) € R

Next we present the basic properties of this invariant. Notice that its
behaviour is similar to the Euler characteristic x(G) := x(BG).

Theorem 11.32. Suppose that all groups appearing below have finite CW -
models for their classifying spaces and are of det > 1-class.

(i) Suppose that G is the amalgamated product Gy g, Ga for subgroups
G; C G and the automorphism f: G — G is the amalgamated product
fi %y, fo for automorphisms f;: Gy — G;. Then

PP () = pP(h) + P (f2) = o (fo):
(i) Let f: G — H and g: H — G be isomorphisms of groups. Then

PP (fog) = V(g0 f).
In particular p(2>(f) 18 tnvariant under conjugation by automorphisms;

(i43) Suppose that the following diagram of groups

1 Gy Goy Gs 1
fll le idl
1 Gy Gs G3 1

commutes, has exact rows and its vertical arrows are automorphisms.
Then

PP (f2) = x(BGs) - p? (f1);

(iv) Let f: G — G be an automorphism of a group. Then for all integers
n>1

PP = n-p?(f);
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(v) Suppose that G contains a subgroup Gy of finite index |G : Gy|. Let
f: G — G be an automorphism with f(Gy) = Gy. Then

1

p(Q)(f) = [G . GO] ! p(Q)(f‘Gu)a

(vi) We have p'®)(f) =0 if G satisfies one of the following conditions:

(a) All the L?-Betti numbers of G vanish;

(b) G contains an amenable infinite normal subgroup.

Example 11.33 (Automorphisms of surfaces). Using Theorem 11.27 one
can compute the L2-torsion of the automorphism 7 (f) for an automorphism
f:8 — S of a compact connected orientable surface, possibly with boundary.
Suppose that f is irreducible. Then the following statements are equivalent:
i.) f is pseudo-Anosov, ii.) The mapping torus 7 has a hyperbolic structure
and iii.) p®) (w1 (f)) < 0. Moreover, f is periodic if and only if p*) (71 (f)) = 0.
(see [80, Subsection 7.4.2]).

The L2-torsion of a Dehn twist is always zero since the associated mapping
torus contains no hyperbolic pieces in his Jaco-Shalen-Johannson-Thurston
splitting.

Remark 11.34 (Weaker finiteness conditions). The definition of the L*-
torsion of a group automorphism above still makes sends and has still most of
the properties above, if one weakens the condition that there is a finite model
for BG to the assumption that there is a finite model for the classifying space
of proper G-actions EG = Ex(G). This is explained in [80, Subsection
7.4.4].

12 Novikov-Shubin Invariants

In this section we briefly discuss Novikov-Shubin invariants. They were orig-
inally defined in terms of heat kernels. We will focus on their algebraic defi-
nition and aspects.

12.1 Definition of Novikov-Shubin Invariants

Let M be a finitely presented A(G)-module. Choose some exact sequence

N(G)™ = N(G)" — M — 0. Let Fy be the spectral density function of f
(see Definition 11.1). Recall that F is a monotone increasing right continuous
function [0, 0c0) — [0, 00). Define the Novikov-Shubin invariant of M by

(M) = liminf In(Fy (M) — F5(0))

e () € 0,00},
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provided that Fy(A) > Fy(0) holds for all A > 0. Otherwise, one puts formally
a(M) = oot

It measures how fast Fy(\) approaches Fy(0) for A\ — 07. For instance, if
Fy(X) = A for A > 0, then o(M) = . The proof that « (M) is independent
of the choice of f is analogous to the proof of [80, Theorem 2.55 (1)].

Definition 12.1 (Novikov-Shubin invariants). Let X be a G-CW -complex of
finite type. Define its p-th Novikov-Shubin invariant by

0 (XiN(G) = a(HZ(X5N(G) € 0,00 T {o0" .

If the group G is clear from the context, we write oy, (X) = a,(X; N(G)).

Notice that Hz(i)l (X; N (Q)) is finitely presented since N (G) is semihered-

itary (see Theorem 1.6) and 022) (X) is a finitely generated free N'(G)-module
for all k € Z because X is by assumption of finite type.

Remark 12.2 (Analytic definition of Novikov-Shubin invariants). Novikov-
Shubin invariants were originally analytically defined by Novikov and Shubin
(see [91], [92]). For a cocompact smooth G-manifold M without boundary
and with G-invariant Riemannian metric one can assign to its p-th Laplace
operator A, a density function Fa, (A) = traq)(E£y) for {E) | A € [0,00)} the
spectral family associated to the essentially selfadjoint operator A,. Define
o (M;N(G)) € [0,00] I {oo" } by the same expression as appearing in the
definition of ao(M) above, only replace Fy by Fa,. Then aﬁ (M) agrees with
+ - min{a, (K),ap41(K)} for any equivariant triangulation K of M. For
a proof of this equality see [31] or [80, Section 2.4]. One can define the
analytic Novikov-Shubin invariant o5 (M; N(G)) also in terms of heat kernels.
It measures how fast the function [, tre(e 47 (z,x)) dvol, approaches for
t — oo its limit

b2 (M) = tlim tre(e™ " (z,z)) dvol,.

The “thinner” the spectrum of A, is at zero, the larger is af (M; N'(G)).

In view of this original analytic definition the result due to Gromov and
Shubin [48] that the Novikov-Shubin invariants are homotopy invariants, is
rather surprising.

Remark 12.3 (Analogy to finitely generated Z-modules). Recall Slogan 1.16
that the group von Neumann algebra N/ (G) behaves like the ring of integers Z,
provided one ignores the properties integral domain and Noetherian. Given
a finitely generated abelian group M, the Z-module M/ tors(M) is finitely
generated free, there is a Z-isomorphism M 2 M/tors(M) @ tors(M) and
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the rank as abelian group of M is dimg(Q ®z M) and of tors(M) is 0. In
analogy, given a finitely generated N(G)-module M, then PM := M/TM is
a finitely generated projectiveN'(G)-module, there is an A (G)-isomorphism
M = PM @tors(M) and we get dimpr(q) (M) = dimyq) (U(G) @prq) M) and
dim(g)(TM) = 0. Define the so called capacity c(M) € [0,00] U {07} of a
finitely presented N (G)-module M by

a(}t[) if O((M) € (07 OO),
_ 00 if a(M) = 0;
M) =14 if a(M) = oo;
0~ if (M) = oo™

Then the capacity ¢(M) contains the same information as «(M) and corre-
sponds under the dictionary between Z and N(G) to the order of the finite
group tors(M). Notice for a finitely presented N (G)-module M that M = 0 is
true if and only if both dimpr(g) (M) = 0 and ¢(M) = 0~ hold. The capacity
is at least subadditive, i.e. for an exact sequence 1 — My — M; — My — 0
of finitely presented N (G)-modules we have ¢(M;) < ¢(My) + ¢(Mz) (with
the obvious interpretation of + and <). In particular we get ¢(M) < ¢(N)
for an inclusion of finitely presented N'(G)-modules M C N.

Remark 12.4 (Extension to arbitrary A (G)-modules and G-spaces). The
algebraic approach presented above has been independently developed in [33]
and [74]. The notion of capacity has been extended by Liick-Reich-Schick [82]
to so called cofinal-measurable N'(G)-modules, i.e. N(G)-modules such that
each finitely generated N (G)-submodule is a quotient of a finitely presented
N (G)-module with trivial von Neumann dimension. This allows to define
Novikov-Shubin invariants for arbitrary G-spaces and also for arbitrary groups

G.

12.2 Basic Properties of Novikov-Shubin Invariants

We briefly list some properties of Novikov-Shubin invariants. The proof of the
following theorem can be found in [80, Theorem 2.55] and [80, Lemma 13.45].

Theorem 12.5 (Novikov-Shubin invariants).

(i) Homotopy invariance
Let f: X — Y be a G-map of free G-CW -complezes of finite type.
Suppose that the map H,(f;C): H,(X;C) — H,(Y;C) induced on ho-
mology with complex coefficients is an isomorphism for p < d—1. Then
we get

(X N(G)) = (Y3 N(G))  forp <d.

In particular we get o, (X;N(G)) = ap,(Y;N(G)) for allp >0 if f is
a weak homotopy equivalence;
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(i) Poincaré duality
Let M be a cocompact free proper G-manifold of dimension n which is
orientable. Then a,(M;N(G)) = ans1—p(M,0M;N(G)) forp>1;

(iii) First Novikov-Shubin invariant

Let X be a connected free G-CW -complex of finite type. Then G is
finitely generated and

(a) a1 (X) is finite if and only if G is infinite and virtually nilpotent.
In this case a1 (X) is the growth rate of G;

(b) a1(X) is 0ot if and only if G is finite or non-amenable;

(c) a1 (X) is oo if and only if G is amenable and not virtually nilpotent;

(iv) Restriction to subgroups of finite index

Let X be a free G-CW -complex of finite type and H C G a subgroup of
finite index. Then o, (X;N(G)) = ay,(resE X;N(H)) holds for p > 0;

(v) Eaxtensions with finite kernel
Let 1 - H — G — @ — 1 be an extension of groups such that H
s finite. Let X be a free Q-CW -complex of finite type. Then we get
ap (" X; N(G)) = o(X5N(Q)) for allp > 1;

(vi) Induction

Let H be a subgroup of G and let X be a free H-CW -complex of finite
type. Then o, (G xg X;N(G)) = ap(X;N(H)) holds for all p > 1.

A product formula and a formula for connected sums can also be found in
[80, Theorem 2.55]. If X is a finite G-CW-complex such that bf) (X;N(G)) =
0 for p > 0 and o, (X;N(G)) > 0 for p > 1, then X is det-L*-acyclic [80,
Theorem 3.93 (7)].

12.3 Computations of Novikov-Shubin Invariants

Example 12.6 (Novikov-Shubin invariants of ﬁ) The product formula can

be used to show a,(T") =nif 1 <p <n, and a,(T") = cot otherwise (see
[80, Example 2.59].)

Example 12.7 (Novikov-Shubin invariants for finite groups). If G is finite,
then a, (X;N(G)) = oo™ for each p > 1 and G-CW-complex X of finite
type. This follows from Example 11.2. This shows that the Novikov-Shubin
invariants are interesting only for infinite groups G and have no classical
analogue in contrast to L?-Betti numbers and L?-torsion.
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Example 12.8 (Novikov-Shubin invariants for G = Z). Let X be a free Z-
CW-complex of finite type. Since C[Z] is a principal ideal domain, we get
C[Z]-isomorphisms

H,(X;C) = Cz" & | P CZ/((z—api,) ")

for a,;, € C and ny,s,,rp;, € Z with n,,s, > 0 and r,; > 1, where z is a
fixed generator of Z. Then we get from [80, Lemma 2.58]
BN @) = .

If s, > 1and {i, =1,2...,5,,|a,,,| =1} # 0, then

1
a1 (X5N(Z)) = min{ lip =1,2..., 8y, |y, :1},

Tp,i,,
and otherwise
i (GN(Z) = oot

Remark 12.9 (Novikov-Shubin invariants and S'-actions). Under the con-

ditions of Theorem 3.8 and of Theorem 3.9 one can show a,(X) > 1 for all
p > 1 (see [80, Theorem 2.61 and Theorem 2.63]).

Remark 12.10 (Novikov-Shubin invariants of symmetric spaces of non—
compact type). The Novikov-Shubin invariants of symmetric spaces of non-
compact type with cocompact free G-action are computed by Olbricht [93,
Theorem 1.1], the result is also stated in [80, Section 5.3].

Remark 12.11 (Novikov-Shubin invariants of universal coverings of 3-mani-
folds). Partial results about the computation of the Novikov-Shubin invariants
of universal coverings of compact orientable 3-manifolds can be found in [69]
and [80, Theorem 4.2].

12.4 Open conjectures about Novikov-Shubin invariants

The following conjecture is taken from [69, Conjecture 7.1 on page 56].

Conjecture 12.12. (Positivity and rationality of Novikov-Shubin in-
variants). Let G be a group. Then for any free G-CW -complex X of finite
type its Novikov-Shubin invariants o, (X)) are positive rational numbers unless
they are oo or co™.
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This conjecture is equivalent to the statement that for every finitely pre-
sented ZG-module M the Novikov-Shubin invariant of N (G) ®z¢ M is a
positive rational number, co or co*.

Here is some evidence for Conjecture 12.12. Unfortunately, all the evi-
dence comes from computations, no convincing conceptual reason is known.
Conjecture 12.12 is true for G = Z by the explicit computation appearing in
Example 12.8. Conjecture 12.12 is true for virtually abelian G by [66, Propo-
sition 39 on page 494]. Conjecture 12.12 is also true for a free group G. Details
of the proof appear in the Ph.D. thesis of Roman Sauer [100] following ideas of
Voiculescu. The essential ingredients are non-commutative power series and
the question whether they are algebraic or rational. All the computations
mentioned above are compatible and give evidence for Conjecture 12.12.

Conjecture 12.13 (Zero-in-the-spectrum Conjecture). Let G be a group
such that BG has a closed manifold as model. Then there is p > 0 with
HS(EG;N(G)) #0.

Remark 12.14 (The original zero-in-the-spectrum Conjecture). The original
zero-in-the-spectrum Conjecture, which appears for the first time in Gromov’s
article [43, page 120], says the following: Let M be a complete Riemannian
manifold. Suppose that M is the universal covering of an aspherical closed
Riemannian manifold M (with the Riemannian metric coming from M). Then
for some p > 0 zero is in the spectrum of the minimal closure

(Ap)min: dOHl ((Ap)min) g LQQP (M) - L2QP(M)

of the Laplacian acting on smooth p-forms on M.
It follows from [80, Lemma 12.3] that this formulation is equivalent to the
homological algebraic formulation appearing in Conjecture 12.13.

Remark 12.15 (Status of the zero-in-the-spectrum Conjecture). The zero-
in-the-spectrum Conjecture is true for G if there is a closed manifold model
for BG which is Kahler hyperbolic [45], or whose universal covering is hyper-
Euclidean [43] or is uniformly contractible with finite asymptotic dimension
[110]. The zero-in-the-spectrum Conjecture is true for G if the strong Novikov
Conjecture holds for G [67]. More information about zero-in-the-spectrum
Conjecture can be found for instance in [67] and [80, Section 12].

Remark 12.16 (Variations of the zero-in-the-spectrum Conjecture). One
may ask whether one can weaken the condition in Conjecture 12.13 that BG
has a closed manifold model to the condition that there is a finite CW-complex
model for BG. This would rule out Poincaré duality from the picture. Or one
could only require that BG is of finite type. Without any finiteness conditions
on G Conjecture 12.13 is not true in general. For instance HS (EG; N'(G)) = 0
holds for all p > 0 if G is [[,2, Z * Z.
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The condition aspherical cannot be dropped. Farber and Weinberger [35]
proved the existence of a closed non-aspherical manifold M with fundamental
group 7 a product of three copies of Z x Z such that HJ (M s N(m)) vanishes
for all p > 0. Later Higson-Roe-Schick [52] proved that one can find for every
finitely presented group =, for which HJ (E7; N (7)) = 0 holds for p = 0,1, 2,
a closed manifold M with 7 as fundamental group such that HJ (M; N ()
vanishes for all p > 0.

Remark 12.17 (Novikov-Shubin invariants and quasi-isometry). Since one
has that oy (Z") = n for n > 1, the Novikov-Shubin invariants are not invari-
ant under measure equivalence. It is not known whether they are invariant
under quasi-isometry. At least it is known that two quasi-isometric amenable
groups (G; and G5 which possess finite models for BG; and BG5, have the same
Novikov-Shubin invariants [100]. Compare also Theorem 8.2, Remark 8.5 and
Conjecture 11.30.

13 A combinatorial approach to L*-invariants

In this section we want to give a more combinatorial approach to L?-invariants
such as L?-Betti numbers, Novikov-Shubin invariants and L?-torsion. The
point is that it is in general very hard to compute the spectral density function
of an N(G)-map f: N(G)" — N(G)". However in the geometric situation
these morphisms are induced by matrices over the integral group ring ZG.
We want to exploit this information to get an algorithm which produces a
sequence of rational numbers converging to the L?-Betti number or the L*-
torsion in question.

Let A € M(m,n;CG) be an (m,n)-matrix over CG. It induces by right
multiplication an A/ (G)-homomorphism 74 : N (G)™ — N(G)". We define an
involution of rings on CG by sending dec Ag-gto dec Ag gt where )\, is
the complex conjugate of A\,. Denote by A* the (m,n)-matrix obtained from
A by transposing and applying the involution above to each entry. Define
the CG-trace of an element u = deG Ag - g € CG by the complex number
treg (u) := A for e the unit element in G. This extends to a trace of square
(n,n)-matrices A over CG by

trea(4) = Y treg(ai) €C. (13.1)
i=1

We get directly from the definitions that the CG-trace treg (u) for v € CG
agrees with the von Neumann trace try()(u) introduced in Definition 1.8.
Let A € M(m,n; CG) be an (m, n)-matrix over CG. In the sequel let K be

any positive real number satisfying K > ||r}}’||, where ||#'}’[| is the operator

norm of the bounded G-equivariant operator 7‘542) (P2(G)™ — ?(G)" induced
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by right multiplication with A. For u =3 ;A - g € CG define [|u[|; by
>_gec [Ag|- Then a possible choice for K is

K=+/2n—-1m- -max{||la;j|1 |1<i<n,1<j<m}.

Definition 13.2. The characteristic sequence of a matriz A € M(m,n; CG)

and a non-negative real number K satisfying K > Hrf)H is the sequence of
real numbers given by

(A, K), = trca ((1 - K2 AA*)p> .

We have defined dim ) (ker(r4)) in Definition 1.12 and dety(g)(ra) in
Definition 11.4. The proof of the following result can be found in [73] or [80,
Theorem 3.172].

Theorem 13.3. (Combinatorial computation of L?-invariants).

Let A € M(m,n;CG) be an (m,n)-matriz over CG. Let K be a positive real

number satisfying K > \|rf42>||. Then:

(i) Monotony
The characteristic sequence (c(A, K)p)p>1 s a monotone decreasing se-
quence of non-negative real numbers;

(i) Dimension of the kernel

We have
dimpy(q)(ker(ra)) = lim c(A, K),;

p—o0
(141) Novikov-Shubin invariants of the cokernel
Define B(A) € [0,00] to be equal to

sup {ﬂ € [0, 00) ’ lim p” - (c(A, K), — dimpyg) (ker(ra))) = 0} .
p—00
If a(coker(ry)) < oo, then a(coker(ry)) < B(A) and if a(coker(ry)) €
(00,00}, then B(4) = oo;
(iv) Fuglede-Kadison determinant

The sum of positive real numbers

> = (e(A, K), — dimpg) (ker(ra)))
—p
p
converges if and only if ra is of determinant class and in this case

In(det(ra)) = (n—dimyq)(ker(rs))) - In(K)

|
N | —
hE

"=

. (c(A, K), — dimN(G>(ker(rA))) :

=
Il
—
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(v) Speed of convergence

Suppose a(coker(ra)) > 0. Then r4 is of determinant class. Given a
real number « satisfying 0 < a < a(coker(ry)), there is a real number
C' such that we have for all L > 1

0 < c(A, K)p — dimp () (ker(ra)) <

Lo
and
0 < —lIn(det(ra)) + (n — dimpr(g) (ker(ra))) - In(kK)
1 S di k < ¢
I;}; — dimp(g) (ker(rg))) < Ta

Remark 13.4 (Vanishing of L?-Betti numbers and the Atiyah Conjecture).
Suppose that the Atiyah Conjecture 4.1 is satisfied for (G, d,C). If we want
to show the vanishing of lelN y(ker(r4)), it suffices to show that for some
p > 0 we have ¢(4, K), < d. It is possible that a computer program spits out
such a value after a reasonable amount of calculation time.

14 Miscellaneous

The analytic aspects of L2-invariants are also very interesting. We have al-
ready mentioned that L?-Betti numbers were originally defined by Atiyah
[2] in context with his L?*-index theorem. Other L’-invariants are the L?-
Eta-invariant and the L?-Rho-invariant (see Cheeger-Gromov [13], [14]). The
L?-Eta-invariant appears in the L?-index theorem for manifolds with bound-
ary due to Ramachandran [97]. These index theorems have generalizations to
a C*-setting due to Migéenko-Fomenko [89]. There is also an L?-version of the
signature. It plays an important role in the work of Cochran, Orr and Teichner
[16] who show that there are non-slice knots in 3-space whose Casson-Gordon
invariants are all trivial. Chang and Weinberger [11] show using L?-invariants
that for a closed oriented smooth manifold M of dimension 4k + 3 for k > 1
whose fundamental group has torsion there are infinitely many smooth mani-
folds which are homotopy equivalent to M (and even simply and tangentially
homotopy equivalent to M) but not homeomorphic to M. The L?-cohomology
has also been investigated for complete non-necessarily compact Riemannian
manifolds without a group action. For instance algebraic and arithmetic va-
rieties have been studied. In particular, the Cheeger-Goresky-MacPherson
Conjecture [12] and the Zucker Conjecture [111] have created a lot of activ-
ity. They link the L?-cohomology of the regular part with the intersection
homology of an algebraic variety.

Finally we mention other survey articles which deal with L?-invariants:
[30], [39], [46, Section 8], [67], [75], [78], [79], [87] and [96].
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Constructing non-positively curved spaces
and groups

Jon McCammond*

Abstract

The theory of non-positively curved spaces and groups is tremen-
dously powerful and has enormous consequences for the groups and
spaces involved. Nevertheless, our ability to construct examples to
which the theory can be applied has been severely limited by an in-
ability to test — in real time — whether a random finite piecewise Eu-
clidean complex is non-positively curved. In this article I focus on the
question of how to construct examples of non-positively curved spaces
and groups, highlighting in particular the boundary between what is
currently do-able and what is not yet feasible. Since this is intended
primarily as a survey, the key ideas are merely sketched with references
pointing the interested reader to the original articles.

Over the past decade or so, the consequences of non-positive curvature
for geometric group theorists have been thoroughly investigated, most promi-
nently in the book by Bridson and Haefliger [26]. See also the recent review
article by Kleiner in the Bulletin of the AMS [59] and the related books by
Ballmann [4], Ballmann-Gromov-Schroeder [5] and the original long article
by Gromov [48]. In this article I focus not on the consequences of the theory,
but rather on the question of how to construct examples to which it applies.
The structure of the article roughly follows the structure of the lectures I gave
during the Durham symposium with the four parts corresponding to the four
talks. Part 1 introduces the key problems and presents some basic decidability
results, Part 2 focuses on practical algorithms and low-dimensional complexes,
Part 3 presents case studies involving special classes of groups such as Artin
groups, small cancellation groups and ample-twisted face pairing 3-manifolds.
In Part 4 T explore the weaker notion of conformal non-positive curvature and
introduce the notion of an angled n-complex. As will become clear, the topics
covered have a definite bias towards research in which I have played some role.
These are naturally the results with which I am most familiar and I hope the
reader will pardon this lack of a more impartial perspective.

*Partially supported by NSF grant no. DMS-0101506
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1 Negative curvature

Although the definitions of d-hyperbolic and CAT(0) spaces / groups are
well-known, it is perhaps under-appreciated that there are at least seven po-
tentially distinct classes of groups which all have some claim to the description
“negatively-curved.” Sections 1.1 and 1.2 briefly review the definitions needed
in order to describe these classes, the known relationships between them, and
the current status of the (rather optimisitic) conjecture that all seven of these
classes are identical. Since the emphasis in this article is on the construction
of examples, finite piecewise Euclidean complexes play a starring role. Sec-
tion 1.3 describes how, in theory, one can decide whether such a complex is
non-positively curved and Section 1.4 concludes with a few comments about
the length spectrum of such a complex.

1.1 Varieties of negative curvature

In this section I define the basic objects of study and highlight the distinctions
between classes of groups which are often treated interchangably by new-
comers to the field. Because the main definitions and results in this section
are well-known, the presentation is brief and impressionistic. A more detailed
overview covering similar territory can be found in the expository article by
Martin Bridson [23] or the one by Ruth Charney [35]. The most basic objects
are o-hyperbolic spaces and CAT (k) spaces. Recall that a geodesic is a length
minimizing curve and that a geodesic metric space is a metric space in which
every pair of points is connected by a geodesic.

X

Figure 1: A triangle which is not quite §-thin.

Definition 1.1 (é-hyperbolic) A geodesic metric space X is d-hyperbolic
if there is a fized 6 > 0 such that for all points x,y,z € X and for all geodesics
connecting x, y, and z and for all points p on the chosen geodesic connecting



164 J. McCammond

x to y, the distance from p to the union of the other two geodesics is at most

J.

Figure 2: A geodesic triangle and the corresponding triangle in R?.

Definition 1.2 (CAT(k)) A geodesic metric space X is said to be (globally)
CAT(0) if for all points x,y,z € X, for all geodesics connecting x, y, and z
and for all points p on the chosen geodesic connecting x toy, d(p, z) < d(p', 2")
where the second distance is calculated in the corresponding configuration in
the Euclidean plane. A corresponding configuration is the unique configuation
(up to isometry) of labeled points in R? where the distance in X between la-
beled points matches the Euclidean distance between the corresponding labeled
points in R%. See Figure 2 for an illustration. The conditions CAT(1) and
CAT(-1) are defined similarly using S* and H?, respectively - with restric-
tions on x, y, and z in the spherical case, since not all spherical comparison
triangles are constructible. More generally, CAT (k) is defined using the com-
plete simply-connected 2-dimensional space with constant curvature k. See
[26] for further details.

As should be clear from the definition, increasing the value of xk weakens
the conditions that need to be satisfied. In particular, the following result is
immediate.

Theorem 1.3 (Increasing ) If X is a CAT(k) space, then for all k' > k,
X is also a CAT(k’) space. In particular, every CAT(—1) space is a CAT(0)
space.

Since hyperbolic n-space, H", is a common inspiration for both of these
theories of negative curvature, it is not too surprising that it is both J-
hyperbolic and a CAT(—1) space. Notice that the definition of §-hyperbolic
only implies that the large scale curvature is negative: we get no information
about local structure. On the other hand, CAT(0) and CAT(—1) spaces have
good local curvature properties which can be formalized as follows.
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Definition 1.4 (Locally CAT(x)) A complete geodesic metric space is lo-
cally CAT (k) if every point has a neighborhood which satisfies the CAT (k)
condition in the induced local metric.

Note that the completeness of the metric is asssumed primarily to rule out
such pathologies as the lateral surface of a right circular cone minus its apex.
This is a perfectly good locally CAT(0) space (except for completeness), but
its universal cover is not even a geodesic metric space. Assuming completeness
excludes such oddities. The connection between this local CAT (k) definition
and the previous global definition is now straightforward: it is known as the
Cartan-Hadamard Theorem. See [26, p. 193].

Theorem 1.5 (Local-to-global) If X is a complete geodesic metric space
and k < 0 is a fixed constant, then the space X is CAT (k) if and only if X
is locally CAT (k) and simply-connected.

Notice that one consequence of this lemma is that a local examination of a
compact complex is sufficient to establish that its universal cover satisfies the
global version. In keeping with recent practice, the phrases “locally CAT(0)”
and “non-positively curved” are used interchangeably. Similarly, the phrase
“locally CAT(—1)” is often equated with the phrase “negatively curved”, but
since I am trying to highlight the various classes of spaces and groups with a
legitimate claim to this title, the phrase “negatively curved” is never used in
this sense in this article.

Shifting attention from spaces to groups, consider those groups which act
properly and cocompactly by isometries on these types of spaces. Following
Cannon [33] T call such an action geometric. Of the seven classes of groups
to be delineated, one acts geometrically on §-hyperbolic spaces and the other
six on CAT (k) spaces with various restrictions. A group G is hyperbolic (or
word-hyperbolic or Gromov-hyperbolic) if for some § it acts geometrically on
some 0-hyperbolic space. Similarly, a group G is a CAT(k) group if it acts
geometrically on some CAT(k) space. Deciding whether a group is word-
hyperbolic is made easier by the following result.

Lemma 1.6 (Testing hyperbolicity) If A is a finite generating set for a
group G, then G is word-hyperbolic if and only if there exists a & such that
the Cayley graph of G with respect to A is §-hyperbolic.

Thus hyperbolicity can be detected from a close examination of the metric
space associated with any finite generating set. By way of contrast, show-
ing that a group is CAT (k) first requires the construction of an appropriate
CAT\(k) space and there is no natural candidate with which to begin. This
lack of a natural space on which the group should act is one of the main
sources of difficulty for proving (and especially for disproving) that a group
is a CAT(k) group.
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The first type of restriction on CAT (k) groups I wish to consider involves
the existence of flats in the spaces upon which they act. A flat is an isometric
embedding of a Euclidean space R" with n > 1. Because an isometrically
embedded flat plane would violate the thin triangle condtion, every CAT(—1)
space is also a CAT(0) space with no flats. Also, every CAT(—1) space is
d-hyperbolic. The strongest result along these lines is the flat plane theorem.
See [26, Theorem 3.1 on p. 459] or [22].

Theorem 1.7 (Flat Plane Theorem) If X is a CAT(0)-space and G is
a group which acts geometrically on X, then X is 0-hyperbolic (and G s
hyperbolic) if and only if X does not contain an isometrically embedded copy
of the Euclidean plane.

Notice that the quotient of X by its G-action is a non-positively-curved
space with fundamental group G and universal cover X. Conversely, if we
start with a compact non-positively curved space with fundamental group
G, then G acts geometrically on its universal cover. The rough algebraic
equivalent to the existence of an isometrically embedded flat plane is a rank 2
free abelian subgroup. The following is a small portion of the result known
as the flat torus theorem ([26, Theorem 7.1 on p. 244]).

Theorem 1.8 (Flat Torus Theorem) Let X be a CAT(0)-space and let G
be a group which acts geometrically on X. If G contains a Z X Z subgroup
then X contains an isometrically embedded flat plane.

An obvious question at this point is whether the converse also holds. Un-
fortunately this question is wide open.

Problem 1.9 (Flat vs. Z x Z) If X is a CAT(0)-space and a group G acts
geometrically on X, is it true that there is an isometrically embedded flat plane
in X if and only if there is a Z x Z subgroup in G ?

A good test case is a compact non-positively curved 2-complex constructed
entirely out of unit Euclidean squares. Problem 1.9 remains open even in this
highly restricted setting and it is not even clear that the answer should be yes.
One phenomenon which frustrates many naive approaches to this problem is
the following construction due to Dani Wise [86].

Theorem 1.10 (Isolated aperiodic flats) There exists a compact piece-
wise FBuclidean non-positively curved space constructed entirely out of unit
FEuclidean squares which contains an aperiodic flat that is not the limit of
periodic flats.

A periodic flat is one on which a Z x Z subgroup of G acts cocompactly.
Alternatively, a flat is aperiodic if no such subgroup exists. The final asser-
tion of the theorem essentially means that there does not exist a sequence
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of periodic flats whose intersections with the aperiodic flat increase so as to
exhaust the aperiodic flat in the limit. The specific construction can be found
in Section 7 of [85] or in [86]. Wise’s example shows that attempts to prove
that the existence of a flat in X implies the existence of a Z x Z subgroup in G
cannot start by closely examining a randomly chosen flat in X with the hope
of showing that it is periodic — or even that there is a periodic flat nearby. The
route from the flat to the subgroup, if indeed it exists, is thus likely to start
from a flat which has been carefully selected to satisfy additional conditions.

The final type of restriction I wish to consider severely constrains the type
of spaces on which the group G can act. In particular, suppose we restrict our
attention to the spaces constructed out of polyhedral pieces taken from one of
the three standard constant curvature models: the n-sphere S”, Euclidean n-
space R", or hyperbolic n-space H". A rough definition of these M, -complexes
is given below. See [26] for a more precise definition.

Definition 1.11 (M,-complexes) A piecewise spherical / euclidean / hy-
perbolic complex X is a polyhedral complex in which each polytope is given a
metric with constant curvature 1 /0 / —1 and the induced metrics agree on
overlaps. In the spherical case, the cells must be convex polyhedral cells in S™
in the sense that they must be embeddable in an open hemisphere of S™. The
generic term is M, -complex, where k is the curvature common to each of its
cells.

It is an early foundational result of Bridson that compact M,-complexes
are indeed geodesic metric spaces [21, 24]. In fact, Bridson showed that non-
compact M, -complexes are also geodesic metric spaces so long as one assumes
that there are only finitely many isometry types of cells. For ease of exposi-
tion, we restrict our attention to compact complexes. A second key result is
that one can check whether an M, -complex (k < 0) is non-positively curved
by checking for the existence of short geodesic loops in the links of cells.

Definition 1.12 (Links) Let X be an M, -complex. The link of a point z
i X is the set of unit tangent vectors at x. Notice that the link of x comes
equipped with a natural piecewise spherical structure. The link of a cell is the
set of unit tangent vectors at one of its points, but restricted to those which
are orthogonal to all of the tangent vectors lying in the cell. For example, the
link of a point in the interior of an edge in a tetrahedron is a spherical lune,
but the link of the edge which contains it is a metric circular arc whose length
1s equal to the dihedral angle along this edge.

Definition 1.13 (Geodesics) A piecewise geodesic v in X is a path 7 :
[a,b] — X where [a,b] can be subdivided into a finite number of subintervals
so that the restriction of v to each closed subinterval is a path lying entirely
i some closed cell o of X. There is a further restriction that this portion
of the path is the unique geodesic connecting its endpoints in the metric of
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o. A local geodesic is a local isometric embedding of an interval into X and
a closed geodesic loop is a local isometric embedding of a metric circle into
X. In an M, -complez, the structure of a local geodesic (or a closed geodesic
loop) is always that of a piecewise geodesic, and to test whether a piecewise
geodesic is a local geodesic it is sufficient to check whether at each of the
transition points, the “angles are large”, meaning that the distance between
the in-coming tangent vector and the out-going tangent vector is at least w in
the link of this point.

Using this language the precise statement is the following.

Theorem 1.14 (Gromov’s link condition) For x <0, an M, -complez is
locally CAT (k) < the link of each vertex is globally CAT(1) < the link of
each cell is an piecewise spherical complex which contains no closed geodesic
loop of length less than 2.

Thus, showing that piecewise Euclidean complexes are non-positively curved
hinges on showing that piecewise spherical complexes have no short closed
geodesic loops. I return to this theme in Section 1.3. Finally, notice that a
compact M, -complex can be described using only a finite amount of data.
This observation is important since it makes M, -complexes suitable for com-
puter investigation. More specifically, it is sufficient to give the curvature x,
the simplicial structure of (a simplicial subdivision of) the complex together
with the exact length of each of its edges. This is sufficient because the shape
of each simplex (of curvature k) is completely determined by its edge length
data. This section concludes with an exercise.

Exercise 1.15 (Feasible edge lengths) What restrictions on a set of edge
lengths £;;, 1 < 4,7 < n, are necessary in order for a nondegenerate piecewise
Euclidean n-simplex to be constructible with these lengths? The answer is
classical, but the necessary and sufficient conditions are not necessarily easily
reconstructed from first principles. Historically, the full answer consists of a
set of equations (due to Cayley) and some inequalities (due to Menger) [69],
although an alternative description in terms of quadratic forms was found by
Schoenberg [79].

1.2 Curvature conjecture

The primary goal of this section is to state and discuss the curvature con-
jecture. In order to state the conjecture seven potentially distinct classes of
groups need to be defined.

Definition 1.16 (7 classes of groups) Consider the set of all groups G
which act geometrically on

1. §-hyperbolic spaces,
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. CAT(-1) spaces,
CAT(0) spaces with no isometrically embedded flat planes,
CAT(0) spaces with no Z x Z subgroups in G,

piecewise hyperbolic CAT(—1) spaces,

SRS TE SRS

piecewise Eulcidean CAT(0) spaces with no isometrically embedded flat
planes, or

7. piecewise Euclidean CAT(0) spaces with no Z x Z subgroups in G.

Notice that first two classes define word-hyperbolic groups and CAT(—1)
groups, respectively. The known relationships between these classes are sum-
marized in Figure 3. In the figure, PH and PE stand for piecewise hyperbolic
and piecewise Euclidean, respectively.

PH CAT(-1) = CAT(-1)

(7) ]
PE CAT(0) N CAT(0) N word-
no flats no flats hyperbolic
I U
PE CAT(0) N CAT(0)
noZ x 7 noZ x 7

Figure 3: The known relationships between various classes of groups

Although the following is formulated as a conjecture, I should note that
many experts in the area firmly believe the conjecture is false.

Conjecture 1.17 (Curvature conjecture) All seven classes of groups de-
scribed above are identical.

Conjecture 1.17 is a natural analogue of Thurston’s hyperbolization con-
jecture. In particular, if the hyperbolization conjecture is true then this con-
jecture is true when restricted to 3-manifolds and their fundamental groups.
As we noted above, many experts expect the general conjecture to be false.
A resolution either way would be a major advance for geometric group theory
and its quest to understand the nature of negative curvature.

Perhaps the most likely source of a counterexample to Conjecture 1.17 is a
quotient of a cocompact lattice in a high-dimensional quaternionic hyperbolic
space by a long relation, the idea being that the non-existence of a CAT(0)
space on which this group acts geometrically can be established by a suitable
extension of super-rigidity. Several groups of researchers have been working
towards resolving this conjecture either positively or negatively (Mineyev-Yu
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[70], Burger-Monod [27, 28], etc.). Nevertheless, even should this approach
yield a counterexample, the more general question of which word-hyperbolic
groups can act geometrically on CAT(0) complexes will remain wide open. It
is at least conceivable that essentially the only counterexamples are ones con-
structible from quaternionic hyperbolic spaces. As (admittedly rather weak)
evidence for this, there is the well-known propensity of the quarternions and
octonions to be involved whenever there are only a few exceptions to an oth-
erwise cleanly stated classification theorem [2, 41].

One aspect of Figure 3 which might be surprising at first is the lack of
a relationship between piecewise hyperbolic CAT(—1) groups and piecewise
Euclidean CAT(0) groups. A naive approach would be to simply replace
each hyperbolic simplex with the Euclidean simplex which has the same edge
lengths. This procedure does tend to lengthen piecewise geodesics in vertex
links (where the break points are described using barycentric coordinates),
but the problem is that the status of such a path as a local geodesic is not
stable under this inflation. In particular, there might exist a short piecewise
geodesic loop in the hyperbolic version which is not a local geodesic, but
which becomes a slightly longer (although still less than 27) local geodesic
in the Euclidean version. Thus, the path that shows the Euclidean version
is not CAT(0) may not even be considered in the hyperbolic version since it
is not a local geodesic. Another more serious problem is that the effect of
this replacement on the length of piecewise geoedesics in links of edges and
of other higher dimensional faces is completely unclear: some may lengthen,
others may shrink, depending on the intricate details of the shapes of the
original hyperbolic simplices. A partial positive result in this direction has
been shown by Charney, Davis and Moussong [34].

Theorem 1.18 (hyperbolic vs. PE CAT(0)) If M is a compact manifold
which supports a hyperbolic metric (i.e. a Riemannian metric with constant
sectional curvature —1), then M also supports a metric which is piecewise
Euclidean and locally CAT(0).

Their proof looks at the orbit of a point in the hyperboloid model of hyper-
bolic space under the action of the fundamental group of M and then considers
the piecewise FEuclidean boundary of the convex hull of these points. They
then quotient this piecewise Euclidean complex by the piecewise linear action
of the fundamental group. Notice, however, that this proof scheme is highly
dependent on the fact that M is a constant curvature manifold. The corre-
sponding result for compact n-manifolds with variable negative Riemannian
curvature or a locally CAT(—1) piecewise hyperbolic structure is still open.
In the other direction, there is also a partial result, at least in low-dimensions.

Proposition 1.19 (No tight loops) If M is a 2-dimensional piecewise Eu-
clidean CAT(0) complex, and there does not exist a closed geodesic loop in



Non-positively curved spaces and groups 171

the link of a vertexr in M which has length exactly 2w, then M can also be
given a piecewise hyperbolic metric which is CAT(—1).

The argument is easy and goes roughly as follows. Give each simplex the
metric of a simplex with identical edge lengths but with constant curvature
€ where € is negative but close to 0. By chosing e sufficiently close to 0, the
length of the closed geodesics in the vertex links (which are metric graphs in
this case) do not shrink below 27. Thus by Gromov’s criterion (Theorem 1.14),
the result is CAT(e). Rescaling now produces a metric of curvature —1. The
restriction that M be 2-dimensional is crucial. As far as I can tell from the
literature, the following stronger conjecture has neither been established nor
disproved.

Conjecture 1.20 (No tight loops) Suppose M is a piecewise Euclidean
CAT(0) complex, and there does not exist a closed geodesic loop of length
exactly 2w in the link of any simplex in M, is it true that this particular
cell structure for M can also be given a piecewise hyperbolic metric which is

CAT(-1)?

As mentioned above, the potential problems lie in the links of faces other
than vertices since a simple substitution of slightly hyperbolic simplices for
the Euclidean ones has unpredictable effects on the metrics in these links.
Note also that the no-tight-loops restriction in Proposition 1.19 is absolutely
necessary for this result to hold in dimension 2. Specifically, Noel Brady and
John Crisp [12] and Misha Kapovich [58] have produced several examples with
the following properties.

Theorem 1.21 (PH CAT(—-1) vs. PE CAT(0)) There is a group which
acts geometrically on a 3-dimensional piecewise hyperbolic CAT(—1) space,
and on a 2-dimensional piecewise Fuclidean CAT(0) space, but not on any
2-dimensional piecewise hyperbolic CAT(—1) space.

abaa=bb

Figure 4: A one-relator group satisfying Theorem 1.21.

The simplest example of such a group is the one-relator group shown
in Figure 4. The moral here is that although it is conceivable that the



172 J. McCammond

class of piecewise hyperbolic CAT(—1) groups and the class of piecewise Eu-
clidean CAT(0) groups without flat planes are identical, a change in cell
structure — and dimension! — is sometimes necessary in order to pass be-
tween them. In other words, higher dimensions are sometimes necessary in
order to smooth things out. In particular, the space which proves a group is
CAT(0) might have a higher dimension than its geometric dimension [12, 25]
and, if CAT(—1) is desired, another space of even higher dimension might
be required. Despite the exceptions under special circumstances noted above
(Theorem 1.18 and Proposition 1.19) the behavior noted by Brady-Crisp and
Kapovich is likely to be fairly common. For an explicit illustration where
higher dimensions are useful see Section 3.2. On the other hand, the passage
to higher-dimensions is not without perils of its own, as we shall see.

If our goal is to create complexes with good local curvature properties on
which a particular word-hyperbolic group can act, there is at least one obvious
candidate: the Rips complex, or some variant on it. Let P;(G, A) denote the
flag complex on the graph whose vertices are labeled by G and which has an
edge connecting g and h iff gh~! is represented by a word of length at most d
in the generators A. Recall that a flag complex is a simplicial complex which
contains a simplex if and only if it contains the 1-skeleton of that simplex.
This complex has extremely nice properties for large values of d [1].

Theorem 1.22 (Rips complex) If G is word-hyperbolic and d is large rel-
ative to the hyperbolicity constant §, then the Rips complex Py(G,A) is con-
tractible, finite dimensional, and G acts discretely and compactly on Py(G, A).

As defined above, the Rips complex is a simplicial complex with no natural
metric. One approach to the curvature conjecture would be to try and add
a metric to the Rips complex and then to show that the result is a CAT(0)
space. Unfortunately, this can be quite difficult even in the simplest of cases.
Let G be a word-hyperbolic group and suppose we carefully pick a generating
set A, pick a d very large and declare each simplex in P;(G, A) to be a regular
Euclidean simplex with every edge length 1. Is the result a CAT(0) space?
Is this true when G is free and A is a basis? Although it is embarrassing
to admit, I believe the answer is that no one knows, even in the case of a
free group generated by a basis. The moral here is that our ability to test
whether a compact constant curvature metric space is locally CAT(0) or
locally CAT(—1) is very primitive.

Finally, there is another class of groups which deserves to be highlighted
in connection with the seven classes listed above, even though they are not
negatively curved. These are the groups which act geometrically on CAT(0)
spaces with isolated flats.

Remark 1.23 (Spaces with isolated flats) A CAT(0) space X has the
isolated flats property if there is a collection F of isometrically embedded
Euclidean spaces (each of dimension at least 2) such that this collection is
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mazximal and isolated. It should be maximal in the sense that every flat in X
lies in a k-neighborhood of a flat in F, and isolated in that k-neighborhoods
of distinct flats in F intersect in bounded sets whose diameter is a function
of k alone. This definition was introduced and extensively studied by Chris
Hruska in his dissertation [52], although it was implicit in earlier works by
other authors [57, 85]. There are a number of results for hyperbolic groups
which readily extend to groups acting geometrically on CAT(0) spaces with
isolated flats, but which do not extend to CAT(0) groups in general. For
example, if G is such a group (and it also has the closely related relative
fellow traveler property), then there is a well-defined notion of a quasiconvex
subgroup in G which is independent of the CAT(0) space with isolated flats
on which G acts and there is a well-defined boundary up to homeomorphism.
Both of these results were shown by Gromov for hyperbolic groups but fail for
general CAT(0) groups.

1.3 Decidability

When constructing examples of non-positively curved spaces, attention has
naturally focused on the class of constant curvature complexes. This attention
is partly due, no doubt, to the reduction allowed by Gromov’s link condition
(Theorem 1.14) and to the fact that these complexes can be described using
only a finite amount of data. But this leads to a fundamental question. Let
X be a finite M, -complex, say piecewise Euclidean. Is there an algorithm to
determine whether this metric space is non-positively curved? The answer,
fortunately, is yes, but the proof is not as straightforward as one might hope.
In [45] Murray Elder and I proved the following result.

Theorem 1.24 (CAT(k) is decidable) Given a compact M, -complex X,
there is an explicit algorithm which decides whether X is locally CAT (k). In
particular, it is possible to determine if a finite piecewise Euclidean complex
s mon-positively curved.

The word “algorithm” in the theorem should really be placed in quotation
marks since the algorithm we described in the course of the proof is not one
which can be used in practice except in the most trivial of situations where
the answer is already obvious. The difficulty is that the proof relies, ulti-
mately, on a result of Tarski’s about the decidability of the first order theory
of the reals. In outline, the proof can be described as follows. First, reduce
the problem to the existence of certain types of paths in special piecewise
spherical complexes that we call circular galleries. Next, encode the existence
of these paths into a real semi-algebraic set. Recall that a real semi-algebraic
set is a subset of Euclidean space which can be described using Boolean com-
bination of polynomial equations and inequalities. The name is derived from
the fact that these subsets are also boolean combinations of (projections of)
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real algebraic varieties. Finally, Tarski’s theorem about the decidability of
first order sentences over the reals implies that there is an algorithm which
decides whether a real semi-algebraic set is empty or not. The rest of this
section describes the proof in more detail. The key concept is that of a gallery.

Definition 1.25 (Galleries) Let X be a piecewise constant curvature com-
plex and let v be a local geodesic in X. Consider the sequence of open cells
through which ~ passes. This sequence is essentially what we call a linear
gallery. If v is a closed geodesic, then this sequence is given a cyclic ordering
and the sequence is called a circular gallery. Instead of a precise definition,
consider the example shown in Figure 5. The figure in the upper left shows
a very simple complex (which is essentially the boundaries of two Fuclidean
tetrahedra identified along one edge) along with a local geodesic path from x
to y. On the upper right is the corresponding linear gallery. The lower left is
result of concatenating the closed cells through which the local geodesic passes
rather than the open cells, and the difference between these two is the bound-
ary of the gallery. The circular version constructs a similar complex homotopy
equivalent to a circle.

Figure 5: A 2-complex, a linear gallery, its closure and its boundary.

The reasoning now goes as follows. If there is a cell in X whose link is a
piecewise spherical complex containing a closed geodesic loop of length less
than 27, then this geodesic determines a circular gallery. Moreover, since
X is finite, this circular gallery involves only finitely many shapes. There is
a result of Bridson [21] which asserts that in this context the length of the
geodesic is quasi-isometric to the number of simplices in the circular gallery
and that the quasi-isometry constants only depends on the shapes of the cells
involved. Thus, if we are able to (1) check whether any particular piecewise
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spherical circular gallery contains a short closed geodesic loop with winding
number 1 and (2) determine whether any of the closed geodesic loops found
remain locally geodesic when the circular gallery is immersed back into the
cell link from which it came, then we are done. Carrying out this procedure
for each of the finite number of circular galleries containing a bounded number
of simplices completes the test. To highlight the dependence of the argument
on the quasi-isometry constant derived from the shapes, consider the situation
where the metric is not given in advance.

Remark 1.26 (Testing for the existence of a CAT(0) metric) If X is
a finite cell complex endowed with a piecewise Euclidean metric then the ar-
gument outlined above can determine whether or not this particular metric is
non-positively curved. It remains an open question, however, (in dimensions
greater than 2) whether there is an algorithm to determine whether a finite
simplicial complex (with no pre-assigned metric) supports a metric of non-
positive curvature. The problem is that without knowing in advance what the
metric is, it is not clear what the quasi-isometry constants are, and thus it
18 not clear how large the circular galleries are which need to be considered.
In particular, there is no a priori bound on the combinatorial length of the
galleries we meed to check. Dimension 2 is special in this regard because its
vertex links are metric graphs. Thus, the only closed circular galleries which
need to be considered are the finite number of simple closed loops in these
graphs — regardless of the metric. Therefore, a (highly impractical) algorithm
does exist in dimension 2.

The remainder of the argument is a complicated conversion process which
encodes the existence of a closed geodesic loops in a circular gallery into
a Boolean combination of polynomial equations and inequalities. The full
details can be found in [45], but as an indication of the issues involved, here
are two brief remarks. First, even determining whether a piecewise geodesic in
a piecewise spherical complex is longer than 7 is a non-trivial task using only
polynomials. Analytically, one would simply think of the transition points
as unit vectors and add up the arccosines of the appropriate dot products.
Since arccosines are prohibited, we create instead a 2-dimensional “model
space” such as the one pictured in Figure 6 and then test whether the second
coordinate of the final point plotted is positive.

The second remark is that to conclude that a particular piecewise geodesic
is a local geodesic necessarily involves an induction on dimension: it is a local
geodesic if and only if at each transition point the distance between in the in-
coming tangent vector and the out-going tangent vector are distance at least
7 apart in the link of this point. To show this one would need to show that for
every possible linear gallery (up to a certain combinatorial length) connecting
these two points in this lower dimensional piecewise spherical complex and for
every possible local geodesic in each of these galleries, the distance (calculated
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Figure 6: A 1-complex, a linear gallery and its model space.

using a 2-dimensional model space) is at least 7. By an induction on dimen-
sion, one can assume that the appropriate logical combination of equations
and inequalities exists to test each of these conditions, completing the proof.
The result is that by inducting through dimensions it is possible to construct
a real semi-algebraic set whose points are in one-to-one correspondence with
the closed geodesic loops of length less than 27 in the specific circular gallery
under consideration. Tarski’s theorem can then be used to test whether this
set is empty or not.

Remark 1.27 (Why is this so hard?) At this point it would be natural to
wonder whether it is really necessary to use real semi-algebraic sets in order to
decide this type of problem. Perhaps there is an elementary solution waiting
to be discovered. Perhaps. On the other hand, the problem of determining
whether a complex is CAT(0) involves finding 1-dimensional paths in high
dimensional piecewise spherical complexes, and problems involving high codi-
mension (where “high” typically means codimension 2 or more) can often be
surprisingly hard. As an example, consider the question of finding the unit
volume Euclidean 3-polytope with the smallest 1-skeleton (where the size of the
1-skeleton is measured by adding up all of the edge lengths). The answer, in
this case, is not known, although the solution is probably the reqular triangular
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prism shown in Figure 7 (all edges have equal length, all faces are regular, and
rescaled to have unit volume). This is known as the Melzak problem and it
1 a classical problem in geometric analysis which has stubbornly resisted all
attempts to resolve it. For a summary of recent partial progress see [76].

Figure 7: A regular triangular prism.

1.4 Length spectrum

The ability (in theory) to test whether a finite constant curvature complex
is non-positively curved is not the only result which can be shown using the
methodology described in the previous section. A similar approach allows one
to prove that length spectrum of such a complex must be discrete.

Definition 1.28 (Length spectrum) Let X be a compact M, -complex and
let x and y be points in X. The lengths of all the local geodesics from x to y is
called the length spectrum from x to y. The lengths of all the closed geodesic
loops in X is simply its length spectrum.

In [26], Bridson and Haefliger use a relatively easy compactness argument
to establish the discreteness of the length spectrum between specific points.
Noel Brady and I were recently able to show that the same restriction holds
for lengths of all closed geodesic loops as well [14]. The proof, on the other
hand, requires a type of argument which is reminenscent of the proof of The-
orem 1.24.

Theorem 1.29 (Length spectrum) The length spectrum of any compact
M, -complezx is discrete.

As one might expect, the compactness hypothesis can be weakened to
finitely many isometry types of cells without altering the proof. A sketch of
the proof goes as follows. If the length spectrum is not discrete then we can
find a sequence of closed geodesic loops in X whose lengths are distinct but
bounded. By passing to a subsequence we can assume that all of these loops
determine the same circular gallery (this reduction uses the quasi-isometry
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constant alluded to above). By establishing that the function which calcu-
lates the length of certain piecewise geodesic paths is analytic, one can use
the Morse-Sard theorem to show that the length spectrum for this particular
circular gallery has measure zero in R. Moreover, by encoding these piece-
wise geodesics as a real semi-algebraic set, one can show that the topology
on the set of closed geodesic loops has only finitely many connected compo-
nents. Combining these two ingredients shows that the length spectrum of
this particular circular gallery is finite, providing the necessary contradiction.

One reason for proving a result of this type has to do with locally geodesic
surfaces. Call an isometric immersion f : D — X of a metric polyhedral
surface locally geodesic if for all points d € D, the link of d is sent to a
local geodesic in the link of f(d). In a 2-dimensional piecewise Euclidean
complex, every null-homotopic curve bounds a locally geodesic surface, but
this fails in dimensions 3 and higher. This is also one of the key reasons why
some theorems in dimension 2 fail to generalize easily to higher dimensions.
Chris Hruska, for example, proves in [52] that in dimension 2 the isolated
flats property is equivalent to the relative fellow travel property and to the
relatively thin triangles property. He conjectures, moreover, that the same
result should hold in all dimensions. In his proof, he heavily uses the fact
that the curvature of points in locally geodesic surfaces mapped into finite
2-dimensional complexes is bounded away from 0. By the curvature of a
point in the interior of D we mean 27 minus the length of its link. See
also Section 4.2 where a more general definition of curvature is discussed.
An immediate corollary of Theorem 1.29 is that this portion of his proof
immediately generalizes to arbitrary dimenisions.

Corollary 1.30 (Quantizing curvature) If D — X is a locally geodesic
surface in a compact piecewise Fuclidean compler X, then those points in
the interior of D with nonzero curvature have curvatures uniformly bounded
away from 0. Moreover, this bound depends only on X and not on D. As a
consequence, if the total amount of negative (or positive) curvature is known,
then there is a bound on the number of points in D whose curvature is less
than (or more than) zero.

2 Algorithms

In this part the focus shifts from theorectical results to practical algorithms
which can actually be implemented on computers to obtain results. In Sec-
tion 2.1 a practical algorithm in dimension 3 is discussed and in Section 2.2
this algorithm is used to solve a conjecture about 3-manifolds. Finally, in
Section 2.3 the inherent difficulties in higher dimensions are considered.
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2.1 Algorithm in dimension 3

As pointed out above, the use of Tarski’s theorem in the course of the proof
makes the implementation of the “algorithm” described in Theorem 1.24 im-
practical if one is really interested in actually carrying out a test on a par-
ticular concrete example. Thus, it makes sense to continue to search for al-
ternative approaches in those special cases where real algebraic geometry can
be avoided. In [44] Murray Elder and I were able to find a rather elementary
geometric argument when the complexes under consideration are restricted to
dimension at most 3.

Theorem 2.1 (Practical algorithm) There exists an elementary practical
algorithm which decides whether or not a 3-dimensional piecewise Fuclidean
complex is non-positively curved.

As with the word “algorithm” in Theorem 1.24, the word “practical” in
Theorem 2.1 should really be in quotation marks since the procedure is reason-
ably fast for each circular gallery, but the number of circular galleries which
need to be tested in even a modest size example can quickly grow to unman-
ageable levels. The results described in Section 2.2 illustrate this phenomenon.
The heart of the argument uses only elementary 3-dimensional geometry and
has been implemented in both GAP (Groups, Algorithms, Programming) and
PARI (a number theory package). The packages are called cat.g and cat.gp,
and are available to download [43].

The key to the argument is the restricted nature of circular galleries in
low dimensions. If X is a 3-dimensional piecewise Euclidean complex, the
only links of cells which need to be examined are the links of vertices. The
piecewise spherical complexes which result are 2-dimensional and the circular
galleries to which they lead can be classified as either annular galleries, Mobius
galleries or necklace galleries.

Definition 2.2 (Types of gallery) If a hypothetical geodesic does not pass
through a vertex of the link, then the circular gallery it produces will be home-
omorphic to either an annulus or a Mobius strip, whereas those which pass
through a vertex look like a beaded necklace. We call these annular galleries,
Mobius galleries, and necklace galleries, respectively. The portion of a neck-
lace gallery from one vertex to the next is called a bead.

Annular galleries and Md&bius galleries can be “cut open” and then devel-
oped onto a 2-sphere in an essentially unique way up to isometry. Once this is
done, an easy construction using dot products and cross products enables one
to test whether or not the original circular gallery contained a short closed
geodesic loop. Similarly, each bead in a necklace gallery can be developed
onto a 2-sphere in an essentially unique way and there is an easy procedure
to check whether there is a local geodesic in this bead which connects its
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endpoints. These processes are illustrated in Figures 8, 9 and 10. See [44] for
further details.

=

r=r

Figure 10: A necklace gallery with one of its beads developed.

As mentioned above, the main reason why the algorithm described is not
completely practical is because of the sheer number of circular galleries which
need to be examined in any reasonable example. In practice, this search can
be restricted to unshrinkable geodesics. A geodesic is unshrinkable if there
does not exist a homotopy through rectifiable curves of non-increasing length
to a curve of strictly shorter length. One corollary of a result established by
Brian Bowditch in [11] is the following.
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Theorem 2.3 (Unshrinkable geodesics) If an M, -complex (with k < 0)
contains a cell whose link contains a closed geodesic loop of length less than
2w, then it also contains a cell whose link contains an unshrinkable closed
geodesic loop of length less than 2.

)®

Figure 11: Shrinking annular galleries and long beads.

Using a slightly more delicate argument, we can then show that when
testing whether an M, -complex X is non-positively curved it is sufficient to
test whether there are piecewise spherical circular galleries arising from the
links of cells in X which contain closed geodesic loops that can neither be
shrunk nor homotoped until it meets the boundary of its gallery without
increasing length. All annular galleries, Mdbius galleries of length at least m,
and beads of length at least 7 are shrinkable in this expanded sense. Figure 11
illustrates the main ideas. The left hand side shows how a geodesic in a cut-
open and developed annular gallery can be homotoped through latitude lines
to a strictly shorter curve, while the right hand side shows how a geodesic
in a bead of length at least m can be homotoped in a non-length-increasing
way to a piecewise geodesic which intersects the boundary of the bead. This
reduction simplifies the search for short geodesics immensely.

This section concludes with two examples showing the type of results pro-
duced by the software implementing this algorithm.
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Figure 12: 5 Mobius galleries.

Example 2.4 (Regular tetrahedra) Let X be a piecewise Fuclidean com-
plex built entirely out of reqular tetrahedra with each edge length equal to 1.
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Figure 13: Two non-trivial beads.

Each of the vertex links in X is piecewise spherical 2-complexes constructed
out of equilateral spherical triangles with side length 7/3. The software pro-
duces a list of circular galleries constructed out of triangles of this type which
can carry short closed geodesic loops. The task of determining whether any
of these circular galleries can actually be immersed into any of the vertex
links of X and, more importantly, whether any of the closed geodesic loops
they carry remain local geodesics under these immersions has not been imple-
mented. Currently, the researcher must check these conditions by hand.

In the situation under consideration, the circular galleries carrying un-
shrinkable short closed geodesics consist of 22 necklace galleries and the 5
Mébius galleries shown schematically in Figure 12. In order to produce the
Mébius strips the thick edges on the left and the right should be identified with
a half-twist. The 22 necklaces are those which can be strung together using
the one edge type (which is a spherical arc of length 7/3) and the two non-
trivial beads shown in Figure 13. If we call these beads types A, B, and C,
respectively, then the 22 necklaces which are can strung together to contain a
closed geodesic loop of length less than 2w are described by the sequences A,
A2, A3, A, A°, B, BA, BA?, BA3, BA', B?, B*A, B?A?, BABA, B3,
C, CA, CA%, CA3, OB, CBA, and C*. The final result is that X is non-
positively curved if and only if it does not contain a vertex whose link contains
an isometric immersion of one of these 5 Médbius galleries or one of these 22
necklaces galleries where the short closed geodesic loop it contains survives as
a local geodesic under this immersion.

Figure 14: A Mobius gallery to avoid.

<P

Figure 15: A non-trivial bead to avoid.
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Example 2.5 (Coxeter shapes) Let X be a piecewise Fuclidean 3-complex
built entirely out of metric tetrahedra with 4 edges of length /3 and two non-
adjacent edges of length 2. Tetrahedra of this type arise in the theory of
Buclidean Cozeter groups. In particular, there is a_reqular tiling of R3 using
these tetrahedra. In the standard notation it is an As shape. The vertex links
in X will be piecewise spherical 2-complexes built out of isometric isosceles
spherical triangles. This is because all four vertices of our standard tetrahe-
dron have isometric links. The software in this case produces a single Mdbius
gallery and a list of 19 necklace galleries. The Mdébius gallery is shown in
Figure 14.

The 19 necklaces are again strung together using 3 beads. In this case,
there are two types of edges (of different lengths) in the vertex links and a
single non-trivial bead shown in Figure 15. Labeling these A, B, and C as
before, the 19 necklace galleries which can be strung together to contain a
closed geodesic loop of length less than 21 are those described by the sequences
A2 A% A5 A’B, A2B?, A’B3, ABAC, A’C, A’C?, A*B, CA* B, B?, B3,
B*, B, C, C?, and C®. The final result is that X is non-positively curved
if and only if it does mot contain a vertex whose link contains an isometric
immersion of this Mébius gallery or one of these 19 necklaces galleries where
the short closed geodesic loop it contains survives as a local geodesic under
this immersion.

2.2 3-manifold results

In this section we discuss how the software described in the previous section
can be used in conjunction with a sort of spherical small cancellation theory
to prove a result about 3-manifolds originally conjectured by Bill Thurston.
The theorem is a result is about 5/6* manifolds.

Definition 2.6 (5/6*-triangulations) Let M be a closed triangulated 3-
manifold. The triangulation is a 5/6-triangulation if every edge has degree 5
or 6 (where the degree of an edge equals the combinatorial length of its link).
The triangulation is a 5/6*-triangulation if, in addition, each 2-cell contains
at most one edge of degree 5.

The conjecture that Thurston makes is that every closed 3-manifold with a
5/6*-triangulation has a word-hyperbolic fundamental group. In [46] Murray
Elder, John Meier and I proved a slightly stronger result.

Theorem 2.7 Every 5/6*-triangulation of a closed 3-manifold M admits a
piecewise Fuclidean metric of non-positive curvature with no isometrically
embedded flat planes in its universal cover. Thus m M is word-hyperbolic.

The proof involves a mixture of traditional combinatorial group theory and
computations carried out by the software cat.g. The combinatorial group
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theory portion is described first. The link of a vertex in M is a triangulated
2-sphere in which every vertex has valence 5 or 6 and no two vertices of
valence 5 are connected by an edge. Thus, the dual is a tiling of the 2-sphere
by pentagons and hexagons in which every vertex has valence 3 and no two
pentagons have an edge in common. Since the smallest tiling with these
properties is that of a soccer ball, we call these soccer tilings and a simply-
connected subdiagram of a soccer tiling homeomorphic to a disc is called a
soccer diagram. A typical example is shown in Figure 16.

Figure 16: A soccer diagram.

Curvature considerations imply that every soccer tiling has exactly 12
pentagons. If v is a simple closed curve in the 1-skeleton of a soccer tiling,
cutting along this curve splits the 2-sphere into two soccer diagrams, at least
one of which has at most 6 pentagons. Since every vertex in a soccer tiling
has valence 3, the vertices on the boundary of a soccer diagram have valence
either two or three. The boundary vertices of valence 2 are called right turns
and those of valenced 3 are called left turns. The terminology arises from
imagining that every corner of each polygon has been assigned an angle of
27w /3 and we are traversing the boundary cycle clockwise. An analysis of
soccer diagrams reminiscent of small cancellation theory yields the following
key result.

Lemma 2.8 (Special diagrams) The only soccer diagrams D with 0D <
14, at most siz pentagons, and no three consecutive right turns are the two
diagrams shown in Figure 17.

This combinatorial result reappears at the end of the argument. Returning
to the triangulated 3-manifold M, we assign a piecewise Euclidean metric to
M as follows. Each edge of degree 5 is assigned a length of 2 and each edge of
degree 6 is assigned a length of v/3. The corresponding metrics on the 2-cells
and 3-cells are the unique Euclidean metrics with these specific edge lengths.
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e

Figure 17: The only two soccer diagrams satisfying the conditions of
Lemma 2.8

Since no tetrahedron in M contains edges of degree 5 which are adjacent,
there are exactly three types of metric tetrahedra which can be found in M.
These are shown in Figure 18. The thicker edges are the ones of length 2.
Notice that the tetrahedron on the left is regular and the one on the right is
the Coxeter shape considered in Example 2.5.

VARVA WA

Figure 18: The 3 metric tetraheda which arise in a 5/6* 3-manifold.

It is easy to show that the links of edges are metric circles with length at
least 27 by calculating the sizes of the various dihedral angles. Thus, the only
question which remains is whether the links of vertices contain closed geodesic
loops of length less than 27. Since annular galleries are shrinkable and Mobius
galleries cannot immerse into 2-spheres, only necklaces galleries need to be
examined. Using the software cat.g, we calculated the list of beads which
can be used to string together a necklace gallery containing a short closed
geodesic loop. Using the simplifed search algorithm that only looks for beads
whose geodesic has length less than 7, it takes less than an hour to produce the
list of 75 beads. In the process, the program examines over 116,000 circular
galleries. Before restricting the search to unshrinkable geodesics, the program
needed to search through more the 3 million circular galleries and it found
more than a thousand beads which could be used. Moreover, performing this
search required over 2 months of computation time, and this in a problem
which only involves three metric tetrahedra! The problem under consideration
is thus only barely feasible using current technology. Slight modifications are
likely to quickly lead to intractable complications. In this instance, the output
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Figure 19: The three combinatorial types of beads in the output.

of 75 beads is small enough to be successfully analyzed. In fact, all 75 beads in
the output belong to one of the three combinatorial types shown in Figure 19.
More specifically, the output consisted of 4 edges of varying length, 26 beads
consisting of exactly 2 triangles as shown in the middle figure, and 45 beads
with 4 triangles as shown in the figure on the right. The different beads of
each type were combinatorially identical but metrically distinct.

Labeling the beads of each type as type A, B, and C, it was possible to
calculate the length of the shortest geodesic in each case. The results are
given in Table 1. Using this explicit output, we can string together a rough
list of all possible necklace types.

Type | Minimum length
A 3027
B o7
C .833m

Table 1: The minimum geodesic length for each type.

If M is not non-positively curved, then there is a vertex link in M which
contains a short closed geodesic loop. This loop determines one of the com-
binatorial types of necklaces galleries in our list. Moreover, it is possible to
perturb this loop slightly so that it misses all of the vertice in the link. The
circular gallery determined by this new path will be an annular gallery, and
it is straightforward to argue using the list of combinatorial types that the
annular gallery which results contains at most 14 triangles. As a result, the
dual of this annular gallery is a simple closed curve of length is at most 14
in the 1-skeleton of a soccer tiling of S?, and an analysis of dihedral angles
shows that no three consecutive left or right turns can occur as this path is
traversed.

Using Lemma 2.8 we can now conclude that if a short geodesic exists,
this process leads to an approximation of this geodesic which bounds one of
the two diagrams shown in Figure 17 in the dual soccer tiling. A careful
inspection of the possible left /right sequences coming from our three explicit
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(combinatorial) beads shows this is impossible. This contradiction proves that
vertex links cannot contain short closed geodesic loops and that M is locally
CAT(0). Finally, the argument that the universal cover of M contains no
isometrically embedded flat planes is relatively easy, but omitted. See [46] for
details.

Remark 2.9 (The role of computers) One particularly appealing aspect
of this proof scheme is the way in which computer computations and traditional
proofs are intimately intertwined. After a metric is assigned, the computer
performs a series of calculations, the output provides leads to an investigation
of a particular type of disc diagram, and finally, following this analysis, the
consequences must be compared back with the computer output in order to
reach the final contradiction. It does not seem too far-fetched to predict that
in the near future, this type of human-computer interaction will be increasingly
common.

The ubiquity of 5/6% triangulations is suggested by the following result
obtained in collaboration with Noel Brady and John Meier.

Theorem 2.10 (Bounding edge degrees) Fach closed orientable 3-mani-
fold has a triangulation in which each edge has degree 4, 5, or 6.

The proof essentially uses the universality of the figure eight knot comple-
ment and a careful triangulation of various 3-manifolds with boundary that
we use as building blocks. See [15] for details.

Remark 2.11 (Foams) As a final remark, we note that the structures that
originally prompted Thurston to consider these types of 3-manifolds are pos-
itively curved 3-manifolds called foams. A foam is a 5/6-triangulation in
which no 2-cell contain more than one edge of degree 6. The name and the
conditions are derived from the structure of the bubbles in chemical foams.
See [81] for details and further references.

2.3 Higher dimensions

Although the focus of this part has been on low-dimensional complexes, there
are, of course, some classes of higher dimensional complexes where easy algo-
rithms are known which check non-positive curvature. Most of these follow
from either Gromov’s lemma or its generalization known as Moussong’s lemma
[71]. Recall that a simplicial complex is flag if every 1-skeleton of a simplex
is actually filled with a simplex, and a metric complex is metric flag if every
1-skeleton of a metrically feasible simplex is filled with a simplex.

Lemma 2.12 (Gromov’s lemma) If every edge in a piecewise spherical
complex K has length w/2, then K is globally CAT(1) if and only if it is
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a flag complex. In particular, a piecewise Euclidean complex built out of unit
cubes (of various dimensions) is non-positively curved if and only if its vertex
links are flag complezes.

Lemma 2.13 (Moussong’s lemma) Suppose that every edge in a piecewise
spherical complex K has length at least w/2. Then K is globally CAT(1) if
and only if it is a metric flag complez.

As a consequence of his lemma, Moussong was able to establish that all
Coxeter groups are CAT(0) groups. By way of contrast, no such easily checked
combinatorial conditions have been found for any class of high dimensional
piecewise Euclidean simplicial complexes. One might initially harbor the hope
that every CAT(—1) group could be made to act geometrically on a non-
positivley piecewise Euclidean cube complex. Graham Niblo and Lawrence
Reeves [74] have shown that this is not the case.

Theorem 2.14 (Cube complexes are not sufficient) There exist locally
CAT(—1) Riemannian manifolds which are not homotopy equivalent to any
finite dimensional, locally CAT(0) cube complez.

In other words, the class of groups which act geometrically on CAT(0)
cube complexes is strictly smaller then the class of CAT(0) groups. As an
aside, we note that the manifolds alluded to in the theorem are constructed
using cocompact lattices in quaternionic hyperbolic space and that they only
exist in (real) dimension 8 and higher. As a consequence of Theorem 2.14,
working with general simplicial complexes is probably inevitable when attack-
ing questions such as the curvature conjecture.

Finally, Section 1.3 concluded with a remark trying to explain why testing
for short closed geodesics in high dimensional complexes is difficult. After see-
ing the 3-dimensional algorithm (Section 2.1), one might think that searching
only for unshrinkable closed geodesics might be easier. Unfortunately, even
this restricted task is likely to remain intractable.

Remark 2.15 (Why is testing shrinkability difficult?) Consider a se-
quence of n all-right spherical tetrahedra (i.e. all edges have length % ), and
let G be the circular gallery formed by identifying an edge in one tetrahedron
to an edge in the next in such a way that the two edges used in each tetrahe-
dron are non-adjacent. In this example, every piecewise geodesic determined
by selecting one point on each of the shared edges and connecting them has
the same length, namely 5. A closer examination would also show that all
of these loops are closed geodesics. It is also instructive to consider a slight
modification of this example where every edge which is not shared between two
tetrahedra has length 5 +e. When € is small and positive G contains no closed
geodesic loops, and when € is small and negative G contains exactly one. This
extreme sensitivity to shape is one difficulty inherent in problems of this type.
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More generally, consider the same combinatorial configuration but with a
more random metric. Fven if one were able to find a closed geodesic loop in
this complex with winding number 1, it would not necessarily be easy to de-
termine whether it was a shrinkable geodesic. Since each transition point has
essentially one degree of freedom, the question of shrinkability can be reframed
as a question about whether the Hessian of the multivariable function which
calculates length from the positions of the transition points is positive defi-
nite or not. A moment’s reflection indicates that the Hessian in this case is a
tri-diagonal real symmetric matrix since the local distance calculation only de-
pends on the neighboring transition points. Next, one can determine whether
the matriz is positive definite by calculating the determinants of its princi-
pal minors. One more recoding transforms this sequence of determinants into
a sequence of inequalities involving the initial portions of a finite continued
fraction. Since continued fractions are notoriously sensitive to small pertur-
bations and rather chaotic in their dependence on the precise numerators and
denominators, we can conclude that whether or not a closed geodesic loop in
this complex is shrinkable can be quite sensitive to the precise lengths of the
edges of these simplices. Under these circumstances, it is highly unlikely that
an elementary extension of the algorithm described in Section 2.1 exists, and
even if it does, the restriction of the search to only unshrinkable geodesics is
no longer likely to be feasible in practice.

3 Special classes of groups

Since high-dimensional complexes are necessary in order to fully address ques-
tions such as the curvature conjecture, and since arbitrary metric simplical
complexes in high dimensions are hard to work with, one option is to restrict
our attention to those special classes of groups where special types of com-
plexes can be used. In this part, I discuss recent progress along these lines for
three such classes of groups. Section 3.1 considers the relationship between
non-positive curvature and Artin groups, Section 3.2 does the same for small
cancellation groups, and Section 3.3 considers non-positive curvature and the
fundamental groups of ample twisted face-pairing 3-manifolds.

3.1 Coxeter groups and Artin groups

Ever since Moussong’s dissertation it has been known that all Coxeter groups
are CAT(0) groups. The situation for Artin groups, however, remains far
from clear.

Definition 3.1 (Artin and Coxeter groups) Let T be a finite graph with
edges labeled by integers greater than 1, and let {a,b)" denote the length n
prefix of (ab)”. The Artin group Ar is the group generated by a set in one-to-
one correspondence with the vertices of T with a relation of the form (a,b)" =
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(b,a)" whenever a and b correspond to vertices joined by an edge labeled n.
The Coxeter group Wr is the Artin group Ar modulo the additional relations
a’> = 1 for each generator a. There is also an alternative convention for
associating diagrams with Coxeter groups and Artin groups which is derived
from a consideration of the finite Cozeter groups. In that case, the graph T’
(using the above convention) is always a complete graph with most of the edges
labeled 2 or 3. The alternate convention simplifies the diagram by removing

all edges labeled 2 and leaving the label implicit for the edges labeled 3.

Figure 20: A labeled graph used to define a Coxeter group and an Artin
group.

Example 3.2 Let I' denote the labeled graph shown in Figure 20. The pre-
sentation of the Artin group Ar is (a,b, c| aba = bab, ac = ca, bebe = cbeb) and
the presentation <a, b, claba = bab, ac = ca,bcbe = cheb, a®? = b* = ¢* = 1> de-
fines the Cozeter group Wr.

Coxeter groups first arose in the classification of finite groups acting on
Euclidean space which are generated by reflections (i.e. isometries fixing a
codimension 1 hyperplane). In fact, the collection of finite Coxeter groups
is the same as the collection of such finite reflection groups. The well-known
classification of irreducible Coxeter groups divides them into type A, (n > 1),
Bn (TL Z 2)7 Dn (n 2 4)7 E(j, E7, Eg, F‘47 Hg, H4 and Ig(m) (m 2 2)
The corresponding diagrams (using the alternative convention) are shown in
Figure 21. For more details see some of the standard references for Coxeter
groups such as Bourbaki [10], Humphreys [54] or Kane [56].

An Artin group defined by the same labeled graph as a finite Coxeter
group is called an Artin group of finite-type. There are a number of rea-
sons for believing that all finite-type Artin groups might be CAT(0) groups.
Most importantly, they act on several different spaces in ways which almost
qualify. First, every finite-type Artin group is, essentially, the fundamental
group of a locally Euclidean space derived from a complexified hyperplane ar-
rangement. Being locally Euclidean, it is also locally CAT(0) but this space
is neither compact nor complete. There is another space called the Deligne
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Figure 21: Diagrams for the irreducible finite Coxeter groups.

complex which is complete and homotopy equivalent to the one derived from
the hyperplane complement, but the action of the Artin group on the univer-
sal cover of this new complex is not proper; there are infinite stabilizers. See
[35] and the references therein for details. Moreover, Mladen Bestvina has
used a weak version of non-positive curvature to show that finite-type Artin
groups have essentially all of the expected group-theoretic consequences of
non-positive curvature [8]. Finally, there is a finite Eilenberg-Maclane space
for the braid groups constructed independently by Tom Brady [17] and Daan
Krammer [60, 61] and generalized to arbitrary Artin groups of finite-type by
David Bessis [7] and by Tom Brady and Colum Watt [20]. If a piecewise Eu-
clidean metric is assigned to one of these Brady-Krammer complexes then the
corresponding Artin group will act geometrically on its universal cover. The
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only question is whether a metric can be assigned to these complexes which
is non-positively curved. Thus, although Artin groups of finite-type do not
yet qualify as CAT(0) groups, given these different spaces and actions, they
are extremely good candidates.

Figure 22: The (noncrossing) partition lattice for n = 4.

The general construction of the Brady-Krammer complexes is too compli-
cated to review here, but it is possible to give a rough idea of their structure.
In the case of the braid groups, the complex is closely connected with a well-
known combinatorial object called the noncrossing partition lattice. For a
survey of the connection between braid groups and noncrossing partitions see
[65].

Definition 3.3 (Noncrossing partition) A noncrossing partition is a par-
tition of the vertices of a regular n-gon so that the convex hulls of the partitions
are disjoint. One moncrossing partition o is contained in another T if each
block of o is contained in a block of T. The noncrossing partition lattice for
n = 4 is shown in Figure 22. The only “crossing partition” is the one inside
the dashed line; the partition {{1,3},{2,4}}.

More generally, there is a version of the noncrossing partition lattice for
each (irreducible) finite-type Artin group. As an illustration, the partially
ordered set for type Fj is shown in Figure 23. The connection between the
poset and the corresponding Brady-Krammer complex is that the geometric
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Figure 23: The poset used to construct the F;y Brady-Krammer complex.

realization of this poset is a fundamental domain for the universal cover of
the Brady-Krammer complex. In particular, every increasing path from the

igure 23 creates a distinct 4-simplex

<.

lowest vertex to the highest vertex in

Krammer complex.

in the fundamental domain for the F); Brady-

Krammer complexes do not come with a metric pre-

Although the Brady-

assigned, after examining their structure in low-
to consider a metric that Tom Brady and I have called the “natural metric.”

dimensions, one is quickly led

The metric views the edges in a maximal chain as mutually orthogonal steps

in a Euclidean space. This metric is natural in the sense that the metric it
assigns to the geometric realization of a Boolean lattice is that of a Euclidean

See Figure 24. In other words, one of the nicest possible lattices is

converted into one of the nicest possible shapes.

cube.

Also notice that the link

of the long diagonal in this n-cube is the Coxeter complex for a symmetric

group.

In several instances Tom Brady and I were able to show that the Brady-
Krammer complexes with the natural metric were non-positively curved [16,

19, 18.

type Artin groups with at most

ions) The finite
groups and the Artin groups Ay and By are CAT(0)

mmens

)

4 (Low-d

Theorem 3

0

(

3 generators are CAT

groups.
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Figure 24: The natural metric on the geometric realization of a Boolean
lattice.

When the Artin group has at most 3 generators, the complexes involved
are very low dimensional and their links are easy to examine by hand. The
A4 and By cases are slightly more complicated to carry out by hand, but the
software coxeter.g (described below) is now able to quickly verify that there
are no short closed geodesic loops in the various links in this case. Given this
evidence, it made sense to conjecture that the Brady-Krammer complexes
using the natural metric is non-positively curved for all Artin groups of finite
type. Recently, however, a graduate student of mine, Woonjung Choi, dis-
proved this conjecture. In fact, she was able to prove the following stronger
result [40].

Theorem 3.5 (D, and F;) The Brady-Krammer complezes for Dy and Fy
do not support any piecewise Fuclidean metrics which respect the symmetries
of their defining diagrams and at the same time are non-positively curved.

By “respecting the symmetries” she means that all of the symmetries of
the defining diagrams should be reflected in the metrics. Since the argument
is the same in each case, both complexes are discussed simultaneously. The
main idea behind the proof is to first use the cyclic center of these groups,
together with the splitting theorem [26, Theorem 6.21 on p. 239], to force
there to be a piecewise Euclidean structure on a well-defined 3-dimensional
“cross-section” complex. Next, she determined which Euclidean metrics on
the tetrahedra in the cross-section complex result in dihedral angles which
ensure that the edge links (which are finite graphs) contain no closed geodesic
loops of length less than 27. Because of the sheer size of these computations,
this portion of the proof was carried out by GAP using routines that she
wrote specifically for this purpose. The symmetries of the defining diagrams
were used to cut down on the complexity of the computation. This process
drastically reduced the number of metrics which needed to be considered.
Finally, for each feasible metric, the one 2-dimensional piecewise spherical
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vertex link was examined and found to always contains a short closed geodesic
loop. Thus, every piecewise Euclidean metric on the cross section complex
either produces a short closed geodesic loop in one of the edge links or in the
vertex link. As a result, the cross section complex does not support any non-
positively curved piecewise Euclidean metric, and this completes the proof.

Remark 3.6 (The software) The file cozeter.g is the name of a set of
GAP routines used to examine Brady-Kramer complexes and they are avail-
able to download [39]. I initially developed some of these routines to test the
curvature of the low-dimensional Brady-Krammer complexes exclusively us-
ing the natural metric. These early routines were extensively modified and
extended by Woonjung Choi so that they are now able to first find the sim-
plicial structure of the 3-dimensional cross-section complez, find representive
vertex and edge links (up to automorphism), find the graphs representing the
various edge links, find the simple cycles in these graphs, find the linear system
of inequalities which need to be satisfied by the dihedral angles of the tetrahe-
dra in order for these simple cycles to have length at least 27, and finally, to
simplify this large system of inequalities by removing redundancies.

When the software is run for the Dy Artin group, the result is an initial
4-dimensional complex with 162 4-simplices, the cross section consists of 15
tetrahedra, and in the end the software produces a list of 13 simplified inequal-
ities in 9 variables which needs to be analyzed. When the Fy Artin group is
considered, the software finds 432 4-simplices in the original complex, 18 tetra-
hedra in the cross section, and produces a system of 27 simplified inequalities
in 13 variables which needs to be analyzed.

A key result that Choi uses in her study of piecewise Euclidean metrics on
Brady-Krammer complexes is the following fact about dihedral angle rigid-
ity. It is almost assuredly classic, but I cannot find a reference to it in the
literature.

Theorem 3.7 (Dihedral angle rigidity) Let o and 7 be Euclidean sim-
plices of dimension n and let f be a bijection between their vertices. If the
dihedral angle at each codimension 2 face of o is at least as big as the dihedral
angle at the corresponding codimension 2 face of T, then o and T are isometric
up to a scale factor.

The proof is remarkably easy. Let u4; and v;, i = 1,...,n be the external
unit normal vectors for the facets of o and 7, numbered so that corresponding
facets receive corresponding subscripts. It is a result due to Minkowski that
there are positive numbers a; > 0 such that ). a;@; = 0. In fact, the numbers
a; can be chosen to be the volume of the ** facet. Noel Brady pointed out
to me, that this can also be thought of as a consequence of the divergence
theorem applied to this simplex. The proof consists of the following sequence
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of equations and inequalities.

0= 12 wdl|* =32, 2, aia;(@-d;) > 3, 30, aia; (0;-05) = || 32, ai i[> > 0

The first inequality follows from the assumption on dihedral angles and the
positivity of the a;. Comparing the ends of the sequence we conclude that the
inequality must be an equality and that each of the corresponding dihedral
angles must be exactly equal in size. Finally, it is easy to show that the
collection of dihedral angles determine the isometry type of the simplex up to
rescaling.
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Figure 25: CAT(0) and Brady-Krammer complexes.

Remark 3.8 (CAT(0) and Brady-Krammer complexes) A quick sum-
mary of the results to date is given in Figure 25. The circled cases are the ones
which are CAT(0) groups (and all of these use the natural metric). The two
which are boldly crossed out are the cases which do not support non-positively
curved piecewise Fuclidean in any reasonable sense. The higher rank exam-
ples which are lightly crossed out are also not going to support non-positively
curved piecewise Fuclidean metrics in any reasonable sense precisely because
they contain the Dy complex as part of their structure. And finally, there is a
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question mark next to the Artin group of type Hy since this case is half-way
analyzed, but the analysis is not yet complete.

Remark 3.9 (The Hy complex) The case of Hy is more difficult to ana-
lyze than the Dy or Fy cases because its defining diagram has no symmetries.
This greatly increases the number of equations and variables involved in the
computations. In particular, the software applied to the Hy Artin group pro-
duces a list of 1350 4-simplices in the original complex, 23 tetrahedra in the
cross section complex, and it produces a list of 638 simplified inequalities in
96 wvariables which needs to be analyzed. Although it is in principle feasible
to plug these inequalities into linear programming software, neither Woonjung
nor I have yet done so. The Dy and Fy cases produced systems which were
small enough to analyze by hand; this system for Hy is not.

3.2 Small cancellation groups

The most successful reduction of curvature to combinatorial conditions is, of
course, the case of complexes built entirely out of Euclidean cubes of vari-
ous dimensions. Partly due to the ease with which curvature can be checked
(Lemma 2.12), these cube complezes have become a favorite of geometric
group theorists [9, 37, 72, 73, 77, 78]. In this section and the next I dis-
cuss how high dimensional cube complexes can be used to prove that various
groups are CAT(0) groups. After a brief digression about cube complexes for
Coxeter groups, the primary focus in this section is on cube complexes for
small cancellation groups.

One source of additional interest in cube complexes is caused by the fact
that groups acting on non-positively curved cube complexes have properties
which do not hold for more general CAT(0) groups. For example, groups
acting geometrically on non-positively curved cube complexes cannot have
Kazhdan’s property T (which is the property used by Niblo and Reeves [74]
to establish Theorem 2.14). Thus, even for classes of groups such as Coxeter
groups where they are already known to be CAT(0), it is still of interest
to investigate which Coxeter groups are capable of acting geometrically on
CAT(0) cube complexes. This question has been (essentially) completely
answered by recent work of Graham Niblo and Lawrence Reeves [73] and
by Ben Willams [82]. In particular, Niblo and Reeves use the Sageev cube
construction ([77, 78]) to establish the following.

Theorem 3.10 (Coxeter groups and cube complexes) Let W denote a
finitely generated Coxeter group. Then W acts properly discontinuously by
isometries on some locally finite, finite dimensional CAT(0) cube complex.

As stated the action is not necessarily geometric since it need not be
cocompact. On the hand, in his dissertation [82], Ben Williams was able to
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characterize exactly when this action is cocompact in terms of the subgroup
structure.

Theorem 3.11 (Characterising cocompactness) The action in the pre-
ceeding theorem is cocompact if and only if for any triple p,q,r of positive
integers, the Coxeter group W contains only finitely many conjugacy classes
of subgroups isomorphic to the p,q,r triangle group

<a,b,c|a2 === (ab)P = (be)? = (ac)" = 1>.

Despite this progress, it is would still be of interest to determine more
explicitly which Coxeter groups satisfy the conditions isolated by Wiliams.

The situation for small cancellation groups is much less satisfactory. Small
cancellation groups are a relatively well-understood class of cohomological di-
mension 2 (mostly) word-hyperbolic groups whose definition and key proper-
ties have been known for nearly thirty years [63]. In fact, they formed one of
the key models for the development of word-hyperbolic groups. Nonetheless,
the relationship between small cancellation groups and the more local notions
of curvature such as CAT(0) has remained completely mysterious until re-
cently. The basic definitions of small cancellation theory can be found in [63]
or [67], but a rough description is included for the sake of completeness.

Definition 3.12 (Small cancellation groups) Let X be a finite combina-
torial 2-complex. A piece in X is a path in the 1-skeleton which can be e-
pushed off the 1-skeleton in at least two distinct ways. In other words, this
path must be liftable through the attaching maps of the 2-cells in more than
one way. The complex X is called a C(p)-complex if for each 2-cell in X
its boundary cycle cannot be covered with fewer than p pieces. It is called
a T(q)-complex if there does not exist an immersed path in any vertex link
with combinatorial length strictly between 2 and q. In other words, every
2-complex satisfies the condition T'(3) but the condition T(4) represents an
actual restriction.

There is also a metric version of the C(p) condition known as C'(«). The
complex is a C'(«)-complex if for each piece P in the boundary of a 2-cell
R of X, the combinatorial length of P is less than a of the combinatorial
length of the boundary of R. It is a basic result of small cancellation the-
ory that C'(1/4)-T(4)-complezes and C'(1/6)-complexes are word-hyperbolic.
These two classes are called metric small cancellation groups. Sergei Ivanov
and Paul Schupp have also characterized exactly when the non-metric small
cancellation groups, that is the fundamental groups of C(p)-T(q) complezes
where (p,q) is either (3,6), (4,4) or (6,3), are word-hyperbolic [55].

Noel Brady and I recently established a theorem concerning small cancel-
lation groups and CAT(0) structures [13], which has also be established by
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Dani Wise independently using different techniques [83]. The basic philos-
ophy is described first since it is also used to prove the results in the next
section.

Remark 3.13 (Philosophy) Let X be any finite combinatorial cell complez,
let C be the collection of mazimal closed cells in its universal cover X, and let

P be the partially ordered set of intersections of elements in C. The poset P
1s called the nerve of X. See Figure 26 for a simple illustration.

> "X
. S

Figure 26: A complex and its nerve.

The main idea is to replace each mazximal cell in X with a high-dimensional
cell so that they glue together nicely and the nerve of the resulting complex
1s identical. In this new situation a piece is defined as a subcomplex of X
which corresponds to an element of the nerve. In other words, a piece P is
subcomplex which is an intersection of maximal cells in the universal cover.
Notice that for small cancellation complexes this is a slightly modified notion
of piece since arbitrary connected subcomplezes of pieces are no longer pieces.
We need the following observation. If the pieces of X are contractible and the
mazximal cells embed in X, then X is homotopy equivalent to the geometric
realization of the merve quotiented by the group action. As a consequence,
if we find two complexes with these properties and there is a correspondence
between their fundamental groups and their nerves, then these complexes are
homotopy equivalent to each other. Various small-cancellation-like conditions
on X will guarantee both of these properties. For example, these properties
will hold if the overlaps between mazimal cells are “small” subcomplexes of its
boundary (in some suitable sense) and the links are “large.”

In the case of small cancellation complexes, the idea is to replace each
2-cell and each piece with a high dimensional Euclidean cube, preserving the
nerve and all of the other necessary properties described above. The following
is a sample theorem along these lines. This result demonstrates how high-
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dimensional cube complexes really can be useful, even when studying objects
whose cohomological dimension is quite small.

Theorem 3.14 (C’(1/4)-T(4) groups) FEach C'(1/4)-T(4) group is the fun-
damental group of a compact high-dimensional non-positively curved cube
complez.

The key idea behind the proof is to subdivide the 1-skeleton of the standard
2-complex for G and then embed it into the 1-skeleton of a high-dimensional
cube so that the pattern of intersections between the maximal cells in its
universal cover, i.e. its nerve, remains the same. The proof proceeds roughly
as follows. First subdivide every edge once so that every 2-cell has an even
length boundary cycle. Next, identify each 2-cell R whose boundary cycle has
length 2n with an n-dimensional cube. In addition, we select a path in the
1-skeleton of this n-cube which we think of as corresponding to the boundary
of R. The choice is made so that any n consecutive edges of the path all travel
in distinct directions and the antipodal edges are parallel. See Figure 27 for
the path in a 3-cube which corresponds to an original hexagon.

—~
=

V

Figure 27: The cube corresponding to a hexagon.

Finally, we glue these cubes together, exactly as the original 2-cells were
glued, but with one crucial difference. If Ry and R, shared a piece P of length
m, then the cubes corresponding to R; and R, will be identified along the
m-cubes spanned by P in R; and Ry. For example, if P has length 2, then a
square in one cube will be glued to a square in the other. It is now relatively
easy to check that the result is a non-positively curved cube complex satisfying
all the necessary conditions.

I should note that the hypothesis of the theorem can be weakened slightly
without altering the proof: it is actually sufficient for the total length of any
two consecutive pieces in R to be at most half the length of OR. Also, Dani
Wise has extended this result to (a similar generalization of) C(1/6) groups.
This case is more complicated and requires a more delicate construction. The
next step would be, of course, to try and extend these results to all small
cancellation groups, including the non-metric ones.
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Conjecture 3.15 (Small cancellation groups and cubes) Every small
cancellation group is the fundamental group of a compact high-dimensional
non-positively curved cube complez.

The key difficulty here is to deal with the fact that 2-cells can now overlap
a significant amount (even along more than half of their boundary cycles),
so long as this large overlap is compensated by the existence of only very
small overlaps along the remainder of the boundary path. A solution to this
difficulty is likely to involve a more wholesale modification of the original
2-complex (perhaps along the lines described in Section 4.3 for one-relator
groups) as a preparation for the transformation into a high-dimensional cube
complex.

3.3 Ample twisted face-pairing groups

The techniques and the philosophy described in the previous section are, of
course, applicable more generally. As an illustration, Noel Brady and I have
also shown that one of the ample twisted fair-pairing 3-manifolds used as an
illustration in [29] can be expanded in this way to 6-dimensional non-positively
curved cube complex [13]. This brief tour of special cases concludes with a
short account of this construction and its consequences.

Twisted face-pairing 3-manifolds were introduced by Jim Cannon, Bill
Floyd and Walter Parry in [30], and their properties were further developed
in [31] and [32]. Roughly speaking, one starts with a faceted 3-ball and a
pairing of its faces. Then, one subdivides the 1-skeleton of this 3-ball accord-
ing to well-defined formulae and finally, one slightly alters the face-pairing
maps by adding a small twist to each. Surprisingly, the result is always a
3-manifold. Moreover, in [29] they established that if the original faceted
3-ball satisfies certain elementary conditions that they call ample, then the
3-manifold constructed always has a word-hyperbolic fundamental group.

One of the primary motivations behind their construction was to con-
struct explicit examples of word-hyperbolic 3-manifolds which were not al-
ready known to be hyperbolic (Kleinian) as a testing ground for various ap-
proaches to Thurston’s geometrization conjecture. Having established that
these 3-manifolds have word-hyperbolic fundamental groups, they have asked
whether any of these constructions can be given a metric of non-positive curva-
ture. The high-dimensional cube complex Noel Brady and I construct answers
this question for at least one example. The natural conjecture to make is the
following.

Conjecture 3.16 (Ample twisted 3-manifolds and cubes) If M is an
ample twisted face-pairing 3-manifold, then m M is not only a word-hyperbolic
group, but also the fundamental group of a compact non-positively curved cube
complex of high dimension.
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Given the flexibility of our construction, it is already clear that Conjec-
ture 3.16 does holds for an infinite number of ample twisted face-pairing 3-
manifolds, and possibly for all of them. If one were even bolder, one could
conjecture that for every compact, orientable hyperbolic 3-manifold M, there
is a finite high-dimensional cube complex with fundamental group 7 M. Ru-
binstein and Sageev’s results on the k-plane property [77] are totally com-
patible with this conjecture, and, in fact, make it seem a bit more plausible.
Moreover, this process of constructing high-dimensional non-positively curved
cube complexes for word-hyperbolic 3-manifold groups might be interesting in
another respect. Our cube complex construction forces the original 3-manifold
to contain a 7i-injective immersed surface. Thus, constructions of this type
might be used as a way of approaching (at the very least) special cases of the
virtual fibering conjecture.

4 Combinatorial notions of curvature

In the last two parts I examined the possibility of restricting the complexes
under consideration to low dimensions where good implementable algorithms
exist, and of restricting the classes of groups under consideration so that spe-
cial complexes such as cube complexes could be used. In this final part I
consider a third possibility: weakening the notion of curvature itself. Rather
than assigning piecewise Euclidean metrics to each of the polytopes in a com-
plex, this more combinatorial version simply assigns values representing the
“size” of each internal and external angle. Section 4.1 briefly reviews the var-
ious identities satisfied by these angles in a Euclidean polytope since this is
the situation the more “conformal” version is modeled on. Next, Section 4.2
discusses the 2-dimensional combinatorial Gauss-Bonnet theorem and pro-
poses a number of ways in which this theorem could be extended to higher
dimensions. Finally, Section 4.3 discusses the notion of conformally CAT(0)
2-complexes, sectional curvature, and the potential relationship between these
concepts, special polyhedra and the coherence of one-relator groups.

4.1 Angles in Polytopes

Every mathematician learns early on that the sum of the internal angles in a
triangle equals 7 and that sum of the external angles of a convex polygon is 2,
but far fewer people learn the corresponding relations in higher dimensional
Euclidean polytopes. For example, how many students learn that the sum of
the dihedral angles in a tetrahedron can vary depending on its shape? This
section is a short digression into the various identities among the internal
and external angles of a Euclidean polytope particularly in high dimensions.
All of this material is well-known and classical [49, 68, 80], but perhaps less
well-known in our own subfield than it should be. The main goal of this
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section is to review the background material necessary to state and prove
a fairly general high-dimensional combinatorial Gauss-Bonnet type theorem
in the next section. The first concept to review is the precise definition of
normalized internal and external angles in a Euclidean polytope.

Figure 28: Internal and external angles.

Definition 4.1 (Internal and external angles) Let P be any Fuclidean
polytope and let F' be a face of P. The internal angle, a(F, P), is the propor-
tion of unit vectors perpendicular to F which point into P (i.e. the measure
of this set of vectors divided by the measure of the sphere of the appropriate
dimension). The external angle, G(F, P), is the proportion of unit vectors
perpendicular to F so that there is a hyperplane with this unit normal which
contains F' and the remainder of P is on the other side. Also, by convention
a(P,P) = B(P,P) = 1. As an example, consider the vertex in the triangle
shown in Figure 28. The internal angle (marked by o and the external angle
(marked by 3) are the radian measures of these angles divided by 2w (which is
the normalization). The angles considered here are always normalized in this
sense, since in higher dimensions it is the normalized versions which satisfy
the most elegant relations.

Figure 29: A regular tetrahedron.

Example 4.2 (Angles in a regular tetrahedron) Consider the tetrahe-
dron shown in Figure 29. Let t denote the tetrahedron itself containing a
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face f which contains an edge e which contains a vertex v. Both a(v,e) = %
and B(v,e) = % since each contains a single unit vector and the 0-sphere con-

sists of two unit vectors. Similarly, a(e, f) = Ble, f) = a(f,t) = B(f, 1) = .

The value of a(v, f) = % since 5 is one-sizth of a circle. Also, since the di-

hedral angles along the edges are cos™ (%) and the area of the verter link

is 3cos™! (§) — 7, the values of a(e,t) and a(v,t) are 3=cos™' (3) and

ﬁ cos™! (%) — i respectively. The normalized external angles are B(e,t) =
1

o Lot (), Ao, /) = & and Av,0) = L.

From the definition of external angles and the fact that a hyperplane
approaching a polytope from a generic direction first encounters the polytope
at a vertex, the following result is immediate.

Theorem 4.3 (Summing external vertex angles) If P is any Fuclidean
convez polytope then the result of summing the normalized external angles
B(v, P) over all the vertices v € P is 1.

This result is one explanation for the relative simplicity of the external
angles of the regular tetrahedron as compared with its internal angles. In order
to easily describe the other identities which hold between the internal and
external angles in a Euclidean polytope a short digression into combinatorics
is necessary.

Definition 4.4 (Face lattice of a polytope) Associated to any Fuclidean
polytope P is a partially ordered set called its face lattice. The face lattice of
a polytope is its poset of faces under inclusion. Conventionally, the empty set
and the whole polytope are included as faces. When these elements are included
the poset is a lattice in the combinatorialist’s sense (i.e. every pair of elements
has a unique least upper bound and a unique greatest lower bound). Notice
that the set of all normalized internal angles of a polytope can be viewed as a
single real-valued function on those pairs of elements in its face lattice which
are comparable in the poset ordering. I call this function «. The normalized
external angles can be viewed as a similar function which I call 3. There is a
small issue about extending the values of a and (B to pairs of faces where the
smaller face is the empty set since these values were not defined above. The
conventional assignments, derived from thinking of a Fuclidean polytope as a
rescaled version of a very small spherical polytope, are as follows.

1 if F=0 ‘
; . 1 F=1{

a@,F)=4 L if dimF=0 ﬂ([Z),F)—{ ‘
0 if dimF>0 3 i dmF=0

The justifications are that if F' is a very small spherical polytope of dimen-
sion n, then as seen from the origin a((, F) is one-half of a 0-sphere when
F is a vertex and nearly zero when F is higher dimensional. Similarly, the
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external angle is one-half of a 0-sphere when F' is a vertex and nearly one-half
when F' is higher dimensional.

The collection of all functions of this type is known as the incidence al-
gebra of the poset and the algebraic structure of this object is quite useful

for expressing identities involving the internal and external angle functions «
and f.

Figure 30: A sample poset.

Definition 4.5 (Incidence algebra of a poset) Let P be a finite partially
ordered set whose elements are labeled by the set {1,2,...,n}. The set of
n X n matrices over the reals with a;; # 0 only when i < j in P is called
the incidence algebra of P, or I(P). Notice that for any finite poset P the
ordering of the vertices can be chosen so it is consistent with its partial order.
For example, the numbering of the vertices in Figure 30 is consistent. Using
such an ordering, the incidence algebra is a set of upper triangular matrices.
Alternatively, and more abstractly, the elements of I(P) can also be thought
of as functions f : P x P — R where f(xz,y) = 0 whenever x £ y in P.
Because of this possibility, elements of I(P) are often referred to as functions
rather than matrices. Finally, matriz multiplication defines a corresponding
multiplication of functions, called their convolution.

Inside the incidence algebra, there are three elements that are particularly
crucial: the delta function, the zeta function and the M&bius function.

11111 1 -1 -1 -1 2
0100 1 01 0 0 -1
(= |00 101 p= |0 0o 1 0 -1
000 1 1 0 0 0 1 -1
0000 1 00 0 0 1

Figure 31: The functions ¢ and u for the sample poset.
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Definition 4.6 (0, ¢, and u) The identity matriz is represented by the delta
function where §(z,y) = 1 iff x = y. The zeta function is the function
C(z,y) =1ifxz <y in P and 0 otherwise (i.e. 1’s wherever possible). The
Mobius function is function represented by the matrixz inverse of the matrix
representing (. Note that - = (- pu =49. The matrices that represent ( and
w for the sample poset are given in Figure 31.

Remark 4.7 (Euler characteristics) There is a close connection between
the values of the Mébius function and various Fuler characteristics. In partic-
ular, the value of u(x,y) is the reduced Euler characteristic of the geometric
realization of the portion of the poset that lies strictly between x and y. For
example, the value of the Mdbius function on the interval of the sample poset
from wvertex 1 to vertex 5 is 2 (i.e. the value in the upper left corner of the
matriz in Figure 31). The portion of the poset between the first and fifth el-
ements is the three incomparable elements labeled 2, 3, and 4, the geometric
realization is three points with the discrete topology, and the reduced Fuler
characteristic of this topological space is also 2.

The connection between Mé&bius functions and Euler characteristics en-
ables a quick calculation of the Md&bius function for the face lattice of a poly-
tope.

Lemma 4.8 (Mobius functions for polytopes) If F' and G are faces of
a polytope P with F' < G, then the value of the Médbius function of the face
lattice evaluated on the interval (F,G) is u(F,G) = (—1)dim ¢—dim I,

The idea is that the geometric realization of the portion of the face lattice
between F' and G is topologically an n-sphere, where n is determined by the
difference in dimension between F' and G. Thus, u(F, G) is the reduced Euler
characteristic on this n-sphere. This connection between M&bius functions
and Euler characteristics was also recently used by myself and John Meier to
calculate the £2 Betti numbers of the pure symmetric automorphism groups
[66].

Remark 4.9 (/? Betti numbers) Elsewhere in this book, Wolfgang Liick
describes various theorems about ¢* Betti numbers which make them easier
to calculate [62]. For the groups that John Meier and I studied, we first
used a spectral sequence argument to show that all of the > Betti numbers
were trivial - except for the one in top dimension. As a consequence, this
final Betti number must be the Fuler characteristic of the group. Next, we
show this value must equal the reduced Fuler characteristic of the fundamental
domain of the space which is in turn a geometric realization of the poset of
hypertrees. The hypertree poset for n = 4 is shown in Figure 32. The size of
the hypertree posets grows quite rapidly. In fact, the poset for n =5 already
has 311 elements. Using the connection between reduced Euler characteristics
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Figure 32: The poset of hypertrees on a set of size 4.

and Mdobius functions, the final calculation could be completed using standard
generating function techniques from enumerative combinatorics. The moral
here is that combinatorial ideas such as Mobius functions of posets can be
relevant, even to seemingly distant areas such as the calculation of ¢> Betti
numbers.

The final identities I wish to highlight (Sommerville’s identities and Mc-
Mullen’s identity) involve the convolution product of elements already defined,
although for Sommerville’s identities, it is convenient to introduce a signed
version of the internal and external angles. Let a(F, G) denote a signed nor-
malized internal angle where the sign is given by u(F,G). In other words
a(F, Q) = p(F,G)a(F,G). There is also a signed normalized external angle,
B defined as B3(F,G) = u(F,G)B(F,G). Signed normalized external angles
resurface in the discussion of vertex curvature in Section 4.2.

Theorem 4.10 (Sommerville’s identity) If P is a Euclidean polytope and
a, a, B, B and p are defined as above, then p-a = & and - = 3. In other
words, for all faces F < H in P, the sum of u(F,G)a(G, H) over all G with
F < G < H is equal to p(F,H)a(F,H). Similarly, for all faces F < H
in P, the sum of B(F,G)u(G, H) over all G with F < G < H is equal to
B, H)u(F, H).

Since the values of y are simply signs, Sommerville’s identity asserts that
summing up the internal angles «(G, H) over all G between F and H with the
appropriate signs equals the value of «(F, H) with the appropriate sign. The
proof of this result is an easy application of inclusion-exclusion. The second
identity listed (3 - p = 3) is derived from the first by applying Sommerville’s
identity to the dual polytopal cone.

Example 4.11 7o illustrate the first identity, consider a reqular tetrahedron,
let F' be one of vertices and H be the tetrahedron itself. Using v, e, f and t
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to denote arbitrary vertices, edges, faces and the tetrahedron itself, the sum
under consideration is

,U,(’U, ’U) : Oé(’U, t) + 3#(”7 6) : a(e, t) + 3#(”7 f) ’ a(fv t) + /L(Uv t) ’ Oé(t, t)

where the non-trivial coefficients account for the fact that there are three edges
and three faces which contain the vertex and are contained in the tetrahedron.
Numerically this works out to be

3 1 1 1 1
1-(=cos i (=)=-—=)—-3.| — 211
(471' o8 (3> 4> 3 (277) 33 ’
which simplifies to f% cos™! (%) + % = —a(v,t) as claimed.

Finally, the most interesting angle identity is the nonlinear identity relating
internal and external angles discovered by Peter McMullen [68].

Theorem 4.12 (McMullen’s identity) If P is a Euclidean polytope and
a, B and ¢ are defined as above, then o - 8 = (. In other words, for all faces
F < H in P, the sum of a(F,G)B(G, H) over all G with F < G < H s equal
to 1.

The proof of this remarkable identity is a surprisingly short half page argu-
ment. First reduce to the case where F' is a vertex and view the neighborhood
of Fin H as a polytopal cone. The idea is to look at a product of this par-
ticular polytopal cone with its dual in R?" (where n is the dimension of H)
and then to integrate the function f(#) = exp(—||Z||?) over this space in two
different ways. As an immediate corollary the identities p- -G =a- -5 =9
and a- - = a - =6 must also hold. In other words & and 3 are inverses
of each other and a and 3 are inverses. Once again, the regular tetrahedron
provides a good illustration.

Example 4.13 Let F' be one of the vertices of a regular tetrahedron H. Using
the notational abbreviations defined above, the sum under consideration is

Oz(’l)fl}) : ﬂ(’l),t) + 30‘(07 e) : ﬁ(e7t) + 30‘(”» f) : ﬁ(fv t) + O‘(U7t) ’ ﬂ(t, t)

where the coefficients account for the three edges and three faces between F
and H as before. Numerically this works out to be

1 .1 (1 1 1 11 (3 1\ 1
1.= S (o T oLz ZeosT () —=2).1
1733 (2 or °% <3)>+3 6 2+<47rcos (3> 4>

which simplifies to 1 as claimed.
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4.2 Combinatorial Gauss-Bonnet

In this section I discuss two seemingly different well-known combinatorial ver-
sions of the Gauss-Bonnet formula and a very flexible common generalization
which is being introduced here for the first time. The first version is a formula
due to Cheeger, Miiller and Schrader which starts with a piecewise Euclidean
complex and assigns a curvature to each vertex (based on certain external
angles of the Euclidean polytopes involved) so that the sum of these vertex
curvatures is the Euler characteristic of the complex. The second version (re-
discovered by a number of different researchers over the years) starts with a
polygonal 2-complex, randomly assigns real numbers as external “angles,” and
then calculates vertex and face curvatures so that the sum of all the vertex
and face curvatures is the Euler characteristic. Finally, using the identities
from the previous section, I show how both versions are special cases of a very
general procedure for assigning random “angles” to high-dimensional polyhe-
dral cell complexes and then calculating combinatorial curvatures which add
up to the Euler characteristic of the complex. The first step is to introduce
the two versions which are already well-known.

The version of the combinatorial Gauss-Bonnet theorem due to Cheeger,
Miiller and Schrader is essentially a quick calculation [38]. See also the paper
by Charney and Davis [36] where they review this calculation and then use
the resulting formula to find a combinatorial analogue of the Hopf conjecture
in the context of non-positively curved piecewise Euclidean n-manifolds. Let
X be a piecewise Euclidean complex. In the following calculation P denotes
an arbitrary (nonempty) cell of X and v an arbitrary vertex. By convention,
when both variables are mentioned below a summation sign, it is the first
listed which is varying over the course of the summation. Using Theorem 4.3
and an inversion of the order of summation, the Euler characteristic of X can
be rewritten as follows.

X(X) _ Z(_l)dimP
ZZ dnn Pﬂ ’U P)

P wveP

_ ZZ dnnPﬂ )
v P>3v

= > > B.pP)= Z (v)
v P>v

where the vertez curvature x(v), as might be guessed from the final equality,
is defined by summing the signed normalized external angles 3(v, P) over all
polytopes P containing v. Notice that if the portion of X containing the
vertex v has a unique maximum element P, then by Sommerville’s identity
(Theorem 4.10) the absolute value of the vertex curvature x(v) will be the
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normalized external angle B(v, P).

The second combinatorial version of the Gauss-Bonnet formula is specif-
ically 2-dimensional, but where the angles are now randomly assigned real
numbers rather than numbers derived from a piecewise Euclidean metric.

Definition 4.14 (Angled 2-complex) An angled 2-complex X is one in
which arbitrary real numbers are assigned as values for the normalized external
angles B(v, f) for each vertex v in a face f, but the smaller intervals retain
their conventional values. Thus B(v,v) = B(e,e) = B(f, f) =1 and B(v,e) =
Ble, f) = % for each vertex v contained in an edge e contained in a face f. We
can then define values for the internal angle function o based on the goal of
preserving the relationship - 8 = (. This forces a(v,v) = a(e,e) = a(f, f) =
1, a(v,e) = ale, f) = 5 and a(v, f) = & — B(v, f) as one would expect from
the Fuclidean situation. In any angled 2-complex, one can define a vertex
curvature k(v) as Cheeger, Miiller and Schrader did above. In addition define
a face curvature x(f), designed as a correction term, which measures how far
the sum of the external vertex angles is from 1. Concretely, this means that
k(v) and &(f) are defined by the following formulas.

k(v) = Blv,v) — Zﬁ(v,e) + Zﬂ(v,f) =1- %degree(v) + Zﬂ(v,f)

edv fov v

’i(f) :1_26(/“7]8)

vef

Summing k(v) over all vertices of X and considering the result term by
term, it is easy to see that this sum counts the number of vertices minus the
number of edges plus the sum of all the assigned external angles. Similarly,
summing k(f) over all faces of X counts the number of faces minus the sum
of all the assigned external angles. Combining these two counts yields the
following theorem, versions of which have been proven by Lyndon [63], Gersten
[47], Pride [75], Ballmann and Buyalo [3], and myself and Wise [67], among
others. See Section 4 of [67] for a more detailed discussion of its history.

Theorem 4.15 (2-dimensional Gauss-Bonnet theorem) If X is an an-
gled 2-complex and vertex and face curvatures are defined as above, then

D wlv) + Y K(f) = X(X)
/

v

Typically, the sum in these references is actually equal to 27X(X) instead
of X(X) since in 2-dimensions angles are not normally normalized. As seen
in the previous section normalization is crucial when extending these types of
results to higher dimensions.
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The final goal of this section is to place both of these results in a broader
context. The main idea is the following. Let X be a finite polyhedral cell
complex and consider the zeta function of its face lattice (including the empty
simplex). If & and ( are any two elements of its incidence algebra such that
a - 3 = ( then the reduced Euler characteristic of X can be rewritten as
follows. The variables P and @ here represent (possibly empty) cells of X
and since they are being identified with particular elements of the face poset,
inequalities are used to denote inclusions.

X(X) = Y ()" F =3 (=m0, P)

P>0 P>0

= St a0.Qs@.P)

P>0 Qel0,P]

_ Z(_l)dimQ a(@,Q) Z (_1)dimP—dimQ ﬂ(Q,P)

Q>0 P>Q
= Y (-9 a(0,Q) £(Q)
Q>0

where x'(Q) is defined as the obvious signed sum implicit in the final equality.
Call this reformulation the general combinatorial Gauss-Bonnet formula. For
later reference, here is a formal statement of what this calculation shows.

Theorem 4.16 (General combinatorial Gauss-Bonnet) If X is a finite
polyhedral cell complex and o« and B are any two elements of the incidence
algebra of the face poset of X such that their product - B is the zeta function
C of this poset, then

X(X) = 3 (=)™ a(d, P) #1(P)

P>0

where k1(P) is found by summing (—1)3mQ@—dim P 3(P Q) over all cells Q
containing P.

Because of the similarities with angled 2-complexes, a polyhedral cell com-
plex together with a particular factorization of its zeta function into « - (§ is
called an angled n-compler. The resemblance between « - 0 = ¢ and Mec-
Mullen’s identity is, of course, not accidental. I claim that both of the results
given above can be reinterpreted in this manner. For the Cheeger-Miiller-
Schrader result, the values of o and [ are the standard ones, most of the
values of a(), F') are zero, and most of the values of 3((), F) are +. In par-

2
ticular, using the values of a((, F') and (0, F') established above, the general
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formula reduces to the following.

X(X)=-1+x(X) = > (-1)"™?a(0,0Q) #"(Q)

Q=0

= (D32
= 200+ 3 S

Q=0

= -1+ % D)o ZKT<U)

Q>(A

- 14 X Zn‘

Cancelling the negative ones, collecting both Euler characteristic terms on one
side and factoring out the one-half yields the previous formula. Alternatively,
a slight change in the conventions for the values of (), F') and 8(0, F') makes
the derivation even quicker and more immediate. Let o(P,Q) and G(P, Q)
denote the normalized internal and external angles as originally defined when
P and Q are not empty, but when P = () set

1 if F=0 '
1 1 1 lf F:@

al@,F)=<¢ 1 if dmF=0 B0, F) = { : .
0 if dimF >0 0 if dimF>0

It is an easy exercise to show that this new extension of o and ( to the
empty simplex preserves the identity « - f = (. Thus, the general combina-
torial Gauss-Bonnet formula is applicable and the result is the calculation of
Cheeger, Miiller and Schrader with no rearrangement necessary.

X(X)=-1+X(X) = Y (-)"7" a0, P)&'(P)

P>0

= (=D& () +ZHT(U)
= Z( l)d”npﬂ@ +ZI€
= -1 +ZI€T(’U)

The derivation of the 2-dimensional version is even easier. If X is an
angled 2-complex, then the values of (v, f) have been assigned at random,
and remaining values of 5(P,Q) and a(P, Q) with @ and P nonempty were
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either chosen to be the standard ones or derived from the conditions embedded
in the equation a-3 = (. For the extension to the empty simplex there is again
a degree of choice, but the extension which forces the more recently defined
choices for a (@, P) (i.e. equal to 1 when P is the empty set or a vertex and 0
otherwise) is one feasible possibility. Once made, this choice forces the values
of 3(0, P) to be 1 when P is empty, 0 when P is a vertex or an edge, and equal
to 1 minus the sum of its external angles 3(v, f) when P is a face f. Notice
in particular, that 3(, f) equals the face curvature x(f) and ' (v) equals the
vertex curvature k(v) as previously defined. Applying Theorem 4.16 to this
factorization of the zeta function yields the result recorded in Theorem 4.15:

YD) a0, P) &1 (P)

P>0

= (CRTO) + Yok w)
= (1 0, P)+ 3K ()

P>0

= A0+ R )
7 z

= 71+Zn(f)+211(v)
f v

X(X) = —1+X(X)

As these two examples illustrate, the technique of rewriting the reduced
Euler characteristic described in Theorem 4.16 is extremely flexible. Various
factorizations of the zeta function are likely to be useful, but particularly those
which produce lots of zeros and for which many terms are known to have the
same sign. Further explorations of the possibilities are certainly needed.

4.3 Conformal CAT(0) and sectional curvature

In this final section I discuss two uses of the 2-dimensional version of the
combinatorial Gauss-Bonnet theorem (Theorem 4.15). The first involves the
notion of conformally CAT(0) 2-complexes as developed by Gersten [47] and
investigated further by Pride [75], Corson [42], Huck and Rosebrock [53] and
others. The second application uses a more recent notion due to Dani Wise
[84] that he calls non-positive section curvature. After showing that these two
notions are equivalent for the class of special polyhedra, the section concludes
with some speculations about a possible relationship between these notions
and a long-standing open question about one-relator groups.

Definition 4.17 (Conformally CAT(0) 2-complexes) Let X be an an-
gled 2-complex as defined in the previous section and notice that the links
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of the vertices in X are metric graphs. If the face curvatures are non-positive
and the vertex links are CAT(1), then X is called conformally CAT(0). Con-
cretely, the second condition means that every simple closed curve in a vertex
links should have internal angles which add up to at least 1 (or 2w in the un-
normalized version). If the face curvatures are negative and the vertex links
are CAT(1) then X is called conformally CAT(—1).

Conformally CAT(0) 2-complexes have a number of nice properties. Steve
Gersten has shown, for example, that conformally CAT(0) complexes are as-
pherical [47] and Jon Corson has shown that conformally CAT(—1) complexes
(with all internal angles positive) are word-hyperbolic [42]. It is an interesting
question whether either of these results can be extended to higher dimensions.

Problem 4.18 Is there a higher dimensional analogue of the notion of a
conformally CAT(0) or CAT(—1) 2-complex? More concretely, are there any
reasonably general conditions on the angles assigned in an angled n-complex
X which would allow one to conclude that X is aspherical or that m X is word
hyperbolic?

The distinction between 2-dimensional CAT(0) spaces and 2-dimensional
conformal CAT(0) spaces is witnessed by the standard 2-complex for the
Baumslag-Solitar groups BS(n,m) = (a,bla™b = ba™). Assigning internal
and external angles so that the defining relator looks like a rectangle with
vertical b’s and horizontal a’s easily shows that this complex is conformally
CAT(0). See Figure 33 for an illustration. On the other hand, an easy
argument using translation length shows that BS(n,m) is a CAT(0) group if
and only if n = m.

Figure 33: A portion of universal cover of the Baumslag-Solitar group
BS(1,2).

The second concept is of more recent vintage: non-positive sectional cur-
vature.
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Definition 4.19 (Non-positive sectional curvature) Let X be an angled
2-complex. A section of a vertex v in X is a based immersion (S,s) —
(X,v) so that the image of the inclusion of the link of s into the link of
v 18 a non-trivial finite spurless connected subgraph. Non-trivial means the
link contains at least one edge and spursless means that the link contains no
vertices of degree 1. Given a section (S, s) — (X, v) we can pull back the angle
assignments and speak of the vertex curvature at s. If every face of X has
non-positive face curvature and every section (S,s) — (X, v) has non-positive
verter curvature (calculated at s), then X has is said to have non-positive
sectional curvature.

Notice that given a simple closed curve in the link of v, it is easy to
construct a section with this loop as the image of its vertex link. Thus, it is
immediate that non-positive sectional curvature implies conformally CAT(0).
It is also easy to construct examples which distinquish between the two since
conformally CAT(0) only checks simple closed loops and non-positive sec-
tional curvature adds restrictions on many additional subgraphs of the vertex
link. One situation where the distintion between the two concepts disappears
is when X is a special polyhedron.

Definition 4.20 (Special polyhedra) Let X be a 2-complex in which the
link of every point is either a circle, a theta graph, or the complete graph on 4
vertices. See Figure 3. The collection of points with each of these link types
define the intrinsic 2-skeleton, 1-skeleton and 0-skeleton of X, respectively.
Complezes with this property are called closed fake surfaces. If, in addition,
the components of the intrinsic 2-skeleton are discs, then X is called a special
polyhedron.

A /_7|'
%

®
0\

Figure 34: The three possible local structures in a special polyhedron.

Closed fake surfaces and special polyhedra are ubiquitous in at least one
sense: every compact 2-complex is simple homotopy equivalent to a special
polyhedron. See [50] for an in-depth discussion of these ideas. The simplicity
of the vertex links in special polyhedra makes it easy to show the following.

Lemma 4.21 If X is an angled 2-dimensional special polyhedron, then X is
conformally CAT(0) if and only if X has non-positive sectional curvature.
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One direction is immediate. In the other direction, note that the only
section of a vertex v not tested by the conformal CAT(0) condition is the one
derived from the entire link. Adding up the known inequalities for each of
the simple closed curves in the link of length 3 one finds that twice the sum
of all six angles at v is at least twice the value required to make the vertex
curvature non-positive. This completes the proof.

Dani Wise has been able to show that non-positive sectional curvature
has strong group-theoretic consequences [84]. Recall that a group is coherent
if every finitely generated subgroup is also finitely presented. Examples of
coherent groups include free groups, surface groups and fundamental groups of
compact 3-manifolds. The standard example of a group which is not coherent
is the direct product of two non-abelian free groups. Wise proves the following.

Theorem 4.22 (Non-positive sectional curvature and coherence) If
X is an angled 2-complex with non-positive sectional curvature, then m X
s coherent.

The proof uses Howie towers [51] and the 2-dimensional combinatorial
Gauss-Bonnet theorem. The types of sublinks used to define sectional cur-
vature are precisely those that need to be considered as one lifts various
complexes and subcomplexes through the tower. Using the 2-dimensional
combinatorial Gauss-Bonnet theorem, one can then show that certain inter-
mediate complexes have non-positive Euler characteristics which, moreover,
are strictly increasing as the process continues. It is precisely this tension
between increasing Euler characteristics and non-positivity which forces the
process to terminate at a complex which then witnesses the finite presentabil-
ity of the subgroup. The general strategy is similar to the earlier work by
myself and Wise on coherence using the idea of perimeter reduction [64], but
the construction here are much more flexible in spirit. As an immediate corol-
lary of Lemma 4.21 and Theorem 4.22 one has the following.

Corollary 4.23 If X is a 2-dimensional special polyhedron with a conformal
CAT(0) structure, then m1 X is coherent.

Finally, this section concludes with some speculations about a possible
relationship between the general results list above and the coherence of one-
relator groups. Consider the following two conjectures.

Conjecture 4.24 (Coherent) FEuvery one-relator group is coherent.

Conjecture 4.25 (Conformally CAT(0)) Every one-relator group is ei-
ther the fundamental group of a 2-dimensional special polyhedron with a con-
formal CAT(0) structure, or it can be built from such a one-relator group
using very simple constructions.
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The first conjecture was asked as a question by Gilbert Baumslag as early
as his 1974 survey of one-relator groups [6]. The second is being proposed here
as a natural geometric conjecture. Although it is being stated in a slightly
vague manner, the idea is that in light of Corollary 4.23, Conjecture 4.25 can
be used as a possible line of attack on Conjecture 4.24. There is a much
more detailed and precise version of Conjecture 4.25 which I have not stated
formally since its development is not suitable for a survey article.

To give at least some idea of the general strategy, consider the follow-
ing observations. First, it is well-known that every one-relator group is a
subgroup of a 2-generator one-relator group so that in order to prove the co-
herence of all one-relator groups, it is sufficient to consider only those with
2-generators. Next, these groups are particularly nice from the perspective of
conformally CAT(0) structures on special polyhedra, since their Euler charac-
teristics are zero. As a result, the only feasible conformal CAT(0) structures
are those where the face curvatures are 0 and the vertex curvatures are 0. In
other words, all the inequalities become equalities. Another less obvious con-
sequence of the tightness of the constraints is that the pairs of non-adjacent
angles in the link of a vertex must have the exact same angles assigned. Thus,
if we let n denote the number of vertices in the complex, there are exactly
3n variables which determine the angle values. There are n linear equations
associated with the face curvatures and n linear equations associated with the
curvature of the vertex links. From a linear algebra perspective, so long as the
system of 2n linear equations in 3n variables is consistent, there should be at
least an n-dimensional family of solutions. Finally, the process of converting
the standard 2-complex for a one-relator group into a special polyhedron is
quite flexible. It is possible to insist that the result has no polygons with
one or two sides and no “untwisted” triangles. Even at this point there are a
number of moves which can be done which only slightly change the complex
while significantly changing the system of linear equations. The net result is
that the n vertex equations are always consistent with each other and the n
face equations are almost always consistent each other.

Concretely, Noel Brady and I have also tried our hand at finding confor-
mal CAT(0) structures for a half-a-dozen examples of 2-generator one-relator
groups chosen at random. Starting from a randomly chosen relator of length
12 or so, we haphazardly converted it to a special polyhedron using the pineap-
ple and banana tricks among others [50]. Once we had a special polyhedron,
we then worked to remove all monogons and bigons. At this point we stopped
and found the linear system of equations which needed to be satisfied and
we tested whether this system had a solution. In all cases, it did, and in all
but one case, the resulting angle assignment could be extended to a piecewise
Euclidean metric on the 2-complex. In other words, the results were typically
CAT(0) in addition to being conformally CAT(0). The positive evidence is,
admittedly, rather meager at the moment. A computer program to check all
of the 2-generator one-relator groups out to a modest size would be more
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convincing and is currently under development. A general program for inves-
tigating conformal CAT(0) structures on special polyhedra for 2-generator
one-relator groups is also being actively pursued. In addition to being a
reasonable approach to the coherence question for one-relator groups, even
partial progress on this geometric conjecture would certainly help to explain
why one-relator groups have such a tendency to act like non-positively curved
groups, even though it is well-known that they are not non-positively curved
in general.
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Homology and dynamics in quasi-isometric
rigidity of once-punctured
mapping class groups

Lee Mosher

Abstract

Combining recent homological methods of Kevin Whyte with older
dynamical methods developed by Benson Farb and myself, we obtain
a new quasi-isometric rigidity theorem for the mapping class group
MCG(S;) of a once punctured surface Sj: if K is a finitely gener-
ated group quasi-isometric to MCG(S; ) then there is a homomorphism
K — MCG(S}) with finite kernel and finite index image. This theorem
is joint with Kevin Whyte.

Gromov proposed the program of classifying finitely generated groups ac-
cording to their large scale geometric behavior. The goal of this paper is a new
quasi-isometric rigidity theorem for mapping class groups of once punctured
surfaces:

Theorem 1 (Mosher-Whyte). If Sgl is an oriented, once-punctured surface
of genus g > 2 with mapping class group MCQ(S;), and if K is a finitely gen-
erated group quasi-isometric to MCQ(S;), then there exists a homomorphism
K — MCQ(S;) with finite kernel and finite index image.

This theorem will be restated later with a more quantitatively precise
conclusion; see Theorem 9.

Whyte is also able to apply his techniques to obtain a strong quasi-
isometric rigidity theorem for the group Z" x GL(n,Z), which we will not
state here.

Our theorem about MCG(S,), answers a special case of:

Conjecture 2. If S is a nonexceptional surface of finite type then for any
finitely generated group K quasi-isometric to MCG(S) there exists a homo-
morphism K — MCG(S) with finite kernel and finite index image.

The exceptional surfaces that should be ruled out include several for which
we already have quasi-isometric rigidity theorems of a different type: the
sphere with < 3 punctures whose mapping class groups are finite; the once-
punctured torus and the four punctured sphere whose mapping class groups
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are commensurable to a free group of rank > 2. Probably the techniques used
for the once-punctured case may not be too useful in the general case.

The theorem about MCG(S; ), and Whyte’s results about Z" x GL(n, Z),
are both about “universal extension” groups of certain PD(n) groups: more
specifically, MCG(S;) ~ Aut(m;S) is the universal extension of the PD(2)
group m1Sy; and Z" x GL(n, Z) is the universal extension of the PD(n) group
Z™. TIf one wishes to pursue quasi-isometric rigidity for the group Aut(F,),
where F,, is the free group of rank > 2, noting that Aut(F, ) is the universal
extension of F),, the difficulty is that the homological techniques we shall
use do not apply: the Poincaré duality groups m1.S, and Z" each have a
fundamental class in uniformly finite homology, which F;, does not have.

Contents: This paper is based on BTEX slides that were prepared for lec-
tures given at the LMS Durham Symposium on Geometry and Cohomology
in Group Theory, July 2003. Here is an outline of the paper, based approxi-
mately on my four lectures at the conference:

1. Survey of results and techniques in quasi-isometric rigidity.

2. Whyte’s techniques: uniformly finite homology applied to extension
groups.

3. Surface group extensions and Mess subgroups.

4. Dynamical techniques: extensions of surface groups by pseudo-Anosov
homeomorphisms.

Acknowledgements. Supported in part by NSF grant DMS-0103208.

1 Results and techniques in QI-rigidity

A map f: X — Y of metric spaces is a quasi-isometric embedding if there
exists K > 1,C > 0 such that

= -dx(r,) — C < dy (f, fy) < K -y (2,9) + C

A coarse inverse for f is a quasi-isometry f: Y — X s.t.
dSUP(fof7IdX)7 dsup(fof7IdY)<oo

A coarse inverse exists if and only if there exists C’ > 0 such that for ally € Y
there exists € X such that

dy (fz,y) <C'
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If this happens then f: X — Y is a quasi-isometry, and X,Y are quasi-
isometric metric spaces. We will use the abbreviation “QI” to stand for
“quasi-isometric”.

Given a finitely generated group G, a model space for G is a metric space
X on which G acts by isometries such that:

e X is proper, meaning that closed balls are compact.

e X is geodesic, meaning that any x,y € X are connected by a rectifiable
path v such that Length(y) = d(z, y).

e The action is properly discontinuous and cobounded.
Here are some examples of model spaces:
e The Cayley graph of G with respect to a finite generating set.

e X =Y where Y is a compact, connected Riemannian manifold or piece-
wise Riemannian cell complex, and G = m Y.

Fact: If X,Y are two model spaces for G then X,Y are quasi-isometric.
Also, any model space is quasi-isometric to G with its word metric.

As a consequence, a finitely generated group G has a notion of geometry
that is well-defined up to quasi-isometry, namely the geometry of any model
space, or of G itself with a word metric.

Definition: Two finitely generated groups are quasi-isometric if, with their
word metrics, they are quasi-isometric as metric spaces; equivalently, their
Cayley graphs are quasi-isometric.

Notation: Given G a collection of finitely generated groups, let (G) be the
class of all groups quasi-isometric to some group in G. More generally, given X
a collection of metric spaces, let (X) be the class of all groups quasi-isometric
to some metric space in X.

Examples of QI-rigidity theorems. To reformulate Gromov’s program in
a practical way: given a collection of metric spaces X', describe the collection
of groups (X), preferably in simple algebraic or geometric terms that do not
invoke the concept of quasi-isometry. Also, describe all of the quasi-isometry
classes within (X). In particular, identify interesting classes of groups G
that are QI-rigid, meaning G = (G). There are many theorems describing
interesting QI-rigid classes of groups, proved using an incredibly broad range
of mathematical tools.
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Example: Gromov’s polynomial growth theorem [Gro81] implies:

Theorem 3. The class of virtually nilpotent groups is quasi-isometrically
rigid. The class of virtually abelian groups is quasi-isometrically rigid, with
one QI-class for each rank.

Within the class of virtually nilpotent groups, there are many interesting
QlI-invariants:

e The Hirsch rank is a QI-invariant.

e The sequence of ranks of the abelian subquotients is a QI-invariant,
which is finer than the Hirsch rank.

e There is an even finer QI-invariant of a virtually nilpotent Lie group G:
Pansu proved that the asymptotic cone of G is a graded Lie group,
whose associated graded Lie algebra is a quasi-isometry invariant that
subsumes the previous invariants [Pan83)].

e This is still not the end of the story: recently Yehuda Shalom produced
two finitely generated nilpotent groups which are not quasi-isometric
but whose associated graded Lie algebras are isomorphic [Sha04].

The full Ql-classification of virtually nilpotent groups remains unknown.

Example: Stallings’ ends theorem [Sta68] implies:

Theorem 4. The class of groups which splits over a finite group is quasi-
isometrically rigid. For each n > 2, the class (F,) consists of all groups that
are virtually free of rank > 2.

Closely related to this example is recent work of Papasoglu and Whyte
[PW02] which, combined with Dunwoody’s accessibility theorem [Dun85],
completely reduces the QI classification of finitely presented groups to the
QI classification of finitely presented one ended groups.

Example: Sullivan proved [Sul81] that any uniformly quasiconformal action
on S? is quasiconformally conjugate to a conformal action. This implies:

Theorem 5 (Sullivan-Gromov). (H?) consists of all groups H for which
there exists a homomorphism H — Isom(H?) with finite kernel and whose
image is a cocompact lattice.

This theorem is prototypical of a broad range of QI-rigidity theorems,
including our theorem about MCG(S ;) However, the conclusion of our theo-
rem should be contrasted with the Sullivan—Gromov theorem: the latter gives
only a “topological” characterization of (H?), which does not serve to give us
an effective list of those groups in (H?). There is still no effective listing of
the cocompact lattices acting on H?. The conclusion of our theorem gives an
“algebraic” characterization of (MCG (S;)}7 allowing an effective listing.
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Example: Rich Schwartz proved a strong quasi-isometric rigidity theorem
for noncocompact lattices in Isom(H?) [Sch96]. To state the theorem we need
some definitions.

The commensurator group: Given two groups G, H, a commensura-
tion from G to H is an isomorphism from a finite index subgroup of G to a
finite index subgroup of H. Two commensurations are equivalent if they agree
upon restriction to another finite index subgroup. The commensurator group
Comm(QG) is the set of self-commensurations of G up to equivalence, with the
following group law: given commensurations ¢: A — B,¢: C — D restrict
the range of ¢ and the domain of ¥ to the finite index subgroup B N C, and
then compose 1 o ¢.

The left action of G on itself by conjugation induces a homomorphism
G — Comm(G), whose kernel is the virtual center of G, consisting of all
elements g € G such that the centralizer of g has finite index in G.

Two groups G, H are abstractly commensurable if there exists a commen-
suration from G to H. Any abstract commensuration from G to H induces
an isomorphism from Comm(G) to Comm(H).

Theorem 6 (Schwartz). If G is a noncocompact, nonarithmetic lattice in
Isom(H?), then (G) consists of those finitely generated groups H which are
abstractly commensurable to G. More precisely, the homomorphism G —
Comm(QG) is an injection with finite index image, and (G) consists of those
finitely generated groups H for which there exists a homomorphism H' —
Comm(G) with finite kernel and finite index image.

This theorem gives a very precise and effective enumeration of (G), sim-
ilar to the conclusion of our main theorems. Schwartz’ theorem also can
be formulated in the arithmetic case, although there the homomorphism
G — Comm(G) has infinite index image.

The general techniques of Sullivan-Gromov theorem and of Schwartz’ the-
orem give models for the proof of our main theorem, as we now explain.

Technique: the quasi-isometry group of a group. Consider a met-
ric space X, for example a model space for a finitely generated group. Let
QI(X) be the set of self quasi-isometries of X, equipped with the operation
of composition. Define an equivalence relation on Q\I(X ), where f ~ g if
dsup (f,9) = sup{fx, gz} < co. Composition descends to a group operation
on the set of equivalence classes, giving a group

QI(X) = the quasi-isometry group of X

Notation: let [f] denote the equivalence class of f in QI(X). Note that

[f]7! = [f] for any coarse inverse f to f.
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For any quasi-isometry f: X — Y there is an isomorphism ad;: QI(X) —
QI(Y) defined by ad;[g] = [f o g o f], where f is any coarse inverse for f.

It follows that if G is a finitely generated group then the quasi-isometry
group of G is well-defined up to isomorphism by taking it to be QI(X) for any
model space X of G.

The group QI(G) is an important quasi-isometry invariant of a group G,
and it is often important to be able to compute it. Here are some properties
of QI(G), followed a little later by some examples of computations.

The left action of G on itself by multiplication, defined by L,(h) = gh,
induces a homomorphism G — QI(G) whose kernel is the virtual center. The
left action of G on itself by conjugation, given by Cy(h) = ghg™!, induces the
same homomorphism G — QI(G), because dsup, (Lg, Cy) is finite, equal to the
word length of g.

Every commensuration defines a natural quasi-isometry of G, well defined
in QI(G) up to equivalence of commensurations, thereby defining a homomor-
phism Comm(G) — QI(G). The homomorphism G — QI(G) factors as

G — Comm(G) — QI(G)

Technique: quasi-actions Let G be a finitely generated group, X a model
space for G, and H a finitely generated group quasi-isometric to G. Fix a
quasi-isometry ®: H — X and a coarse inverse ®: X — H. Define A: H —
QI(X) by the formula

Ah)=®o L, 0d

This map has the following properties:
A is a quasi-action: There exists constants K > 1, C' > 0 such that
e The maps A(h) are K, C quasi-isometries for all h € H
o dyup(A(hR'), A(h) o A(R")) < C for all h,h € H
o dyp(A(Id),Id) < C
and so we obtain a homomorphism A: H — QI(X).

A is proper: For all r > 0 there exists n such that if B, B’ C X have diam-
eter < r then

|[{he H| (A(h)-B)NB #0} <n

A is cobounded: there exists s > 0 such that for all z,y € X there exists
h € H such that d(A(h) - x,y) < s.

Given a group G and a model space X, a common strategy in investigating
quasi-isometric rigidity of G is: compute QI(X); and then describe those
homomorphisms H — QI(X) arising from quasi-actions, called “uniform”
homomorphism. If necessary, restrict to proper, cobounded quasi-actions.
Try to “straighten” any such quasi-action.
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Examples of QI-rigidity. Here are some examples of how this strategy is
carried out, taken from the above examples:

Proof sketch (Sullivan-Gromov rigidity theorem). For all groups in the quasi-
isometry class of H?, the boundary is OH? = S2.

First, one calculates QI(H?) = QC(S?), the group of quasi-conformal
homeomorphisms of S?; this is a classical result in quasiconformal geometry.

Second, the isometry group Isom(H?) = Conf(S?) is a uniform subgroup
of QC(S?), and one proves that every uniform subgroup can be conjugated
into Conf(S?). In other words, every quasi-action on H? is quasiconjugate to
an action. This result, due to Sullivan, is the heart of the proof.

The properties of “properness” and “coboundedness” are invariant un-
der quasiconjugacy. It follows that if H is a finitely generated group quasi-
isometric to H® then H has a proper, cobounded action on H?. In other
words, there is a homomorphism H — Isom(H?) with finite kernel and dis-
crete, cocompact image. &

By constrast we now give:

Proof sketch for the Schwartz rigidity theorem. Let G be a noncocompact lat-
tice in H3.
The heart of the proof is essentially a calculation

QI(G) ~ Comm(QG)

This calculation holds in both the arithmetic case and the nonarithmetic case,
the difference being that the induced map G — Comm(G) has finite index
image if and only if G is nonarithmetic. Assuming this to be the case, it
follows that the homomorphism Comm(G) — QI(G) is an isomorphism and
that the map G — Comm(G) = QI(G) is an injection with finite index image.

Schwartz’ proof is actually a bit more quantitative, as follows. If G is
nonarithmetic then there exists an embedding

Comm(G) « Isom(H?)

whose image I' is a noncocompact lattice containing G with finite index, so
that the injection G — Comm/(G) agrees with the inclusion G < I'. The hard
part of Schwartz’ proof is to show the following:

e For all K > 1, C > 0 there exists A > 0 such that if ®: G — G is a
K, C quasi-isometry then there exists v € I' such that

ey (B, L) < A
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To be more precise, the sup distance on the left is a comparison of two different

functions from G into I', one being G 2,6 I', and the other being G —

r . r.

Noting that any quasi-isometry of G extends to the finite index supergroup
I, and that QI(G) =~ QI(T), we can abstract this discussion as follows.

Consider a finitely generated group I', and suppose that the following
holds:

Strong QI-rigidity: For all K > 1, C > 0 there exists A > 0 such that if
®: ' - I'is a K, C quasi-isometry then there exists v € I' such that

donp (P, L) < A

This property, coupled with triviality of the virtual center (true for lattices
in Isom(H?) as well as for MCG(S})), immediately imply that the homomor-
phism I' — QI(T") is an isomorphism.

To complete the proof of Schwartz’ Theorem, we now apply the following
fact:

Proposition 7. If I' is a strongly QI-rigid group whose wvirtual center is
trivial, then for any finitely generated group H quasi-isometric to I' there
exists a homomorphism H — T' with finite kernel and finite index image.

Proof. As explained earlier, the left action of H on itself by translation can
be quasiconjugated to a proper, cobounded quasi-action of H on I', which
induces a homomorphism ¢: H — QI(T") =T

Let K > 1, C' > 0 be uniform constants for the quasi-action of H on I.

Applying strong QlI-rigidity of I', we obtain a constant A such that the
(quasi-)action of each h € H on T is within sup distance A of left multipli-
cation by ¢(h). It immediately follows that the kernel of ¢ is finite, because
the quasi-action of H is proper and so there are only finitely many elements
h € H for which ¢(h) is within distance A of the identity on T'.

It also follows that the image of ¢ has finite index, because the quasi-action
of H on I' is cobounded, whereas the left action on I' of any infinite index
subgroup of I" is not cobounded. &

This completes the proof of Schwartz’ Theorem. &

This proof immediately yields an interesting corollary:

Corollary 8. If T is strongly QI-rigid with trivial virtual center, then every
commensuration of I' is the restriction of an inner automorphism of I'. It
follows that the homomorphisms ' — Comm(T") and I' — Out(T") are isomor-
phisms.
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Now we can give the more quantitative statement of the main theorem

about MCG(S;):

Theorem 9 (Mosher-Whyte). The group MCG(S}) is strongly QI-rigid: for
all K > 1, C > 0 there exists A > 0 such that for any K,C quasi-isometry
®: MCG(S)) — MCG(S}) there exists v € MCG(S}) for which dgy, (®, L) <
A.

Combining Corollary 8 and Theorem 9 we get a new proof of a result of
Ivanov [Iva97]:

Corollary 10. The homomorphisms
MCQ(S;) — Comm(S;) and MCQ(S;) — Out(MCg(S;))
are isomorphisms.

We remark that Ivanov’s proof of this result ultimately depends on his
theorem that the action of the mapping class group on the curve complex of a
finite type surface induces an isomorphism between the mapping class group
and the automorphism group of the curve complex. Our proofs of Theorem 9
and Corollary 10 make no use of the curve complex and its automorphism

group.

2 Fiber preserving quasi-isometries

In this section we explain Kevin Whyte’s methods for using uniformly fi-
nite homology classes and their supports to investigate quasi-isometric rigid-
ity problems for certain fiber bundles. Bruce Kleiner also outlined, at the
AMS Ann Arbor conference in 2000, how to use support sets to study quasi-
isometric rigidity, using a coarse version of the Kiinneth formula applied to
fiber bundles.

Suppose one wants to investigate quasi-isometric rigidity for the fundamen-
tal group of a graph of groups where each vertex and edge group is (virtually)
7 of an aspherical n-manifold for fixed integer n > 0. Let us focus on the
example Fb X Z".

To start the proof, pick a nice model space for Fy x Z", namely, T x R"
where T is a Cayley tree of Fy. As described earlier, the technique will be
to study quasi-actions on T' x R™. The first step, carried out by Farb and
myself, is to prove that each quasi-isometry of T' x R"™ coarsely preserves the
R" fibers:

Theorem 11 ([FMO00]). For every K > 1, C' > 0 there exists A > 0 such
that if &: TxR" — T xR" is a K,C quasi-isometry, then for allt € T there
exists t' € T such that dp(P(t x R™),t' x R™) < A.
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The notation dy (-, -) means Hausdorff distance between subsets of a metric
space.

More generally, this theorem is true when the product 7' x R" is replaced
by a “coarse fibration” over a tree whose fiber is a uniformly contractible
manifold, or even more generally by the Bass-Serre tree of spaces that arise
from a finite graph of groups whose vertex and edge groups are coarse PD(n)
groups of fixed dimension n [MSWO03].

In this section we shall give Kevin Whyte’s proof of Theorem 11. This
proof also applies to situations where the base space T of the fibration is
replaced by certain higher dimensional complexes, for example:

e Thick buildings.

e The model space for MCG(S, ), over which a model space for MCG(S})
fibers, with fiber H2.

e A model space for SL(n, Z), over which a model space for Z" x GL(n, Z)
fibers, with fiber R".

For the example T' x R", the idea of the proof is that a subset of the form
(line in T) x R" ~ R" "1 is the support of a “top dimensional uniformly finite
homology class”. A quasi-isometry of T' x R" acts on such classes, coarsely
preserving their supports. Each fiber is the intersection of some finite number
of these supports, and so the fibers are preserved.

In this proof it is necessary that the fiber be a uniformly contractible
manifold, on which there is a “uniformly finite” fundamental class of full
support. (For those who live in outer space, that’s why the proof does not
apply to the extension 1 — F,, — Aut(F,) — Out(F,) — 1, whose fiber F),
is not a manifold and does not have a uniformly finite fundamental class of
full support).

In order to make this proof rigorous, we have to discuss:

1. Uniformly finite homology
2. Top dimensional supports

3. Application to fiber bundles

2.1 Uniformly finite homology

Let X be a simplicial complex. Fix a geodesic metric in which each simplex
is a regular Euclidean simplex with side length 1. We say that X is uniformly
locally finite or ULF if there exists A > 0 such that the link of each simplex
contains at most A simplices. We say that X is uniformly contractible or
UC if for all » > 0 there exists s(r) > 0 such thateach subset A C X with
diam(A) < r is contractible to a point inside Ns(A). The function s(r) is
called a gauge of uniform contractibility.
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For example, any tree is uniformly contractible. Also, if X is a contractible
simplicial complex, and if there is a cocompact, simplicial group action on X
(for example if X is the universal cover of a compact, aspherical simplicial
complex), the X is UC and ULF.

Simplicial uniformly finite homology. If X is ULF, define H:"(X):
a chain in C'(X) is a uniformly bounded assignments of integers to n-
simplices. Since X is ULF, the boundary map 9: C3'{(X) — C$%,(X) is
defined, and clearly 00 = 0.

Theorem 12. Hfuf(X) is a quasi-isometry invariant among UC, ULF sim-
plicial complezxes.

Proof. We start the proof of the theorem by defining uniformly finite homology
H(X) which is a large scale version of simplicial uniformly finite homology
HYM(X), then proving that H(X) and H$"(X) are isomorphic for UC, ULF
simplicial complexes, and then proving that HM (X ) is a QI-invariant.

Step 1: Uniformly finite homology. For each n > 1, define the nth Rips
complex, R"(X), with one k-simplex for each ordered k + 1-tuple of vertices
with diameter < n. Note that R!(X) = X.

Since X is ULF, it follows that R"(X) is ULF, and the sequence of inclu-
sions

X=R'(X)CR¥X)C---
therefore induces homomorphisms
(R (X)) — (R (X)) — HY(R(X)) -+
Define the uniformly finite homology to be the direct limit

HY(X) = lim H2(RE(X)

We can also describe H'(X) as the homology of a chain complex. We have
a direct system

CM(RN (X)) — C(R* (X)) — C3(RP (X)) — -+
so we can take the direct limit

CY(X) = lim C"(R* (X))

k—o0

The boundary homomorphism is defined, and the homology of this chain
complex is canonically isomorphic to HM(X).



236 L. Mosher

Step 2: HY(X) = H"(X).
The identity map i: X — X = R'(X) induces a chain map i: C5*(X) —
C(X). Using that X is UC, we’ll define a chain map

ji CH(X) — ()

which will turn out to be a uniform chain homotopy inverse to the inclusion
(X)) — CH(X).

The idea for defining j is: connect the dots.

Consider a 1-simplex in C}(X), which means a 1-simplex o in R*(X) for
some k, which means o = (u,v) with d(u,v) < k. Connecting the dots, we
get a 1-chain j(o) in X with boundary v — u, consisting of at most & different

I-simplices. Given now a simplicial uniformly finite 1-chain 3" a,0 in RF(X),

the infinite sum
j(z aaa) = Z aa.j(U)

is defined because it is locally finite: for each simplex 7 in X there are finitely
many terms of the sum ) a,j(o) which assign a nonzero coeflicient to 7. This
finishes the definition of j: C}'f(X) — C§"f(X).

Next consider a 2-simplex ¢ in C3'(X), which means ¢ = (u,v,w), where
u, v, w have pairwise distances at most k. Now connect the 2-dimensional
dots: the 1-chain

J(u,v) + j(v,w) + j(w,w)

is a cycle. Its support is a subset of diameter at most 3k/2, and so
J(u,0) + j(v,w) + j(w, u) = 8j(0)

for some 2-chain j(o) supported on a subset of diameter at most s(3k/2),
where s is a gauge of uniform contractibility. More generally, the boundary of
a simplicially uniformly finite 2-chain in R?(X), is again defined as a locally
finite infinite sum. This finishes the definition of j: C¥(X) — C5*(X), and
the chain map condition is obvious.

Now continue the definition of the chain map j by induction, using connect-
the-dots.

Similarly, using connect the dots and induction, we can construct a chain
homotopy between identity and ji, and similarly for ¢j. This finishes Step 2.

Step 3: QI-invariance of uniformly finite homology. Consider a quasi-
isometry ®: X — Y with coarse inverse ®: Y — X, both K,C quasi-
isometries, and C-coarse inverses of each other. Moving a bounded distance,
we may assume ®, ® take vertices to vertices.

If d(u,v) = 1 then d(®u,dv) < p = K + C. We therefore obtain an
induced simplicial map X = R'(X) — RP(X), inducing a chain map

®y: CM(RY(X)) — (R (X))
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In the backwards direction, if d(u/,v') < p in Y, then d(®u', ®v') < p’ =
Kp+ C, and so we get an induced simplicial map RP(Y) — RPI(X) inducing
a chain map

By CU(R(Y)) = (R (X))

The composition ® o ® induces a chain map
By 0By CI(RY(X)) — CI(RY (X))

but ®o® is C-close to the identity map on vertices of X, and so a connect-the-
dots argument shows that this chain map is chain homotopic to the inclusion
map.

A similar argument applies to the composition ® o ®.

This finishes the proof that H*" is a QI invariant. &

2.2 Top dimensional supports.

Suppose now that X is a UC, ULF simplicial complex of dimension d. There
are no simplices of dimension d+1, and so each class ¢ € H;l‘f (X) is represented
by a unique d-cycle in C§*f(X), also denoted c. Its support supp(c) is therefore
a well-defined subset of X.

Proposition 13. With X as above, every quasi-isometry of X coarsely re-
spects supports of classes in H;f(X). More precisely: for all K,C there exists

A such that if ®: X — X is a K,C quasi-isometry, and if ¢ € H;f(X), then

dy(®(supp(c)), supp(P.(c))) < A

Most QI-rigidity theorems have a similar step: find some collection C of
objects in the model space which are coarsely respected by quasi-isometries:
for all K, C there exists A such that for each K, C quasi-isometry ®: X — X,
and for each object ¢ € C there exists an object ¢’ € C such that

dy(®(c),d) < A

Proof. Moving ® a bounded distance, we may assume that ® takes vertices
to vertices. We get an induced chain map

Dy CU(X) — CI(RP (X))

Note first that for all ¢ € C**(X), the subset supp(®4(c)) is contained in

a uniformly bounded neighborhood of ®4 (supp(c)), where the support of a

chain in C*"{(RP(X)) is simply the set of vertices occurring among the sum-

mands in the chain. In other words, ®4 induces coarse inclusion of supports.
Compose with the connect-the-dots map

Csuf(Rp (X)) N Csuf(X)
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which also induces coarse inclusion of supports. By composition we obtain an
induced map
Dy CM(X) = CM(X)

which also induces coarse inclusion of supports. Since top dimensional sup-
ports are unique, it follows that

®(supp(c)) C Na(supp(Py44 (c)) = Na(supp(®.(c)))

for some uniform constant A.
To get the inverse inclusion, applying the same argument to a coarse in-
verse ® we have

©(supp(®.(c))) € Na(supp(®.D.(c))) = Na(supp(c))

where the last equation follows from uniqueness of supports. Now apply ® to
both sides of this equation:

supp(®.(c)) C Na/(®P(supp(P.(c)))
C N (®(N4 (supp(c)))
C Na»(®(supp(c)))

2.3 Application to fiber bundles.

Consider now a fiber bundle 7: E — B with fiber F, over each x € B. We
assume that E, B are UC, ULF simplicial complexes, 7 is a simplicial map,
each fiber F, = 7~ !(x) is a manifold of dimension n, and for each vertex z the
subcomplex F} is UC, with gauge independent of x. It follows that for each
k-simplex o, the k+n simplices of 7~! (o) that are not contained in 7=!(do),
intersected with the fiber F, = 7! (barycenter(c)), define a cellular structure
on F, which is UC, with gauge independent of o.

Let d = dim(B), n = dim(F), d + n = dim(FE).

Make the following assumption about the top dimensional, uniformly finite
homology HY(B):

Top dimensional classes in B separate points: There exists r > 0 so
that for all s > 0 there exists D > 0 so that for any x,y € B with
d(x,y) > D, there is a top dimensional class ¢ € HY(B) such that

d(supp(c),z) <r and d(supp(c),y) > s

Example: 7' x R", where T' = Cayley tree of F5. In the base space T,
each bi-infinite line is the support of a top dimensional class, and lines in T’
clearly separate points.
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Example to come: later we shall construct a model space for MCG(S;),
fibering over model space for MCG(S,), with fiber H?>. The dimension of the
base space will equal 4g — 5, which is the virtual cohomological dimension of
MCG(S,). We shall prove that the top dimensional classes of uniformly finite
homology separate points of MCG(S,).

The main result for this section is that every quasi-isometry of the total
space E coarsely preserves fibers:

Theorem 14 (Whyte). Consider the fibration F — E — B as above, and
assume that top dimensional classes in H;f(B) coarsely separate points. For
all K, C there exists A such that if &: E — E is a K,C quasi-isometry, then
for each x € B there exists ' € B’ such that

dy(P(F), Fpr) < A

Proof. The key observation of the proof is that the support of every top
dimensional class in F is saturated by fibers. To be precise: for every top
dimensional class ¢ € H};frn(E), there exists a unique top dimensional class
¢ =m(c) € HY(B), such that

supp(c) = 7! (supp(c))

To see why, for each d-simplex o C B, 7~ (B) is a manifold with boundary
of dimension d + n. So, for any class ¢ of dimension d + n, if supp(c) contains
some d + n simplex in 771 (), it follows that supp(c) contains all of 7= (o).

The converse is also true: for each top dimensional class ¢’ € H}!(B) there
exists a top dimensional class in E, denoted ¢ = 7~ '(¢) € H}L (E) such
that supp(c) = 7! (supp(c’)): over each simplex o C supp(c’), weight all the
simplices in 7! (o) with the same weight as o, using a coherent orientation
of fibers to choose the sign.

Thus, the projection 7 induces an isomorphism

Hy',(E) — Hj'(B)

+n

so that a d+n-cycle c in E, and the corresponding d-cycle ¢’ in B, are related
by
supp(c) = 7~ (supp(c'))

Now we use the property that supports of top dimensional classes in B
separate points. Up to changing constants, it follows that:

Supports of top dimensional classes in F separate fibers: There ex-
ists 7 > 0 such that for all s > 0 there exists D > 0 such that given
fibers F,, F, with dy(F,,F,) > D, there is a top dimensional class
c€ HY' (E) so that F, C N, (supp(c)) but F, N N, (supp(c)) = 0.
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From this it follows that fibers in E are coarsely respected by a quasi-
isometry. Here are the details.

Fix a K, C quasi-isometry ®: F — T and a fiber F,, x € G. We want to
show that ®(F,) is uniformly Hausdorff close to some fiber F/.

Fix some R > r, to be chosen later, and let C, denote the collection of
classes ¢ € H}! (E) such that F, C Ng(supp(c)). From the fact that top di-
mensional classes in F separate fibers, it follows that F}, has (uniformly) finite
Hausdorff distance from the set of points £ € E such that £ € Ny (supp(c))
for all c € C,.

Notation: let C, = {®4 (c) | ceC,}, and let & = Py (c).

By applying Proposition 13, the Hausdorff distance between ®(supp(c))
and supp(¢é) is at most a constant A, for any ¢ € C,. Thus for any ¢ € C, we
have

®(F,) C N/ (supp(é))

where R’ = KR+ C + A. Now we say how large to choose R, namely, so that
R >r.

It now follows that ®(F,) has (uniformly) finite Hausdorff' distance from
the set F of points n € F such that n € Ng/(supp(¢é)) for all é € C,. But
the set F is clearly a union of fibers of E. Pick one fiber F,, in F. Taking
s = R’ in the definition of coarse separation of fibers, there is a resulting
D. If F,: is a fiber whose distance from F is more than D, it follows that
F,, is not contained in F, because that would violate coarse separation of
fibers. This shows that the set F contains F,, and is contained in the D-
neighborhood of F., that is, F has Hausdorff distance at most D from F..
But F also has (uniformly) finite Hausdorff distance from ®(F ), and so ®(F})
has (uniformly) finite Hausdorff distance from F..

This finishes the proof of Theorem 14. &

3 Extensions of surface groups and Mess
subgroups

Let S, be a closed, oriented surface of genus g > 2, and let Sg1 be S, minus a
single base point p. There is a short exact sequence

1= mi(8y) = MCG(S;) — MCG(S,) — 1

The homomorphism MCG(S;) — MCG(S,) is the map that “fills in the
puncture”. The homomorphism m(S;) — MCQ(S;) is the “push” map,
which isotopes the base point p around a loop, at the end of the isotopy
defining a map of S, taking p to itself; then remove the base point to define
a mapping class on Sj.

The main theorem of this section is:
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Theorem 15. FEvery quasi-isometry of MCQ(S;) coarsely preserves the sys-
tem of cosets of m (Sy).

The meaning of this theorem is that for each K > 1, C > 0 there exists
A > 0 such that if ®: MCG(S;) — MCG(S,) is a K, C quasi-isometry, then
for each coset C' of 71 (S,) there exists a coset C” such that dy(®(C),C") < A.
The setup of Theorem 15 is to represent the short exact sequence by a
fibration
H’ - F—B

as above, where E is a model space for MCQ(S;), and B is a model space
for MCG(S,;). The theorem can then be translated into geometric terms by
saying that every quasi-isometry of E coarsely preserves the fibers.

Whyte’s idea for proving Theorem 15 is to apply Theorem 14, by using
Mess subgroups of MCG(S,) to provide top dimensional classes in the uni-
formly finite homology of B that coarsely separate points.

3.1 Dimension of MCG(S,).

Given a contractible model space B for a group G, one would expect that the
top dimension in which H(B) is nontrivial would be n = ved(G). So we
need the following formula of John Harer [Har86]:

Theorem 16.
ved(MCG(Sy)) = 49 — 5.

Proof. We will sketch Harer’s proof of the upper bound ved(MCG(S,)) <
4g — 5, and then give Geoff Mess’ proof of the lower bound ved(MCG(S,)) >
4g—5. Mess’ proof will provide the basic ingredients we need to investigate top
dimensional uniformly finite homology classes in a model space for MCG(S,).
To prove ved(MCG(S,)) < 4g — 5, by using the short exact sequence, in
which
ved(kernel) = dim(H?) = 2

it suffices to prove

ved(MCG(S))) < 4g —3

Harer constructs a contractible complex K of dimension 4g — 3 which is a
model space for MCG(S]): K is the complex of “filling arc systems” of the
once punctured surface. Fixing a base point p € 9, a filling arc system is a
system of arcs A = {A;} whose interiors are pairwise disjoint, whose ends are
all located at the base point p, so that for each component C of S; — U{4;},
regarding C' as the interior of a polygon whose sides are arcs of {4;}, the
number of sides of C' is at least 3. Each filling arc system A can be refined
by adding more arcs until it is triangulated, and the number of such arcs is
called the defect of A. The complex K that Harer uses has one cell C4 of
dimension d for each isotopy class of filling arc systems A of defect d, and the
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boundary of C 4 consists of all cells C 4/ such that A C A’. Harer used Strebel
differentials to prove contradictiblity of K, but a purely combinatorial proof
was given by Hatcher [Hat91].

Remarks: Harer does not directly construct a 4g — 3 dimensional model
space for MCG(S,). Thurston, in his three page 1986 preprint “A spine for
the Teichmiiller space of a closed surface” [Thu86], does construct a model
space for MCG(S,). While we can prove, with some work, that the dimension
of Thurston’s spine in genus g = 2 is indeed equal to 4g—5 = 8 —5 = 3, we are
unable to prove that Thurston’s spine in genus g > 3 has dimension 4g — 5,
and it may be false. For present purposes we will ultimately depend on the
Eilenberg-Ganea-Wall theorem [Bro82] to obtain an appropriate model space
for MCG(S,), which is why we need to compute the ved.

3.2 Mess subgroups

Now we give Geoff Mess’ proof of the lower bound: ved(MCG(S,)) > 4g — 5.

The proof exhibits a subgroup M, < MCG(S,) which is a Poincaré du-
ality group of dimension 4g — 5, in fact M, is the fundamental group of a
compact, aspherical 4g — 5 manifold. The group M, is called a Mess subgroup
of MCG(S,).

Mess subgroups are constructed by induction on genus.

Base case: Genus 2. With g = 2, we have 49 — 5 = 3, so we need a
3-dimensional subgroup of MCG(S2). Take a curve family {¢1,co,c3} C So
consisting of three pairwise disjoint, pairwise nonisotopic curves. The Dehn
twists about ¢y, co, c3 generate a rank 3 free abelian group, and we are done.

Up to the action of MCG(S;y), there are two orbits of curve families
{c1,¢a, 3}, depending on whether or not some curve in the family separates.
So, there are two conjugacy classes of Mess subgroups in MCG(S5).

Induction step: Let M,_; be a Mess subgroup in MCG(S;_1), and so
M,_; is a Poincaré duality group of dimension 4(g — 1) — 5.
Consider the short exact sequence

1= m(Sy-1) — ./\/ng(S;_l) — MCG(S;—1) — 1
Let MgL1 = preimage of M,_;, so we get
1 —m(Sy—1) = M, ; — M, 1 —1

and it follows that M;_, is Poincaré duality of dimension 4(g — 1) — 5+ 2.
Let 5,1 be the surface S, with a hole removed, and with one boundary
component. There is a central extension

1= Z — MCG(S,1) — MCG(S}) — 1
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obtained by collapsing the hole to a punctuure; here, the group MCG(S, 1) is
defined as the group of homeomorphisms constant on the boundary, modulo
isotopies that are stationary on the boundary.

Let M," ; be the preimage of M;_; in MCG(S, 1), and we get

1HZHM;’_1HM;_1H1

from which it follows that M’ ; is Poincaré duality of dimension 4(g—1)—5+3.
Now attach a handle (a one-holed torus) to Sy 1 to get Sy41, so we get an
embedding
MCG(Sy1) = MCG(Sy11)

Pick a simple closed curve ¢ contained in the handle and not isotopic to the
boundary. The Dehn twist 7. commutes with MCG(S, 1), and in fact the
subgroup of MCG (S, 1) generated by 7. and MCG(S, 1) is isomorphic to the
product MCG(S, 1) x 7.. We can therefore define

M, = Mg”—l x (7e)

which is a Poincaré duality group of dimension 4(9 — 1) —5+4 = 49 —5
contained in MCG(S,).
This finishes Mess’ proof that ved(MCG(Sy)) > 49 — 5. O

Remarks: The construction of M, is completely determined by the isotopy
type of a certain filtration of S, by subsurfaces. There are only finitely many
such isotopy types up to the action of MCG, and so there are only finitely
many conjugacy classes of Mess subgroups. In fact, a little thought shows that
there are exactly two conjugacy classes of Mess subgroups, distinguished by
whether the original curve system {c;, co, c3} chosen in a genus 2 subsurface
with one hole contains a separating curve.

Letting Stab(c) < MCG(S,) be the stabilizer group of the closed curve ¢
picked in the last step, we have

M, C Stab(c)

This fact will be significant later on.

3.3 Model spaces and Mess cycles

We will use a small trick: for the moment, we won’t actually work with a
model space for MCG(S,), instead we’ll work with a model space for a finite
index, torsion free subgroup I'y < MCG(S,). This is OK because the inclusion
Iy — MCG(S,) is a quasi-isometry. Since ved(MCG(S,)) = 4¢g — 5 it follows
that cd(I'y) = 49 — 5. We can therefore apply the Eilenberg-Ganea-Wall
theorem, to obtain a model space B for I'y of dimension 4g — 5.
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The reason for this trick is that for a group with torsion such as MCG(S,),
the construction of a model space of dimension equal to the ved is problem-
atical.

Next we obtain a model space for E and a fibration H> — E — B as
follows. Start with the canonical H? bundle over Teichmiiller space 7, map
B to T by a I'j-equivariant map, and pull the bundle back to get E. This
space E is then a model space for the canonical 7 (S,) extension of Iy, which
is quasi-isometric to MCG(S}). To prove that quasi-isometries of MCG(S,)
coarsely respect cosets of m(.S,), it suffices to prove the same for the m(S,)
extension of I'y, and for this it suffices to prove that quasi-isometries of E
coarsely respect the H? fibers. Applying Theorem 14, it remains to construct
top dimensional uniformly finite cycles in B which coarsely separate points.

Given a Mess subgroup M < MCG(S,), the intersection M’ = M NI, has
finite index in M, and so M’ is still a Poincaré duality group of dimension
4g —5. The complex B/M’ is therefore a K(M’', 1) space of dimension 4g — 5.
Since M’ is a Poincaré duality group, the homology Hy,_5(M’') is infinite
cyclic generated by the fundamental class [M’], and this class is represented
by a unique 4g — 5 cycle in B/M’. This cycle lifts to a 4g — 5 dimensional,
uniformly finite cycle in B; call this a Mess cycle in B.

We will prove that the Mess cycles in B separate points.

3.4 Passage to cosets of curve stabilizers

We now pass from Mess cycles to left cosets of Mess subgroups to left cosets
of curve stabilizers, as follows. Although MCG does not act on B, it does
quasi-act, which is good enough. The quasi-action of MCG permutes the Mess
cycles. There is a bijection between Mess subgroups and Mess cycles: each
Mess subgroup M corresponds to a unique Mess cycle ¢ such that M that
(coarsely) stabilizes c. If M (coarsely) stabilizes ¢ and if & € MCG(S,) then
DM~ (coarsely) stabilizes ®(c).

Pick representatives My, ..., M} of the finitely many conjugacy classes of
Mess subgroups in MCG(S,). It follows that, under the quasi-isometry B —
MCG(S,), Mess cycles correspond to left cosets in MCG(S,) of My, ..., M.
So, it suffices to show that left cosets of My, ..., M}, coarsely separate points

in MCG(S,).

Each Mess subgroup M; fixes some curve ¢;, and so M; < Stab(c;). Thus,
each left coset of M; is contained in a left coset of Stab(c¢;). So, choosing
curves ¢, . . . , ¢, representing the orbits of simple closed curves, it suffices to
prove that the left cosets of the groups Stab(c;) coarsely separate points in

MCG.
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3.5 New model space

We now switch to a new model space I' for MCG(S,), no longer contractible.
We will pass from left cosets of the groups Stab(c;) to subsets of the new
model space T'.

I' is a graph whose vertices are pairs (C, D) where each of C, D is a pair-
wise disjoint curve system, the systems C, D jointly fill the surface, and each
component of S — (C'U D) is a hexagon. This implies that MCG acts on the
vertex set with finitely many orbits. Since MCG is finitely generated, and
since there are finitely many orbits of vertices, it follows that we can attach
edges in an MCG-equivariant way so that the graph I' is connected and has
finitely many orbits of edges. There’s probably some nice scheme for attach-
ing edges, based on low intersection numbers, but it’s not necessary. The
graph I' is now quasi-isometric to MCG. Given a curve ¢, define I', to be the
subgraph of T spanned by vertices (C, D) such that ¢ € C U D.

3.6 The subgraphs I'. coarsely separate points

We can now pass from left cosets of curve stabilizers to the sets I'.. Our
ultimate goal is to show that the system of subgraphs I'., one for each curve
¢, coarsely separates points in T'.

Given vertices (C, D) and (C', D’) which are very far from each other, we
shall pick a curve ¢ in C U D and show that (C’, D') is far from I'.. This is
enough, because (C, D) is contained in T.

Since (C, D) and (C’,D’) are very far from each other, there exists ¢ €
CUD and ¢ € C"U D’ such that the intersection number < ¢,¢’ > is very
large. Proof: fixing (C, D), if all such intersection numbers < ¢,¢’ > are
uniformly small, then there is a uniform cardinality to the number of possible
(C', D), so the distance from (C, D) to (C’, D’) is uniformly bounded.

Consider now any curve system (Cy,D;) in I'., meaning that (Ci,D;)
contains ¢. The curve ¢ € Cy U Dy has very large intersection number with
the curve ¢ € C’UD’. Tt follows that (C1, Dy) and (C', D’) are far from each
other. Proof: if (C1, Dy) and (C’, D’) are close, there is a uniform bound to
the intersection number of a curve in Cy U D; with a curve in (C’, D’).

This completes the proof that quasi-isometries of MCG(S}) coarsely pre-
serve fibers.

4 Dynamical techniques: extensions of surface
groups by pseudo-Anosov homeomorphisms.
In this section we give the proof of Theorem 1, by proving Strong QI-Rigidity

of MCQ(S;) in the sense of Section 1. By applying Theorem 15, we are
reduced to showing the following:



246 L. Mosher

Fibered QI-rigidity For all K > 1, C > 0, R > 0 there exists A > 0 such
that if ® is a K, C' quasi-isometry of MCQ(Sgl), and if ® takes each coset
of m S, to within a Hausdorff distance R of some other coset of m Sy,
then there exists h € MCG(S,) such that

doup (®(f), hf) <A forall fe MCG(S))

The methods of proof are very similar to the following result of Farb and
myself:

Theorem 17 ([FMO02b)). If F' is a Schottky subgroup of MCG(S,) with ex-
tension
1—-m(Sy) = Tp —-F—1

then the injection T'p — QI(T'r) has finite index image. Moreover, if H is a
group quasi-isometric to T'p then there exists a homomorphism H — QI(T'r)
with finite kernel and finite index image.

In that proof, using a tree as a model space for F, we proved that every
quasi-isometry of I'p coarsely preserves fibers. Then we used pseudo-Anosov
dynamics (as we will here) to prove “Fibered Ql-rigidity”, from which Theo-
rem 17 follows.

4.1 Teichmiiller space and its canonical H? bundle.

We have already briefly mentioned these objects; here they are in more detail.
The Teichmiiller space 7, of S, is the space of hyperbolic structures on Sy
modulo isotopy, or equlvalently the space of conformal structures on S, mod-
ulo isotopy. We also need the Teichmiiller space 7;' of S, defined sumlarly
using finite area complete hyperbolic structures on S I or equlvalently confor-
mal structures with a removable singularity at the puncture. It follows that
each element of Tl can be expressed, up to isotopy, as a pair (o, p) where o is
a hyperbolic btructure on S, representing an element of 7,, and p is a point
in the universal cover & = H2 We therefore obtain a fiber bundle structure

H? - Tgl — ’Z;
on which the short exact sequence
1 —m(S) — MCQ(S;) — MCG(S,) — 1

acts. For each # € 7, we use X, to denote the fiber of 7' over x, and so ¥,
is an isometric copy of H2.

Note that the action of MCG(S]) on T is not cocompact, and so we
cannot regard 7' as a model space of MCQ(Sl) and similarly for MCG(S,)
acting on 7. There is, however, a cocompact equivariant spine Y, C 7;
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whose inverse image is a cocompact equivariant spine Yg1 - Tgl and we have
a fibration

H2 N }/gl _ Yg

on which the short exact sequence acts. By cocompactness, the Y’s are model
spaces for the MCG’s.

The action of MCG(S}) on'Y,' respects the H? fibers, and the stabilizer of
each fiber is m .S,. It follows that there is a quasi-isometry MCG(S}) — V'
taking cosets of 1.5, to H? fibers.

We can translate the result of Theorem 15 to the language of Y1 The
translation says: every quasi-isometry ®: Y1 — Y1 coarsely respects fibers,
that is, there exists a constant A > 0 such that for each x € Y, there exists

Y, such that dy(®(X;),%,/) < A. Choosing an &’ for each x, we obtain
an induced map ¢: Y, — Y, with ¢(x) = 2/, and ¢ is a quasi-isometry.

This reduces the proof of Fibered QI-rigidity for MCG (Sl) to the anal-
ogous statement for quasi-isometries of Yg1 with @ as above we must find
h e MCQ(S;) so that the actions of ® and h on S; agree to within bounded
distance.

H? bundles over lines. Consider bi-infinite, proper paths £: R — 7, with
image often in Y,. The path £ is always assumed to be piecewise smooth and
Lipschitz. Let

DY, Zﬁ_l(g) C T!

g9

so we have an H? bundle over the line ¢:
H? - X%, —¢

There is a reasonably natural metric on ¥, obtained by combining the H?
metric on fibers with the metric on the R factor. There are some choices, but
the metric is natural up to quasi-isometry. If ¢ is piecewise geodesic then for
the metric on 3, we can take the pullback of the metric on 7. 1

Given a quasi-isometry ®: qu — Y1 with induced quasi- 1bometry P Y, —
Y,, for any bi-infinite proper path /: R — 7, the map @ restricts to a fiber
respecting quasi-isometry

E[ — E@(g)

Also, if £,0': R — Y, are “fellow travellers”, then there is an induced m S-
equivariant map ¥, — ¥, which is a quasi-isometry.

Example: Suppose that £ is the axis of a pseudo-Anosov diffeomorphism, or
more generally, that ¢ fellow travels such an axis. Thurston’s hyperbolization
theorem for fibered 3-manifolds implies that ¥, is quasi-isometric to H?, and
so Yy is a Gromov hyperbolic metric space.
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Teichmiiller geodesics and their singular solv spaces. A quadratic
differential on S, is a transverse pair of measured foliations:

q:(fuv}-s)

Each quadratic differential g determines a singular Euclidean metric, which
determines conformal structure with removable singularities, which deter-
mines a point o(q) € 7,. For each ¢t € R define

@ = (e " Fu,erFy)

The path
v ={t—o(q)|teR}

in 7, is the Teichmiiller geodesic corresponding to gq.
Let 33°" denote the hyperbolic plane bundle X, with the singular soLv
metric, defined by
e dFy + & dF] + di?

Fact: if 7, is cobounded in 7, meaning that it is contained in the MCG(S,)
orbit of some bounded subset B of 7, then the the identity map ¥, — 3%
is a quasi-isometry between the “natural” metric and the singular SOLV metric,
with quasi-isometry constants depending only on B.

Pseudo-Anosov homeomorphisms, their axes, and their hidden sym-
metries.

A homeomorphism f: S, — S, is pseudo-Anosov if there exists a quadratic
differential ¢y = (F,,F,) and A > 1 such that

f(Fu, F) = VN FLAF)

It follows that the path ,, is invariant under f in 7', and in fact ~,, is the set
of points o € 7 at which d(fo, ) is minimized; we call 7,, the azis of f in 7.
Conversely, a mapping class ® € MCG(S,) is represented by a pseudo-Anosov
homeomorphism only if d(®o,c) has a positive minimum in 7. These facts
were proved by Bers [Ber78].

Let Xy denote X, , with a superscript “soLv” added to the notation is we
wish to denote the singular SOLV metric. The group J; = m(S,) x¢ Z acts
by isometries on X3, that is,

J; < Ij = Isom(SP™))

It is possible that J; is properly contained in Iy. We can think of the elements
of It —Jy as “hidden symmetries” of f. One possibility for hidden symmetries
occurs when f is a proper power. Another possibility occurs when f or some
power of f is conjugate to its own inverse. In general, I is a virtually cyclic
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group, and like all such groups there is an epimorphism I; — C whose image
C' is either infinite cyclic or infinite dihedral, and whose kernel is finite; a
nontrivial kernel provides a further source of hidden symmetries of f.

We shall need an alternate description of I;. There exists a maximal
index orbifold subcover S, — Oy such that f descends to a pseudo-Anosov
homeomorphism of the orbifold Oy which we shall denote f’. Let VN be
the virtual normalizer of f’ in MCG(Oy), consisting of all g € MCG(Oy) such
that ¢~ (f")g N (') has finite index in each of the infinite cyclic subgroups
9~ {f)g and (f').

Fact 18. There is a natural extension
1— 7T1(Of) — If —>VNvf/ — 1

Since the virtual normalizer of a pseudo-Anosov homeomorphism is virtu-
ally cyclic, it follows that Iy contains J; with finite index.
A direct construction can be used to show:

Fact 19. There exist pseudo-Anosov homeomorphisms with no hidden sym-
metries, that is, so that Iy = J;.

For example, consider the fact the dimension of the measured foliation
space of S, is 6g — 6, and the transition matrix of a train track representative
of every pseudo-Anosov homeomorphism f is an n x n matrix with n < 69— 6;
it follows that the algebraic degree of the expansion factor A(f) is at most
6g — 6. One can construct primitive pseudo-Anosov homeomorphisms f of .S,
such that A(f) has maximal algebraic degree 6g — 6. For such an f, the kernel
K of the epimorphism I; — C must be trivial, for if K is nontrivial then f
or some power of f commutes with K and so descends through an orbifold
covering map S; — O = S, /K where the measured foliation space for O has
strictly smaller dimension than for Sg; it follows that the degree of A(f) is
strictly smaller than 6g — 6.

This still leaves open the possibility that I is infinite dihedral, implying
that f is conjugate to its own inverse, but a random example will fail to have
this property.

4.2 Proof of fibered QI-rigidity

Consider a quasi-isometry ®: Y,) — V', As noted in Section 4.1, ® coarsely
respects the fibers of the fibration Yg1 — Y,, and so ® induces a quasi-isometry
¢:Y, — Y,. For any bi-infinite, proper path £: R — Y}, the quasi-isometry
® induces a coarse fiber respecting quasi-isometry from ¥, to ¥4,). We shall
apply various fiber respecting quasi-isometry invariants to the metric spaces
3.

For example, we say that ¢ and its H? bundle ¥, are hyperbolic if ¥, is
a d-hyperbolic metric space for some § > 0. Since hyperbolicity is a quasi-
isometry invariant, we obtain:
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Fact 20 (Hyperbolic spaces are preserved). Every quasi-isometry ® of the
space MCQ'(Sgl) coarsely respects the hyperbolic spaces ¥y, and the induced
quasi-isometry ¢ of MCG(Sy) coarsely respects the hyperbolic paths £.

Much more surprising is that a quasi-isometry ® coarsely respects the
periodic hyperbolic spaces. To be precise, a Teichmiiller geodesic v C 7, or
its H? bundle ¥, is periodic if «y is the axis of some pseudo-Anosov mapping
class in MCG(S,). Equivalently, by Thurston’s hyperbolization theorem, ¥,
is the universal cover of a fibered hyperbolic 3-manifold. A bi-infinite path
: R — Y, is coarsely periodic if there exists an axis v in 7 such that ¢ and
are fellow travellers, meaning that d(¢(h(t)),~(t)) is uniformly bounded where
h: R — R is some quasi-isometry of the real line.

Here is the heart of the matter:

Theorem 21. Every quasi-isometry of MCG(S,) coarsely respects the pe-
riodic hyperbolic 3-manifolds X.. To be precise, given: a quasi-isometry
d: Yg1 — Yg1 inducing a quasi-isometry ¢: Y, — Y,, given a periodic awis
v C 1y, and given a coarsely periodic path € in Y, that fellow travels -y, there
exists a periodic axis v C T, such that ¢ o ¢ fellow travels v'. Moreover,
: 3y — By is a bounded distance from an isometry H: 3X3°% — E50W.

The meaning of the final sentence of this theorem is that there is a com-
mutative diagram of fiber respecting quasi-isometries

5 —2> Ty

L

SOLV SOLV
E'Y T E,y/

where the vertical arrows are maps that move points a uniformly bounded
distance in ’Tgl.
In this theorem, the bounds in the conclusion depend only on the quasi-
isometry constants of ® and on the fellow traveller constants for £ and ~.
Before proving this theorem we first apply it to:

Proof of QI-rigidity of MCG(S}).

Fix a quasi-isometry ®: V! — Y.

Consider a pseudo-Anosov homeomorphism f: S, — S, without hidden
symmetries: the group J; = m(Sy) x5 Z is the entire isometry group of
the singular SOLV manifold ¥5°. It follows that each conjugate gf ¢! has
no hidden symmetries. By Theorem 21, there is a pseudo-Anosov f': S, —
Sy and an isometry Hy: X3 — 339 such that @ takes Xy to Xy by a
map which is a bounded distance from Hy. The isometry H; conjugates
Iy = Isom(¥P°Y) to Iy = Isom(X9"), implying that Hy conjugates m (Oy)
to m1(Oy/). However, since f has no hidden symmetries, Oy = S;, and so
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m (Of/) must also equal S,; replacing f’ if necessary by some root, it follows
that f’ has no hidden symmetries. The isometry H; therefore agrees with the
action of some automorphism of m(S,), which is identified with a mapping
class hy € MCQ(S;), and conjugation by hy takes f to f’.

Next we must show that h is independent of f. For this we use the
well known fact that MCG(S}) acts faithfully on the circle at infinity S of

H? = g’g; this fact is the basis of Nielsen theory.

The quasi-isometry ® also acts on S. . To see why, fix a fiber ¥, and
identify this fiber isometrically with H?, so that the boundary of X, is iden-
tified with Sl . Since ®(X,) is (uniformly) coarsely equivalent to some fiber
Y., and since X,/ is (nonuniformly) coarsely equivalent to X, the action of
® induces a self quasi-isometry of X, thereby inducing a homeomorphism of
S,

By construction of ¢, the actions of ® and of hy on Sl agree, that is to
say, the action of hy on SL is independent of f. By faithfulness of the action
of MCG(S}) on S, it follows that h = hy € MCG(S,) is independent of f.
We have thus constructed the desired mapping class h € MCG (S;)7 and from
the construction it is evident that ®: Yg1 — Yg1 is within bounded distance of
the action of h.

¢

4.3 Proof of Theorem 21

This theorem reduces quickly to results from [Mos03] (see also [Bow02]) and
from [FMO02b], for each of which we will sketch a proof in broad strokes.

Step 1: Hyperbolic lines in 7,. First we need the following theorem,
proved independently by Bowditch and by myself:

Theorem 22 ([Bow02]; [Mos03]). A line £: R — T, is hyperbolic if and only
if there exists a cobounded Teichmiiller geodesic v: R — T, that fellow travels

L.

For example, a pseudo-Anosov axis is a cobounded Teichmiiller geodesic,
forming a countable family. In toto, there are uncountably many cobounded
Teichmiiller geodesics, making Theorem 21 all the more surprising.

A one minute proof. (Every theorem should have a one minute proof, a five
minute proof, a twenty minute proof...)

We must construct a quadratic differential ¢ = (F, Fy).

“Hyperbolicity” means “exponential divergence of geodesics” [Can91]. Or-
dinarily this applies to geodesic rays passing transversely through spheres,
but it also applies to geodesics in ¥y passing transversely through fibers the
¥, = ¢71(t) [FM02a]. It follows that every geodesic contained in a fiber
> is stretched exponentially in either the forward or backward direction,
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as t — 400 or as t — —oo. Some geodesics are stretched exponentially in
both directions; indeed, this is true of a random geodesic in a fiber. Certain
geodesics contained in the fibers ¥; are stretched exponentially as t — oo, but
not as t — —oo; these geodesics form the unstable foliation F,,. Certain other
geodesics in ¥; are stretched exponentially as ¢ — —oo but not as ¢ — 400,
and these form the stable foliation Fj.

Taking ¢ = (F,, Fs), a compactness argument shows that ¢ fellow travels
the Teichmiiller geodesic ;. &

Step 2: Periodic hyperbolic lines. The key fact, from which Theorem 21
quickly follows, is:

Theorem 23 ([FMO02b]). Let v,~" be cobounded geodesics in Ty, and suppose
that v is periodic. If there exists a fiber respecting quasi-isometry ®: 35°% —
X9 then ~' is periodic and ® is a bounded distance from an isometry.

Before sketching the proof, we apply it to:

Proof of Theorem 21. We replace the map MCG(S)) — MCG(S,), fibered
by cosets of m Sy, with the map Y,' — Y,, fibered by copies of H?. Let
®: Y — Y]/ be a quasi-isometry, inducing a quasi-isometry ¢: Y, — Y. Let
v C 1, be a periodic axis fellow travelling a coarsely periodic path ¢. We ob-
tain a fiber respecting quasi-isometry ¥, — 35°*. The quotient 33°* modulo
its isometry group is a hyperbolic 3—orbifold, by Thurston’s hyperbolization
theorem, and so X5°% is quasi-isometric to H?. It follows that X, is a hy-
perbolic metric space, that is, ¢ is a hyperbolic line. By Fact 20, ¢(¢) is a
hyperbolic line and X, is a hyperbolic metric space. Applying Theorem 22,
there is a cobounded geodesic v’ in 7 that fellow travels ¢(¢). By combining
the fiber respecting quasi-isometries X5 — ¥ — Yg() — I3, we ob-
tain a fiber respecting quasi-isometry X5 — X9V, Applying Theorem 23,
~" is periodic and the latter quasi-isometry is a bounded distance from an
isometry. &

Step 3: Proof of Theorem 23. The proof in [FM02b] uses Thurston’s
hyperbolization theorem for fibered 3-manifolds [Ota96] together with Rich
Schwartz’ geodesic pattern rigidity theorem [Sch97]. It would be extremely
nice to have a proof which uses only pseudo-Anosov dynamics, but in lieu of
that, here is a broad sketch of the proof in [FM02b].

Given a cobounded Teichmiiller geodesic v, define QI;(X5°"") to be the
group of “fiber respecting quasi-isometries” of ¥°". We have an injection
Isom(X5°%) = I, — QI;(35°"), and the question arises whether there is
anything else in QI (35°).

First we prove, when v is a periodic geodesic, that the injection I, —
QI (X5°%) is an isomorphism, that is, every self quasi-isometry of ¥3°% that
coarsely respects fibers is a bounded distance from an isometry.
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The singular lines of 3%°*" form a collection of singular SOLV geodesics in-
tersecting the fibers at right angles; let €2 denote this collection of geodesics. If
® is a fiber respecting quasi-isometry of X5°V then ® coarsely respects leaves
of f* and f* as noted earlier, and in fact ® coarsely respects the suspensions
of these leaves. It follows that ® coarsely respects €1, because the singular
lines in €2 are precisely the sets which, coarsely, are intersections of three or
more suspensions of leaves of f* (or of f*) whose pairwise intersections are
unbounded. We may then move values of ® by a bounded amount so that &
is a homeomorphism that strictly respects leaves of f*, leaves of f*, and 2.

By Thurston’s hyperbolization theorem, there is an I, -equivariant H? met-
ric on 339, The lines in €2 can be straightened to hyperbolic geodesics, which
are evidently invariant under I,. This is exactly the setup of Schwartz’ theo-
rem, whose conclusion is that the group of quasi-isometries of H? that coarsely
respects () contains I, with finite index, that is, QI (X5°") contains I, with
finite index. But then an easy argument shows that I, must actually be all
of QI (Z3°™).

Using the isomorphism I, — QI (35°"V) and the coarse fiber respecting
quasi-isometry ®: X3 — B30, we now show that @ is a bounded distance
from an isometry. As above, we may first move values of ® by a bounded
amount so that ® is a homeomorphism that respects the fibers and the stable
and unstable foliations. Let ¥, denote a fiber of X5° whose image under ®
is a fiber ¥,/ of ¥30"V. Let I, be the subgroup of Isom(3, ) that preserves the
stable foliation and the unstable foliation, and similarly for I,,. The conjugate
action @' oI, o® is an action on Zi,ow by quasi-isometries that preserves each
fiber. By the computation of QI;(X35°"") just given, we obtain S 1ol 0dC
I, and in particular ®~! o I, o ® preserves the invariant measures on the
stable and unstable foliations of ¥,. Conjugating back now to 3./, it follows
that I, preserves two sets of invariant measures on the stable and unstable
foliations of X,/: the ones coming from the singular SOLV structure on 359",
and the ones pushed forward via ®. But the stable and unstable foliations on
Y.+ /I; are uniquely ergodic: this follows from a theorem of Masur [Mas80],
which says that the stable and unstable foliations associated to a cobounded
geodesic in Teichmiiller space are uniquely ergodic. Up to rescaling, therefore,
the map that ® induces from X, to X,/ is an isometry; and the rescaling may
be ignored by moving the point z’ up or down. But this immediately implies
that 35°% and X590 are isometric, by an isometry that agrees with ® on
Y, — 2, and that moves other fibers up or down by uniformly bounded
adjustments.
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Hattori-Stallings trace and
Euler characteristics for groups

Indira Chatterji*and Guido Mislin

Introduction

For G a group and P a finitely generated projective module over the integral
group ring, Bass conjectured in [2] that the Hattori-Stallings rank of P should
vanish on elements different from 1 € G, and proved it in many cases such as
torsion-free linear groups. Later, this conjecture has been proved for many
more groups, notably by Eckmann [13], Emmanouil [15] and Linnell [22]. The
latest advances are given in [3] and the first section of the present paper is a
quick survey of the Bass conjecture, together with an outline of the proof of
the main result of [3].

In most cases, one proves a stronger conjecture, which asserts that the
Hattori-Stallings rank of a finitely generated projective module over the com-
plex group ring should vanish on elements of infinite order (that this con-
jecture is indeed stronger follows from Linnell’s work [22]). Given a group
G of type FP over C, its complete Euler characteristic E(G) is the Hattori-
Stallings rank of an alternating sum of finitely generated projective modules
over CG, and on the elements of finite order, one could then ask of what the
values do depend. It is Brown in [7] who first studied that question, proving
a formula in many cases. In Section 2 we shall explain the basics to under-
stand Brown’s formula and propose Conjecture 1 below as a generalization.
Our generalization amounts to putting Brown’s work in the context of L2-
homology (not available at the time when [7] was written), and applies to
cases where Brown’s formula is not available.

Conjecture 1 Let G be a group of type FP over C such that the centralizer
of every element of finite order in G has finite L*-Betti numbers. Then for
every s € G

E(G)(s) =X (Cal(9)), (1)

where E(G)(s) is the s-component of the complete Euler characteristic of G
and x*)(Cg (s)) is the L*-Euler characteristic of the centralizer of s in G.

*Partially supported by the Swiss National Science Foundation
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This formula, as opposed to the Bass conjecture, has nice stability properties
that we discuss in Section 3. We describe in Section 4 a class of groups con-
taining all G with cocompact EG for which Formula (1) holds. It is straight-
forward (see Lemma 2.1 below) that Formula (1) always holds for s = 1. If
we write x(G) for the naive Euler characteristic >_(—1)’ dim¢ H;(G;C) then
for G satisfying Conjecture 1, we find (cf. Corollary 4.5)

= > X (Cal(s)). (2)
sl€lc)

If K(G,1) is a finite complex, then G satisfies Conjecture 1 and G is necessar-
ily torsion-free so that Formula (2) reduces to Atiyah’s celebrated theorem:

X(G) =x(G).

1 Review of the Bass conjecture

For a group G we denote by HS : Ko(CG) — HHy(CG) = P C the
Hattori-Stallings Trace; [G] stands for the set of conjugacy classes of G. If
P denotes a finitely generated projective CG-module and [P] € Ky(CG) the
corresponding element, we write

HS(P) :=HS([P]) = Y _ HS(P)(s) [s]€ C
6]

[s]€lG]

with HS(P)(s) depending on the conjugacy class [s] of s € G only. Therefore,
we can think of HS(P) : G — C as a class function. It is well-known that for
s € G a central element of infinite order, one has HS(P)(s) = 0. More gen-
erally, if C¢ (s) denotes the centralizer of s € G, and [G : Cg(s)] is finite and
s has infinite order, then HS(P)(s) = 0, because HS(P|¢,, (5))(s) = HS(P)(s)
(in general, if H < G is a subgroup of finite index and s € H, then HS(P|xy)(s)
= [Cq(s) : Cu(s)]HS(P)(s), see [2, Corollary 6.3] or Chiswell’s notes [11]).

Another very useful result in this context goes back to Bass (cf. [2], Propo-
sition 9.2), and states that if HS(P)(s) ;é 0 then there is an N > 0 such that
for almost all primes p, the elements 57" are conjugate to s; note that in case
s has infinite order, this implies that for almost all primes p, s is contained in
a subgroup of G which is isomorphic to Z[1/p]. According to Bass in [2], the
following general vanishing theorem ought to be true:

Conjecture 2 (Bass Conjecture over C) For P a finitely generated pro-
jective CG-module and s € G an element of infinite order, HS(P)(s) = 0.

The Bass Conjecture over C is known to hold for many groups, including:

e linear groups (cf. Bass [2]), which includes Braid Groups (they are linear:
[19] and [5])
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e groups with cd¢ < 2 (cf. Eckmann [13]; see also Emmanouil [15], as well
as [16] for more general results using techniques of cyclic homology),
which includes one-relator groups and knot groups

e subgroups of semihyperbolic groups (this follows from results of Alonso
and Bridson [1], see also [14] or the discussion in [24], following Corollary
7.17 of Part 1; for the definition of semihyperbolic groups the reader is
referred to [6]); these include (subgroups of) word hyperbolic groups
and cocompact CAT(0)-groups

e mapping class groups I, of closed surfaces of genus g (cf. Corollary 7.17
(Part 1) of [24])

amenable groups, more generally groups satisfying the Bost Conjecture
(for the Bost Conjecture, see [20] and [26]) have been shown to satisfy
the Bass Conjecture over C in [3]. For instance groups which have the
Haagerup Property (also called a-T-menable groups). We recall that a
group is said to have the Haagerup Property if it admits an isometric,
metrically proper affine action on some Hilbert space (for a discussion of
such groups, see [10]); the class of groups having the Haagerup property
contains all countable groups which are extensions of amenable groups
with free kernel, and is closed under subgroups, finite products, passing
to the fundamental group of a countable, locally finite graph of groups
with finite edge stabilizers (vertex stabilizers are assumed to have the
Haagerup property), countable increasing unions, amalgamations Axp C
with A and C both countable amenable and B central in A and C
(use Propositions 4.2.12 and 6.2.3 of [10]) and passing to finite index
supergroups. Groups which act metrically properly and isometrically on
a uniformly locally finite, weakly d-geodesic and strongly d-bolic space
(see [18] and [20]); examples of groups satisfying these conditions are
word hyperbolic groups (see [25]) and cocompact CAT(0)-groups.

A prominent class of groups for which Conjecture 2 is not known in general,
is the class of profinite groups. However, if G is any group and @ a finitely
generated projective ZG-module, then according to Linnell [22], if s # 1 is
such that HS(CG ®z¢ Q)(s) # 0, then s is contained in a subgroup of G
isomorphic to the additive group Q of rationals. This in particular implies
that for G profinite one has HS(CG ®z¢ Q)(s) = 0 for all s € G\ {1}, because
Q cannot be a subgroup of a profinite group.

We give an outline of the strategy for proving the main result of [3], which
states that the Bost Conjecture implies the Bass Conjecture over C (see The-
orem 1.1 below). The Bost Conjecture asserts that the Bost assembly map

8§+ K§ (BEG) — Ko (('G)

is an isomorphism (see [20] and [26]). Here, the left hand side denotes the
equivariant K-homology of the classifying space for proper actions of G, and
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the right hand side is the projective class group of the Banach algebra ¢*G of
summable complex valued functions on G.

Theorem 1.1 Suppose that G satisfies the Bost Conjecture. Then G satisfies
the Bass Conjecture over C.

Before outlining the proof of Theorem 1.1, we need to address some auxiliary
constructions. We can extend HS : K¢(CG) — @ C to a trace HS' :
Ko('G) — [ C as follows. If [Q] € Ko(£'G), with Q a finitely generated
projective ¢! G-module, we choose an idempotent (n,n)-matrix M = (m;;)
with entries in /! G representing Q (i.e. ((1G)" - M =2 Q as left /! G-modules),
then we put

HS'(Q) = HS'(Q]) = {3 3 mui (0} e € [[ ©
@]

i=1te[s]

The m;; (t)’s stand for the t-coefficients of m;; € £1G, 1 <i < n. We will write
HS'(2)(s) for the [s]-component of HS'(z), 2 € K¢(£'G). One checks that
HS' is well-defined and compatible with the ususal Hattori-Stallings trace.
To get informations on HS' via the Bost assembly map, we embed G into an
acyclic group of a very special kind. Recall that a group G is called acyclic,
if H;(G;Z) =0 for i > 0. As proved in [3], every group G admits a functorial
embedding into an acyclic group A = A(G), which we call the pervasively
acyclic hull of G, satisfying the following;:

e For every finitely generated abelian subgroup B < A the centralizer
C4(B) is acyclic (such a group is called pervasively acyclic)

e A is countable if G is and the induced map on conjugacy classes [G] —
[A] is injective.

In this context, the important feature of a pervasively acyclic group A is that
its classifying space for proper actions is K({l ® Q-discrete, meaning that the
inclusion EA? — EA of the 0-skeleton induces a surjective map

K}EA")2Q — K{N(EA)®Q,

see Corollary 3.9 of [3]. In other words, all the information of the A-CW-
complex FA captured by the equivariant K-homology is contained in its
0-skeleton EAY = [, A/A,, where A, < A stands for a finite subgroup,
corresponding to the stabilizer of some 0-cell of EA. The equivariant K-
homology we use here is the one defined by Davis and Liick (cf. [12]), arising
from a spectrum over the orbit category of G. It is defined on the cate-
gory of all G-C'W-complexes; on proper, cocompact G-CW-complexes, this
representable equivariant K-homology agrees with the one used in the orig-
inal version of the Baum-Connes or Bost conjectures (see [17]) so that if
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X is a proper, not necessarily cocompact G-CW-complex, then K% (X) =
colimy ¢ x v/G compact KC&(Y), in accordance with the classical setup for the
Baum-Connes and Bost conjectures. It follows that K§ is fully additive so
that

K (EA") = P K (4/A.) = P Kq ({ot}) = P Ko (€' Au)

and Ko(/'A,) = Re(A,), the additive group of the complex representation
ring of the finite group A,.

Outline of the proof of Theorem 1.1. Let P be a finitely generated pro-
jective CG-module and assume that G satisfies the Bost Conjecture. Then
z := [('G ®cg P] lies in the image of the Bost assembly map 4§ and HS'(z)
captures the information contained in HS(P). We embed G into its perva-
sively acyclic hull A(G) =: A and together with the standard embedding
EAY — EA of the 0-skeleton this yields a commutative diagram

HS
[P] € K,(CG) IS @ C
e By 1 Hs!
Ky (EG) — Ko(£'G) — Il C
A ﬁgf]/l 1 HS1
Ky (EA) —— Ko(°A) - H[A] C
Ao
KiEa) 1L @ kea) @, C

Using the facts that K§'(EA%) — K{ (EA) is rationally surjective (since EA
is K§' ® Q-discrete), and that the induced map H[G] C— H[A] C is injective,
we conclude by diagram chasing that HS' (z) lies in the subspace of functions
[G] — C, whose support is contained in the subset of those conjugacy classes of
G, which are represented by elements of finite order. Therefore HS' (z)(s) = 0
for s € G of infinite order, which implies that HS(P)(s) = 0 too, establishing
the Bass conjecture over C for the group G.

QED

2 Euler characteristics

In this section we shall explain the basics to discuss Conjecture 1. Let G be
a group of type FP over C, meaning that there exists a resolution

P.:0—-PFP, —-P_1—---—F—-C



Traces and Euler characteristics 261

with each P; finitely generated projective over CG; in case the P;’s may be
chosen to be finitely generated and free over CG, the G is termed of type FF
over C. The element W(G) := Y_,(—1)'[P] € K¢(CG) depends on G only
and we call it the Wall element. Under the Hattori-Stallings trace, the Wall
element W (G) is mapped to E(G) =} ¢(¢) E(G)(s)[s], the sum being taken
over the set [G] of conjugacy classes [s] of elements s € G. This is the complete
Euler characteristic of G (see [27]). If G has a cocompact EG, Conjecture
1 is true as it reduces to Brown’s formula [7] that we shall now discuss. For
G of type FP over C, the Euler characteristic of G (in the sense of Bass [2]
and Chiswell [11]) is given by e(G) = E(G)(1). Note also that W(G) = 0 if
and only if e(G) = 0 and G is of type FF over C. Brown conjectures under
suitable finiteness conditions for G the following formula:

Cg(s)) if s has finite order

e(

E(G)(s) = { 0 otherwise (3)
and proves it in many cases, including groups with cocompact E(G). Brown’s
assumptions always require in particular Cg (s) to be of type FP over C, and
in this case we will show that Formula (1) reduces to Brown’s formula (3).
To do this, we first recall the definition of L?-Euler characteristic. For i € N,
the i-th L?-Betti number is defined as the von Neumann dimension of the
MG)-module H; (G; MG))

6i(G) = dimg H; (G5 N(G)) € [0, o0,

where N(G) is the group von Neumann algebra of G (see Liick’s book [23]).
If >°(—1)!3;(G) converges, the L?-Euler characteristic is defined as

XP(G) =D (-1)8(G) e R. (4)

i€N

In case G is finite, x(?) (Cg (s)) = 1/|Cq (s)| and Formulae (1) and (2) reduce
to well-known results. With no finiteness restrictions imposed on G, one can
find for any r € R a group G with x(?)(G) = r. However, if G is of type FP
over C then x(*)(@) € Q, as shown by the following.

Lemma 2.1 Suppose that a group G is of type FP over C. Then X<2)(G) =
e(G) and e(G) is a rational number.

Proof. Let P, : 0 — P, — P,_1 — --- — Py — C be a projective resolution
of type FP for G. Then

X2(G) = Y (-18(G) = (-1) dimg MG) ®cc P

i€N i€EN

S (-1 HS(P)() = e(G).

€N
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Here we used the fact that for a finitely generated projective CG-module P,
dimg MG) ®@ceg P = HS(P)(1), which is actually just the Kaplansky trace
of P; the Kaplansky trace of a finitely generated projective CG-module is a
rational number, by Zalesskii’s theorem (see [8]). QED

The L?-Betti numbers turn out to be often 0. In particular we mention
the following vanishing result.

Theorem 2.2 (Cheeger-Gromov, [9]) If G contains an infinite normal
amenable subgroup, then (;(G) = 0 for all i € N, and therefore x*)(G) = 0.

This theorem immediately implies that for an arbitrary group G, the L?>-Euler
characteristic of Cg(s) is 0 for all s € G of infinite order, so that one more
evidence for Conjecture 1 is the following simple observation: If the Bass
Congecture over C holds for G, then Formula (1) holds on elements of infinite
order. Indeed, the Bass conjecture will say that the left hand side vanishes on
elements of infinite order. The following fact on L?-Euler characteristics will
be used later, mainly for the case of subgroups H < G, with G of type FP over
C. Since then cdc H < oo, the Euler characteristic x(?) (H) is well-defined if
and only if all L?-Betti numbers 3;(H) are finite.

Lemma 2.3 Let H and K be groups with y_, 3;(H) and ), 3;(K) conver-
gent. Then x? (H x K) = x® (H)x? (K).

Proof. One uses the Kiinneth Formula for L?-Betti numbers [9]: 3, (H x K) =
> it j—n Bi(H)B;(K), and takes the alternating sum; note that -, 3, (H x K)
is convergent so that x(?)(H x K) is well-defined. QED

A 1-dimensional contractible G-CW-complex T with vertex set V and
edge set E (for short: a G-tree) is given by a G-push-out

(Isep/c G/Gs) % 8 —— acv/c G/Ga

l l

(HﬂEE/G G/Gp) x D! —— T

and the cellular chain complex of T" has the form

0— @ ClG/Gs]— P ClG/G.] —C.

BEE/G a€eV/G

The group G is then the fundamental group of a graph of groups {G, },er,
I = V/G U E/G; the graph is called finite, if I is a finite set (i.e. if the
action of G on T is cocompact). If X is an arbitrary G-CW-complex, we
write H,(X;MG)) = H.(MG) ®z¢ C<N (X)) for its L2-homology so that
H.(G;M(G)) = H(EG; MG)).
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Lemma 2.4 Let G be the fundamental group of a (not mecessarily finite)
graph of groups {G,} er, where I = V/G U E/G. If for each of the groups
G, the series Y, B;(G,) is convergent and equals 0 for almost all v € I, then

X@) = 3 XP(G) - D XP(Gy).

a€V/G BEE/G

Proof. The group G acts on a tree T' = (V, E) with chain complex

0— @ ClG/Gs— P ClG/Ga] —C.

BEE/G a€V/G

Take a projective resolution of this complex in the category of chain complexes
over CG, say P, — Q. — R., with P, a projective resolution for @ C[G/Gj],
Q. one for @ C[G/G,] and R, for C. Upon tensoring with MG) ®ce — we
obtain a short exact sequence of chain complexes

MG) ®&ca Pr — MG) ®@ce Q« — MG) ®@cg Ra;

the exactness results from the fact that the sequences P, — ); — R; are split
exact for all ¢, because R; is projective. Taking homology yields a long exact
sequence of L?-homology groups

= Ha(GING) — @ Hi(Indd, BGs MG)) —

BEE/G
P Hi(ndg, BEG.; MQ)) — Hi(GMG)) — - .
a€V/G

We used here that a CG-projective resolution of C[G/G,] is chain homotopy
equivalent to the cellular CG-chain complex of the induced G-C'W-complex
Ind& EG, =G x¢, EG,. Therefore

H,.(MG) ®@ce Pi) = @ H*(Indgﬁ EGﬂ;N(G))
BEE/G
and similarly for H,(MG) ®cg Q). According to [23] (Theorem 6.54, (7)),
for any induced G-CW-complex Indgw X one has
dimg H;(Ind§ X;MG)) = dime, Hi(X;N(G,))

and it follows that dimg H;(Ind¢ EG,; MG)) = $,(G,). Thus, by taking
the alternating sum of L?-Betti numbers in the long exact homology sequence
above, the desired formula follows. QED

There are groups G of type FP over C containing centralizers Cg (s) which
are not of type FP over C. Such examples have first been constructed by Leary
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and Nucinkis in [21], and those cannot satisfy Brown’s formula, because then
e(Cq (s)) is not defined. The following group G is a simple example for which
Formula (1) holds whereas (3) doesn’t apply. Take first a group G as described
by Leary-Nucinkis in [21] with the following property:

G is of type FP over C and contains an element t € G of finite order such
that Cg(t) is not of type FP over C.

Then the right hand side of Brown’s formula (3) doesn’t make sense for the
group G = G x Z, which is of type FP over C but none of the centralizers
Ce((t,n)) = Cg(t) x Z are; note that (¢,n) € G is of finite order if and only
if n = 0. But nevertheless, the group G satisfies Conjecture 1 because of the
following.

Lemma 2.5 Let H be a group of type FP over C and G := H X Z. Then G
is of type FF over C, satisfies Conjecture 1 and W(G) = 0 € Ky(CG).

Proof. Let P, :0 — P, — --- — P — By — C — 0 be a resolutions of type
FP over C for H and D, : 0 — C(z) — C(z) — C — 0 be the projective
resolution for Z = (z) with the map C(z) — C(z) given by multiplication
with 1 — z. Then E, = P, ® D, — C — 0 is a resolution of type FP over
C for G = H x Z, and since E; = (P, @ C(z)) ® (P,—1 ® C(z)), we see that
W(G) = Z;Ljol(—l)i[Ei] = 0 (terms cancel pairwise); hence G is of type FF
over C and E(G) = 0 so that E(G)(s) = 0 for every s € G. On the other
hand, the centralizer of s = (u,v) € H x Z contains the normal subgroup
{1} x Z so that x(*)(Cg(s)) = 0 as well. QED.

It follows that Conjecture 1 holds for any group of type FP over C of the
form H X 7Z, because both sides are zero; we shall construct non-zero examples
later (recall that if H x Z is of type FP over C then so is H by Proposition 2.7
of [4]). We we will show in Section 4 (Theorem 4.6) that for each p € Q there
exists a group G(p) of type FP over C containing an element s of finite order
such that Cg(,)(s) is not of type FP over C but such that G(p) nevertheless
satisfies Conjecture 1, with E(G(p))(s) = p.

3 Stability properties of Formula (1)

In this section we shall study some stability properties of Formula (1), starting
with the following.

Lemma 3.1 Let A and B be two groups of type FP over C such that A
satisfies Formula (1) for some a € A, and B satisfies it for some b € B.
Then G = A X B satisfies Formula (1) for the element (a,b).

Proof. Let P, : 0 - P, —» --- — P — Py — C — 0 be a resolution of type
FPover Cfor Aand Q. :0— Q,, — -+ = Q1 — Qo — C — 0 one for B (by
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adding trivial modules we can assume that both resolutions have the same
length). A projective resolution of type FP over C for G = A x B is given by
E,=P.®Q, — C— 0. For an element s = (a,b) € G we compute

HS(W(G))(s) = Z(_l)iHS(Ei)(S):Z(_l)i > HS(P: © Qi) (a,b)
i=0 =0 k+{0=1
= Z > (D)FHS(P:)(a)HS(Qr)(b)
1=0 k+/0=1

= HS(W(A))(a) HS(W(B))(b) = x* (Ca(a)x"* (C5 (1))
= x"(Cala) x Cp(1)).

Here we used in the second line the fact that for P and @ finitely gener-
ated projective modules over CA and CB respectively, HS(P ® Q)(a,b) =
HS(P)(a)HS(Q)(b). We conclude using Lemma 2.3 and the fact that C¢ (a,b)
= Cy4(a) x Cp(b). Note that the L>-Betti numbers of C4(a) are finite, and
trivial for large degrees, because C4 (a) is assumed to have a well-defined L>-
Euler characteristic and cdc C4 (a) is finite; a similar remark applies to Cp ().
QED

Definition 3.2 (Condition (F)) The fundamental group G of a finite graph
of groups {G } satisfies Condition (F), if the G-action on the associated stan-
dard tree T is such that for every element of finite order s € G, the action of
C(s) on the fized tree T satisfies the hypothesis of Lemma 2.4.

Remark 3.3 Condition (F) amounts to say that for any element of finite
order s € G and for each of the stabilizers H < Cg(s) appearing on the fized
tree T°, the series ) . 3;(H) is convergent and equals O for all but finitely
many conjugacy classes (H).

Lemma 3.4 Let G be the fundamental group of a finite graph of groups.

(i) If all edge and vertex groups satisfy Formula (1) at all elements of infi-
nite order, then so does G.

(i) If G satisfies Condition (F) and all edge and vertex groups satisfy For-
mula (1) at all elements of finite order, then G satisfies Formula (1) at
all elements of finite order.

Proof. The group G acts cocompactly on a tree T = (V) E), yielding a res-
olution 0 — B scp /¢ CIG/Gs] = Doevq ClG/Ga] — C — 0. Each of the
groups G, (for v € V/GUE/G) is of type FP over C (by assumption), so let
us denote by P/ : 0 — P} — --- — B/ — C — 0 a corresponding resolution
of type FP. Tensoring by C[G/G, ] yields the following resolutions of type FP
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over C of induced modules: P} : 0 — P} — --- — P} — P — C|G/G,] —
0, for v € V/G U E/G, so that the Wall element for G is given by

w(@) = Y [CG/Gl = ) [CIG/Gs],

aeV/G BEE/G

where [C[G/G,]] = Y_ (1) [PJ] = ilW(G,) € Ky(CG). The complete
Euler characteristic of G is then given by

E(G)= Y iE(G.)— Y ilE(Gy).

aev/a BEE/G

(i) Now let us take s E G of infinite order. By Cheeger-Gromov’s Theo-
rem 2.2 of this note x(*) (Cg (s)) = 0; on the other hand, E(G)(s) = 0 because

E(G,)(t) =0 for any v € V/G U E/G and any t of infinite order, by assump-
tion on the G ’s.

(ii) If s € G has finite order, then

E(G)(s) = Y. EG.)@) - Y. EGs

[QJ]E[S,GQ] [;L/]e[.sx,G3]
= Y, Ca. @) - > X (Ce, )
[z]€ls,Gal [yl€ls.Gp]

because by assumption the G, ’s satisfy Formula (1) at elements of finite order
(we used here the notation [s, G, ] for the conjugacy classes of elements in G,
which are G-conjugate to s). So to conclude we need to show that the last
line of the above equation is equal to x(*)(Cg(s)), which we will do now. We
think of the G,’s as representatives for the stabilizers of the G-action on the
standard tree T of the given graph of groups so that a general stabilizer will
have the form tG,¢~'. Since s has finite order, T* = (V*, E) is a non-empty
tree, upon which Cg(s) acts via the restriction of the G-action on 7. The
stabilizer of a vertex or an edge € T* has the form C¢(s) NtG,t~!, where
s € 1G4, so that Cg(s) NGt~ = CG (t~1st). Moreover, by assumption
G satisfies Condition (F), and hence x( (C’G (tst™1)) is well-defined so that
2)(Cq(s)) is well defined too and, by Lemma 2.4 satisfies

) =S (Ce, (@) = 312 (Co, y

z€el yeJ

with index set I corresponding to V*¢/Cg(s). But this set corresponds bijec-
tively to conjugacy classes of elements x in the [G,]’s, which are G-conjugate
to s; similarly for J. QED
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4 Conjecture 1 and two classes of groups

To begin with, we consider the following class B, of groups.

Definition 4.1 Let B, denote the smallest class of groups which contains all
groups of type FF over C, all groups of type FP over C which satisfy the Bass
Conjecture over C, all groups G with cocompact EG, all groups G = H X Z
with H of type FP over C and which is closed under finite products of groups
and under passing to the fundamental group of a finite graph of groups.

Clearly all groups in B, are of type FP over C. In particular, the Wall
element W(G) € Ky(CG) is defined for all groups in B,. Examples of groups
in By, include word hyperbolic groups, braid groups, cocompact CAT(0)-
groups, Coxeter groups, mapping class groups of surfaces, knot groups, finitely
generated one-relator groups, S-arithmetic groups, Artin groups, amenable
groups of type FP over C. Many more groups can be obtained using the
closure properties mentioned before; the groups thus obtained are in general
not known to satisfy the Bass conjecture over C. We do not know of any
group of type FP over C not belonging to B.,. As we have seen, there are
groups G in By, containing x of finite (resp. infinite) order, whose centralizer
C¢ () is not of type FP over C and, therefore, E(C¢(z)) is not defined and
Cg(x) € Boo. But nevertheless, the following holds.

Theorem 4.2 Let G be a group in By and s € G an element of infinite
order. Then Formula (1) holds at s:

E(G)(s) = 0=x"*(Ca(s)).

Proof. We have already seen that the right hand side is 0 (cf. Cheeger-
Gromov’s Theorem 2.2 in this note). The left hand side is certainly 0 in
case G is of type FF over C or if G satisfies the Bass Conjecture over C or if
EG is cocompact. Moreover, by Lemmas 3.1 and 3.4 (i), f G = H x K or G
is the fundamental group of a finite graph of groups G, and if E(L)(t) =0
for all ¢ of infinite order in L, where L is one of the groups H, K, G, , then
E(G)(s) = 0 for all elements of infinite order s € G. Finallyy, G = H x Z
certainly satisfies E(G)(s) = 0 for all s (see Lemma 2.5). QED

We now describe a class of groups B C By, containing many examples of
groups G with E(G)(s) # 0 for some s # e in G satisfying Conjecture 1, but
such that the corresponding centralizer Cg (s) is not of type FP over C.

Definition 4.3 Let B denote the smallest class of groups which contains all
groups G with cocompact EG, all groups G = H x Z with H of type FP over
C and which is closed under finite products of groups and under passing to the
fundamental group of a finite graph of groups which satisfy Condition (F).

Theorem 4.4 The groups of the class B satisfy Conjecture 1.
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Proof. This follows by applying Lemmas 2.5, 3.1 and 3.4. QED
Corollary 4.5 For G satisfying Conjecture 1, x(G) = 3 1 ¢(q] X2 (Cq (s)).
Proof. By definition we have that

X(G) = (~1) dimc H;(G;C) = Y (~1)" dime C ®ce P,

where P, — C is a resolution of G of type FP over C. It implies that
> sjeiq) E(G)(s) = x(G), because for P a finitely generated projective CG-
module, 3o HS(P)(s) = dime C ®ce P. The desired result now follows
from Formula (1). QED

We shall now construct explicit non-trivial examples in the class B. More
precisely we prove the following.

Theorem 4.6 Given p € Q there exists a group G = G(p) of type FP over
C with s € G of order 2 such that G satisfies Conjecture 1, with

E(G)(s) =X (Ca(s)) = p
but with the centralizer Cg (s) not of type FP over C.
Before proceeding with the proof we need the following.
Lemma 4.7 For p € Q there exist a group G, € B with x*(G,) = p.

Proof. Since a free group F), of rank n satisfies x(?)(F,) = 1 — n, one has for
n,k > 0 that x(*) ((Fy x F, 1) * F,) =n — k, so that for £ > 0

n—=k
T

The group G = ((F2 X F,41) * Fy) X Z/{Z admits a cocompact EG via its
obvious quotient action on E(G/(Z/¢Z)), with orbit space the finite complex
((V2S1) x (vrrish)) v (vESY), thus G € B. QED

Proof of Theorem 4.6. Let G be one of the groups described in [21], Ex-
ample 9, such that G is of type FP over C, s € G is an element of order 2
and Cg(s) is not finitely generated. By definition of B, the group H := G x Z
belongs to B, and Cy ((s,0)) is not finitely generated, because it maps onto
Cg(s). Writing t for (s,0), we form K := H x4y, H € B. Thus, K is the
fundamental group of a finite graph of groups {H, (t)}, with associated tree
T. If w € K has finite order with w not conjugate to t, the edge stabilizers
of the Ck (w) action on T% are all trivial, and the vertex stabilizers are iso-
morphic to Cp (z) for some element z of order 2 in H, thus 5;(Cy(z)) =0
for all 7, because such a centralizer contains a normal infinite cyclic subgroup.
The centralizer of (t) in K decomposes as a fundamental group of a graph

XP((Fy x Fyy1) % Fp) X ZJIZ) =
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of groups of the form {Hjy, (t)} with the Hs’s again isomorphic to groups
Cg(w), w € H of order 2, so that 3;(H;) = 0 for all ¢ and all 6. It follows
that K satisfies Condition (F) and x)(Ck (t)) = —x¥ ({t)) = —1/2. Note
that Ck (t)/(t) maps onto Cy (t)/(t), which shows that Ck (t) is not finitely
generated. Forming G := K x G_y, € B where G_», is obtained following
Lemma 4.7 above, gives a group with Cq (t) = Ck (t) x G_3, not of type FP
over C (because it is not finitely generated), but

XP(Ce(t) = XD (Cr (1) - XD (G_sp) = —% (=2p) = p.
QED

Acknowledgements. The first named author thanks Ken Brown for friendly
discussions on [7].
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Abstract

A group has homological dimension < 1 if it is locally free. We prove
the converse provided that G satisfies the Atiyah Conjecture about
L?-Betti numbers. We also show that a finitely generated elementary
amenable group G of cohomological dimension < 2 possesses a finite 2-
dimensional model for BG and in particular that G is finitely presented
and the trivial ZG-module Z has a 2-dimensional resolution by finitely
generated free ZG-modules.

Key words: (co-)homological dimension, von Neumann dimension, the
Atiyah Conjecture.
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1 Notation

Throughout this paper let G be a (discrete) group. It has homological dimen-
sion < n if H,(G; M) = TorfG (Z, M) vanishes for each ZG-module M and
each p > n. It has cohomological dimension < n if H?(G; M) = Ext},, (Z, M)
vanishes for each ZG-module M and each p > n.

We call G locally free if each finitely generated subgroup is free. The
class of elementary amenable groups is defined as the smallest class of groups,
which contains all finite and all abelian groups and is closed under taking
subgroups, taking quotient groups, extensions and directed unions. Each
elementary amenable group is amenable, but the converse is not true.

2 Review of the Atiyah Conjecture

Denote by N(G) the group von Neumann algebra associated to G which we
will view as a ring (not taking the topology into account) throughout this
paper. For a N'(G)-module M let dims () (M) € [0, 00] be its dimension in

the sense of [8, Theorem 6.7]. Let W(G)Z C Q be the additive abelian

subgroup of Q generated by the inverses |[H|~! of the orders |H| of finite
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subgroups H of GG. Notice that #(G)Z agrees with Z if and only if G is

torsion-free.

Conjecture 1 (Atiyah Conjecture). Consider a ring A with Z C A C C.
The Atiyah Conjecture for A and G says that for each finitely presented AG-
module M we have

1

For a discussion of this conjecture and the classes of groups for which it
is known we refer for instance to [8, Section 10.1]. It is not clear whether
the Atiyah conjecture is subgroup closed; however in the case G is torsion-
free, then it certainly is. This can be seen from [8, Theorem 6.29(2)]. We
mention Linnell’s result [6] that the Atiyah Conjecture is true for A = C and
all groups G which can be written as an extension with a free group as kernel
and an elementary amenable group as quotient and possess an upper bound
on the orders of its finite subgroups. The Atiyah Conjecture has also been
proved by Schick [9] for A = Q and torsion-free groups G which are residually
torsion-free elementary amenable.

3 Results

Theorem 2. A locally free group G has homological dimension < 1.
If G is a group of homological dimension < 1 and the Atiyah Conjecture 1
holds for G, then G is locally free.

Theorem 3. Let G be an elementary amenable group of cohomological di-
mension < 2. Then

1. Suppose that G is finitely generated. Then G possesses a presentation
of the form
(@, y | yoy™" = a").
In particular there is a finite 2-dimensional model for BG and the trivial

ZG-module Z possesses a 2-dimensional resolution by finitely generated
free ZG-modules;

2. Suppose that G is countable but not finitely generated. Then G is a
non-cyclic subgroup of the additive group Q.

4 Proofs

Lemma 4. Let A be a ring with Z C A C C. Let P be a projective AG-
module such that for some finitely generated AG-submodule M C P we have
dimpr(q) (N (G) ®ag P/M) = 0. Then P is finitely generated.
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Proof: Choose a free AG-module F' and AG-maps i: P — F and r: F —
P with ro¢ = id. Since M C P is finitely generated, there is a finitely
generated free direct summand Fy C F with (M) C Fy and Fy := F/Fy a
free AG-module. Hence ¢ induces a map f: P/M — F;. It suffices to show
that f is trivial because then i(P) C Fy and the restriction of r to Fy yields
an epimorphism Fy — P.

Let g: AG — P/M be any AG-map. The map N(G) ®a¢g (f o g) factor-
izes through N (G) ®4¢ P/M. Hence its image has von Neumann dimension
zero because dimy(¢) is additive [8, Theorem 6.7] and dimpr)(N(G) ®a¢
P/M) = 0 holds by assumption. Since the von Neumann algebra N(G)
is semi-hereditary (see [8, Theorem 6.5 and Theorem 6.7]), the image of
N(G) ®4¢ (f o g) is a finitely generated projective N (G)-module, whose
von Neumann dimension is zero, and hence is the zero-module. Therefore
N(G) ®a¢ (f o g) is the zero map. Since AG — N(G) is injective, f o g is
trivial. This implies that f is trivial since g is any AG-map. O

Lemma 5. Let A be a ring with Z C A C C. Suppose that there is a positive
integer d such that the order of any finite subgroup of G divides d and that
the Atiyah Conjecture holds for A and G. Let N be a AG-module. Suppose
that dimprq)(N(G) ®a¢ N) < co. Then there is a finitely generated AG-
submodule M C N with dimyyq)(N(G) @16 N/M) = 0.

Proof: Since N is the colimit of the directed system of its finitely gener-
ated AG-modules {M; | ¢ € I'} and tensor products commute with colimits, we
get colim;e; N(G) ®a¢ N/M; = 0. Additivity (see [8, Theorem 6.7]) implies
dimN(G) (NM(G)®a¢ N/M;) < oo for all i € I since dimN(G) (N(G)®ag N) <
oo holds by assumption. We conclude from Additivity and Cofinality (see [8,
Theorem 6.7]) and the fact that the functor colimit over a directed system of
modules is exact

inf{dimN(G)(N(G) ®aa N/M7) | xS I} =0.
The assumption about G implies using [8, Lemma 10.10 (4)]
d - dimpq)(N(G) @ac N/M;) € L.

Hence there must be an index ¢ € I with dimprg)(N(G) ®a¢ N/M;) =0. O
Proof of Theorem 2: A finitely generated free group has obviously
homological dimension < 1. Since homology is compatible with colimits over
directed systems (in contrast to cohomology), we get for every group G, which
is the directed union of the family of subgroups {G; | i € I}, and every ZG-

module M
H,(G; M) = colim;¢; H, (G;;res; M),

where res; M is the restriction of M to a ZG;-module. Hence any locally free
group has homological dimension < 1.
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Suppose that G has homological dimension < 1. Let H C G be a finitely
generated subgroup. Then the homological dimension of H is < 1. Since each
countably presented flat module is of projective dimension < 1 [1, Lemma
4.4], we conclude that the cohomological dimension of H is < 2. We can
choose an exact sequence 0 — P — ZH® — ZH — 7, where s is the number
of generators and P is projective. Since the homological dimension is < 1,
the induced map N (H) @pgy P — N(H) @pr(ir) ZH® is injective and hence
dimpr )N (H) @pnry P) < dimpry(N(H) @iy ZH?) = s. Suppose that
G satisfies the Atiyah Conjecture. Since G cannot contain a non-trivial finite
subgroup, H also satisfies the Atiyah Conjecture, and Lemma 4 and Lemma 5
imply that P is finitely generated. Hence H is of type F'P. Since each
finitely presented flat module is projective [1, Lemma 4.4], the cohomological
dimension and the homological dimension agree for groups of type F'P. Hence
H has cohomological dimension 1. A result of Stallings [10] implies that H is
free. O

In [3] the notion of Hirsch length for an elementary amenable group was
defined, generalizing that of the Hirsch length of a solvable group. This was
used in the proof of [5, Corollary 2] to show that an elementary amenable
group of finite cohomological dimension is virtually solvable with finite Hirsch
number, see [4, Theorem 1.11] for further details. We can now state

Lemma 6. If G is an elementary amenable group of homological dimension
< 2, then G is metabelian.

Proof: A group is metabelian if and only if each finitely generated sub-
group is metabelian. Hence we can assume without loss of generality that G
is finitely generated. Then by the above remarks and [1, Theorem 7.10(a)],
G is virtually solvable of Hirsch length < 2.

If G has Hirsch length 1, then G is infinite cyclic, so we may assume that
G has Hirsch length 2. Let N denote the Fitting subgroup of G (so N is
generated by the nilpotent normal subgroups of G and is a locally nilpotent
normal subgroup).

Suppose that N has finite index in G. Then N is finitely generated and
is therefore free abelian of rank 2. Also G/N acts faithfully by conjugation
on N (a torsion-free group with a central subgroup of finite index must be
abelian). If g € G\ N, then ¢" € N \ 1 for some positive integer r and thus
g fixes a nonidentity element of N. We deduce that |G/N| < 2 and it follows
that G is metabelian.

On the other hand if NV has infinite index in G, then it has Hirsch length
1. Hence every finitely generated subgroup of IV is trivial or isomorphic to
Z. This implies that IV is abelian and any automorphism of finite order
f: N — N has the property that f(z) € {«, —z} holds for x € N. Since
the group G/N acts faithfully by conjugation on N and is virtually cyclic, we
conclude that G/N is isomorphic to Z or Z x Z/2. Hence G is metabelian. [
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Proof of Theorem 3: Since G has cohomological dimension 2, it cer-
tainly has homological dimension at most 2 and so by Lemma 6 is metabelian.
A result of Gildenhuys [2, Theorem 5], states that a solvable group G of co-
homological dimension 2 has a presentation of the form (x,y;y lzy = ")
for some n € Z if G is finitely generated and is a non-cyclic subgroup of the
additive group Q if G is not finitely generated. Given a torsion free finitely
generated one-relator group G, the finite two-dimensional C'W-complex as-
sociated to a presentation with finitely many generators and one non-trivial
relation is a model for BG (see [7, Chapter III §§9 -11]). This finishes the
proof of Theorem 3. O
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Logarithms and assembly maps on K,,(Z;|G])
Victor P. Snaith

Abstract
When G is a finite group and [ a prime I define a new logarithm or
regulator homomorphism on K, (Z;[G]), the higher dimensional alge-
braic K-theory of the I-adic group ring of G. The “torsion free” part of
the logarithm is evaluated on the image of the assembly map in terms
of a familiar universal coefficient map and the Adams operation ¢'.

1 Introduction

At the London Mathematical Society Symposium on Geometry and Cohomol-
ogy in Group Theory, which was held in Durham during July 4-13, 2003 I was
particularly taken by lectures which were related to the algebraic K-theory of
group-rings. This paper is related to those lectures because in it I will define a
new regulator map on the higher algebraic K-groups of l-adic group rings and
partially relate this regulator to the K-theory assembly map. Although the
tenor of the conference was largely towards infinite discrete groups, the groups
that I shall discuss will be finite. On the other hand, the assembly maps and
regulators that I will discuss are natural in the group and therefore they have
potential applications to residually finite discrete groups or profinite groups.

In Section Two I discuss the recent computation, due to Lars Hesselholt
and Ib Madsen, of the Il-adic part of the algebraic K-theory of [-adic local
fields. In Section Three I use the Explicit Brauer Induction technique of
Robert Boltje, Peter Symonds and myself ([17], [18]) to construct a regulator
map of the form

pic : Ki(Zi[G]) — Homo, (Rg (G), Ki(Qi(un)))

modelled on my previous [18] construction of the Oliver-Taylor group loga-
rithm in dimension one. In Remark 3.5 and §3.6 I have mentioned a couple
of research problems concerning p; ¢. In Section Four I compute the “torsion
free” part of the composition of p; ¢ with the assembly map.

I believe that, with a more detailed analysis of K;(Z;[G]) when G is a finite
[-group, which has been computed using topological cyclic homology methods
by Hesselholt and Madsen, it should be possible to compute p; ¢ completely
in the [-group case.

278
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Having said this, it is my belief that the usefulness of p; ¢ will be in the
context of arithmetic rather than in the context of computations. The first
reason for this belief is that it is difficult to imagine doing better than the
computations of K3(Z;[G]) in [10] and [11] which illustrate the limitations
of logarithms. The second reason is that p; ¢ was useful in proving a num-
ber of arithmetic results concerning K (Z[G]) in [18]. In ([18] §4.5.30) p1.¢
first appeared in a simplification of the construction of the Oliver-Taylor log-
arithm. From this construction I was able to prove ([18] §4.3) Martin Taylor’s
determinantal congruence conjecture, posed in [23]. Also I was able to give
a simplified proof of the Galois descent for determinants, which is one of the
three main steps in Martin Taylor’s proof of the Frohlich conjecture [26]. Fi-
nally p; ¢ was used in (see [18] Remark 4.6.4) to give a new proof of the result,
due to Ph. Cassou-Nogues and M.J. Taylor ([24], [25]), that the Adams op-
erations preserve the determinantal subgroup — a proof which, for example,
avoided the use of the decomposition homomorphism.

2 K-theory of [-adic local fields

2.1. Let [ be an odd rational prime and let E be a finite extension of the
[-adic numbers Q;. Let U denote the infinite unitary group with its classical
topology and let BU denote its classifying space. Hence the topological K-
theory of a space X is represented in the homotopy category by Z x BU
where Z denotes the integers with the discrete topology. For each integer r
let ¥ : Z x BU — Z x BU denote the r-th Adams operation. Let F'U”
denote the homotopy fibre defined by

FU" — 7 x BU “=' BU.

By ([6] Theorem D), after I-completion, Quillen’s K-theory space for E ([5],
[14]) is described by a homotopy equivalence of the form

7 x BGL(E)" ~ Fu¢"  x prws” ' x ylEQ]
where d = (I — 1)/[E(w) : E], e = max{v | pyp C E(y)} and g € Z] is
a topological generator. Here pup denotes the groups of T-th roots of unity.
Since m4(Z x BU) is isomorphic to the integers when s > 0 is even and is
zero otherwise and since ¥" is multiplication by r/*! in dimension 2j 4+ 2 one
easily deduces that mo(FU") 2 Z, w41 (FU") 2 Z/(r/t! — 1) for j > 0 and
75 (FU") = 0 otherwise.

If k£ is the residue field of E then the algebraic K-theory of E away from
the prime [ is determined by the isomorphism, if HCF(l,m) = 1,

Ki{(E;Z/m) = K;(k; Z)m) & Ki_1 (k; Z/m)
of Gabber-Suslin [21], where the K;(k;Z/m) were computed in [13].
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3 A logarithmic construction

3.1. In this section let I be any rational prime, let G be a finite group and
let Q, denote an algebraic closure of Q;. Let Ry, (@) = Ko(Q[G]) denote

the representation ring of finite-dimensional Q,-representations of G, endowed
with the canonical action by the profinite Galois group Qq, = Gal(Q,/Q)).
Suppose that N is a positive integer such that Q;(uy) is a splitting field for
G (N = |G|, for example). We may consider the group of Galois equivariant
homomorphisms of the form

HOIHQQ[ (Ral (G), K; (Ql (:LLN )))

In this section I shall construct a natural homomorphism — a logarithm or
regulator map — of the form

pic : Ki(Z|G]) — Homg,, (RQ(G),KL'(QZ (un)))-

The homomorphism p; ¢ is closely related to the group-ring logarithm first
constructed by Martin Taylor and (independently) Bob Oliver ([9], [24], [25]).
The relation is the following. Using the Explicit Brauer Induction technique
in the representation theory of groups, as developed by Robert Boltje, Peter
Symonds and me ([3],[17],[18], [22]) I was able to give a simple construction of
the Oliver-Taylor logarithm for all finite groups (see [18] §4.3.25 and §4.5.30).
In this section we are going to rephrase that construction and apply it to the
higher-dimensional K-groups of the group-ring Z;[G].

Explicit Brauer Induction is a canonical method of reducing from arbitrary
l-adic representations of G to one-dimensional representations ¢ : H — Ql*
of subgroups H C G. Let Z;(¢$) denote the integral closure of the l-adic
integers in the cyclotomic extension Q;(¢) of the l-adics given by adjoining
the values of ¢.

Lemma 3.2.
In the situation of §3.1 the two maps associated to a subgroup H C G of
index m and a homomorphism ¢ on H

det

GLL(Z[G)) " Lo (Z4(0)) " Z(6)"

and

Indfl det

GLy(Z[G)) — GLym (Zi[H]) - G Ly (Zi(®)) — Zu(0)”

are equal.
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Proof

Let g € G and let gy,...,g, be coset representatives for G/H. Then
99 = 9o (g)(i) (i, g) with h(i,g) € H where 0 : G — %, is a homomorphism
to the symmetric group. Then, in GL,, (Z;(9)),

Ind§; (¢)(9) = o(g)diag(é(h(1, 9)), (h(2,9)). ... ¢(h(m, g)))

and so

Z X(g9)g € GL,(Z,[G))

g€eG
with X (g) € GL,(Z;) is sent by the first homomorphism to
det(Y  X(g9) @ IndF(¢)(9))

g€eG
while the second homomorphism sends it to
> X(g) @ olg)diag(h(1,g), h(2,9), ..., h(m,g)).
geG

We apply ¢ and take the determinant to arrive at
det(3geq X(9) @ o(g)diag(p(h(1, g)), d(h(2,9)); - .., ¢(h(m, g))))

= det(Y,eq X(9) ® Ind§j ($)(9))

as required. O

3.3. Explicit Brauer Induction and the logarithm

Let R. (G) denote the free abelian group on G-conjugacy classes of pairs
(H, ¢) where H is a subgroup of G and ¢ : H — Q; is a one-dimensional
l-adic representation of H. Write (H, ¢)¢ € R, (G) for the generator corre-
sponding to (H, ¢). Then R, (G) is a Mackey functor from groups to commu-
tative rings, as explained in [18], and there is a homomorphism

bg : Ry (G) — Rg, (@)

given by bg ((H,¢)¢) = Ind% (¢). The Explicit Brauer Induction homomor-
phism is a natural right inverse to the (split) surjection b¢g

ag : Ry, (G) — R (G).

For each integer ¢ there is an additive endomorphism TZJt of R, (G) given
by ¢! ((H,¢)) = ((H,$")%) and, by naturality, the composite

Fg,(G) % R, (G) *= R-(G) 2 Ry (G)

Q;
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is equal to the Adams operation ¢!, which is given on character-values by
P (V)(g) =V(g") for all g € G.

Now suppose that p : G — GL,(Q,) is a matrix representation corre-
sponding to V such that, for some integers n; and some pairs (H;, ¢;),

an 17¢1 €R+( )

Let N be a multiple of |G|. Then the map associated to V in the group-
ring logarithm context from K (Z;[G]) = GLoo(Zi[G])* to Ki(Z(un)) =
Z;(pn)* is given, in the construction of ([18] §4.3.25 and §4.5.30), by sending
the class of

7 = Z X(9)g € GL,(Z;[G])

geG

to

H det(Indfj, (¢;)(Z))" det(Indf, (¢:)(Z))"™ € Zi(pn)*

which corresponds, by Lemma 3.2 and writing everything in additive notation,
to

> milndfy (6 = 160).(2) = 3 ni - (9] = 160).(Indfy (2)) € K (Zu(un))

where
Indg,, s K(Z)[G]) — Ki(Z[H;]) and (¢i)« : K1 (Z[H;]) — Ki(Zi(pn))

are the canonical homomorphisms.
Therefore, for e = 1,2 and ¢t > 0, on Ko (Z;[G]) we define

p2t+e.c (V) 2 Koo (Z1[G]) — Kopye(Zi(pn))

by
pru+ec(V)(Z) = Z ni - (¢ =1 0i)u(Indf, (2)) € Koy o (Zi(un)-

This construction is natural with respect to the Galois action and yields
a homomorphism of the form

prt+ec Koty e(Zy[G]) — Homgg, (R@ (G), Kati e (Zy(pen)))-

Let Fj. denote the residue field of the local ring Z;(uy). By [21] the
reduction map

Koti e (Zi(pn)) — Koty e (Fie)
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yields an isomorphism on torsion of order prime to [

Tor(Q/Z1/1), Koy (Zi(un))) > Koo (F1)

where, by [13], Kot 2(F;) = 0 and Ky 1 (Fpe ) =2 Z/(14+De —1). In fact, [21]
implies that there is a direct sum splitting of the form Koy (Z;(un)) =

Kotve(Zi(pn))
Tor(Q/Z[1/1], Ko« (Zi(n)))

Lemma 3.4.
In the situation of §3.8 parye.c(V)(Z) € Koyre(Zy(pn)) has a trivial com-
ponent in the summand Tor(Q/Z[1/1], Kat1c(Zi(un))) for all V, Z.

® Tor(Q/Z[1/1], Koty e (Zy(pin))).

Proof

We have to show that the element po;1c ¢ (V)(Z) € Koy (Z;(pen)) maps to
zero in Koo (Fye ). Let Frob; denote the [-th power Frobenius automorphism
on F;.. From the formula

prrec(VY(Z) =D ni- (¢ — 1" ). (Indf (2))
we see that the image in Koy (F;e) of each term in the sum lies in the image
of the endomorphism
Froby, — 1" Koy y (Fr) — Koy (Fe)

but, from the calculations of [13], this endomorphism is trivial. O

Remark 3.5. Regulators and congruences

Let L be an l-adic local field. An [-adic regulator is a natural homomor-
phism of the form Ky, 11(L) ® Q; — L. There are a number of such regu-
lators to choose from and five of them are described in ([19] §5.1). Choosing
such a regulator one may form the composite, denoted by pon+1.¢,

Ky 41(Zi[G]) "5 Homgy (R, (G), Kans1 (Zi(pw)) —

Homg,, (Rg (G), Kan+1(Q;)) — Homg,, (Rg (G), Q) = K1(Qu[G))

where the last isomorphism was proved in [12].

Let Q;{G} denote the Q;-vector space whose basis consists of the con-
jugacy classes of elements of G ([18] Definition 4.5.4). By ([18] Proposition
4.5.14) there is an isomorphism of the form

Homg,, (Rg (G), Q) = Qi{G}.
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Let Z;{G} C Qi{G} denote the free Z;-lattice whose basis consists of the
conjugacy classes of elements of G.

By analogy with the case when n = 0 ([18] §4.3) one might ask whether
there are higher-dimensional congruences of the following form. Question:

Does pon 1.6 (Kant1(Zi[G))) lie in I"1Z,{G}, at least when G is an l-group?

Example 3.6. Iwasawa theory — a profinite example

Let Z; = 1imn7 Z /1™ denote the l-adic integers. If G is replaced by the
profinite group Z; x G with G finite but not necessarily abelian we may take
a limit to obtain a homomorphism of the form

Kon1(Zi[[Z) x G])) — QI[[T]{G}.

In the arithmetic situation G is the Galois group of a number field extension.
In this case, elements of Q;[[T]]{G} appear in the work of Ritter and Weiss
[15], Nguyen Quang Do [8] and Burns-Greither [4]. Particularly important are
the Iwasawa power series arising from [-adic L-series by virtue of the Iwasawa
Main Conjecture [27] (see also [20] Chapters 6 and 7).

Question: Does the Iwasawa power series lift to Ko,11(Z;[[Z; X G]]) in the
arithmetical situation alluded to above?

4 Assembly maps

4.1. In this section [ will be an odd prime and each spectrum X in the sta-
ble homotopy category will be l-adically completed, as in [6]. For example,
K(Z,[G]) will denote the l-adic completion of the algebraic K-theory spec-
trum of Z;[G] and bu will denote l-adically completed connective topological
unitary K-theory. We shall write K, (R;Z;) for the homotopy of the l-adically
completed K-theory spectrum of the ring R, 7, (K(R)). By Lemma 3.4 we
have an induced homomorphism

p2t+eG t Kot o(Z4]G; Zy) — Homgg, (R@ (@), Koty (Zi(1n ); Zy)).

Let BG denote the disjoint union of the classifying space of G with a
disjoint basepoint. It would be very interesting to evaluate the composite of
P2i+e,c With the assembly map

Matte.G : Mo (K (Zi) AN (BGY ) — Kot o (Zi[G; Zy).

From the Hesselholt-Madsen result mentioned in §2.1 we have a decomposition
of [-adic spectra of the form

K(E) ~ FU vEFU v (V7R Shu)
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where FV is the spectrum associated to the summand F g B of the K-
theory space for E in §2.1.

For the moment we shall content ourselves with studying the torsion-free
part of parie ¢ - porye,c- That is, we shall compose parye ¢ - 2t +e,¢ With the
projection

HOHIQQ[ (RQ[ (G), KZH—e(ZZ (MN); Zl))

— Homg, (Rg (G), EBEEH(M QL 4 (Shu)).

There is a Galois equivariant isomorphism of the form
@gQ:ll(uN):Ql] Torse(Shu) =2 Ind?la}l(QIWN>/Q1)(W2t+e(zbj))

and therefore an isomorphism of the form

Homag, (R@ (G), EBEQIMWZQZ] T (Sbu)) = Hom(RQ (G), Totre(Xbu)).

Composing pai1e ¢ with this projection yields a homomorphism, which is
natural in G, of the form

Pattec  Koro(Zu[G; Z1) — Homgg (R (G), Kavte(Zi(pn); Zi))

— Hom(Ral (G), Tt e (Xbu)).

On the other hand we have a splitting of the form
K(Z)) N (BG,) ~ (Fy Vv EFY Vv Xbu) A (BGy)

so that there is an isomorphism

morve (K (Z;) A (BGL))

= 7T2t+5(F71,ZJ AN (BG+)) D 7TQ¢+F(EF7’1/) N (BG+)) D W2t+((2@ N (BG+))

Question: What is the composite of pa;i,¢ with the restriction of the
assembly map to the summand o (Zbu A (BG4 ))

Toree(Zbu A (BGL)) "5 Koy (Z]G); Zy)

25" Hom(Rg (G), oty e (Sbu))?

There is another way to map between these groups. Recall that for each
pointed space X we have the standard “universal coefficient” map ([1]; [16])
which takes the form

mi(bu A X) = buj(X;Z;) — Hom(bu' (X)), bu;j_;(*; Z;)).
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When we set X = (BG); and i = 0 we obtain
mj(bu A (BG)+) — Hom(bu"((BG)+), m; (bu)),

which is constructed from the product bu A bu — bu. There is also a pairing
BU A bu — bu which induces

adj : 7; (bu A (BG)+ ) — Hom(KU"((BG) ), m;(bu)).

Here “adj” stands for the adjoint of the slant product ([1] p.228). Further-
more, if we identify Rg (G) with the complex representation ring R(G) of G

then the associated vector bundle construction R(G) — KU"(BG. ) yields
a homomorphism Rg (G) — KU"(BG, ) which induces an isomorphism be-

tween KU"((BG), ) and the completion of Ry (@) in the augmentation ideal
topology [2]. In any case this homomorphism induces a map of the form

Hom(KU°((BG)..), ; (bu)) — Hom(Rg (G),, (bu)).

The following result relates the slant product to the torsion-free part of
the regulator map when G is any finite group.

Theorem 4.2.

Let | be an odd prime and G a finite group. Then, in the notation of §4.1
when t > 0 and e = 1,2, the composite

Tore (SA(BG)) "5 Koryo(Z[G] Z0) "5 Hom(Rg, (G), mar o(Sbu)

s equal to the composite

adj:

Mave(Bbu A (BG)y) — Hom(KU"((BG)+ ), Tap+.c (b))

I_ps+1yx
— Hom(Rg, (), marse(Sb) " =" Hom(Rg, (G), marse (Shu)

where Y denotes the I-th Adams operation on Ry, (@).

Proof

Firstly, for a group G and a subgroup H of finite index, there is a commu-
tative projection formula diagram [14] involving the transfer map in algebraic
K-theory, the transfer map in stable homotopy and the assembly map.
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KZ, NX>*(BG.) —_— K7Z,G]
1IATr Tr
Y Y
K7, N¥>*(BH,) > K7Z,[H]

If F is a ring spectrum, another manifestation of the projection formula
is a commutative diagram of the following form.

1IATr
EP(BH,)® E,(BG.) EP(BH,)® E,(BH)
Tr A1 (=\-)
(\-) i
EP(BG4) ® E,(BGy) - EP=1(S59)

where (—\—) is the slant product on E-theory defined in ([1] p.228). A similar
diagram holds for the slant pairing induced by BU A bu — bu.

Now I shall sketch the proof of the theorem. We may assume that e = 1
because both maps are zero where € = 2.

Suppose we have Z € my,1(KZ) A (BG,)) and p € Ry, (@) with the

image of Z under the assembly map being Z ¢ Ky541(Z,][G);Z;). Then Z
maps to the homomorphism sending p to

P(Z) = mi- (&) =" i)a(Indf, (2)) € Kogi1(Zi(pw))-

i
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With H = H; in the projection formula diagram
Ind%l (Z) =Tr.Z) = p(1 ATr).(Z)
where p denotes an assembly map. However
(@ = 11 6)epte AN TT)(2) = (¢ — T )\(LATT)L(2)

=Tr.(¢f — ")\ Z,

by the slant product projection formula. Adding all the terms together and
interpreting T'ry as I nd%y we obtain

pu(Z) = Z ni - Indgy (6 — UM o)\Z = (¢ (p) = P p)\Z.

The identification of the transfer Tr, : KU’(BH,) — KU"(BG. ) with the
completion of Ind$, : R(H) — R(G) is a result of Mike Boardman (see [7]).
Projecting to the bu-summands completes the proof. O

Remark 4.3. At the moment I do not have enough expertise with the groups
Kot (Zi(n ); Zy) to examine the image of poiye ¢ - thot4e,c In the other sum-
mands of Homg, (RQ (G), Koty (Zy(pin); Zy)). However, it would be much

more interesting to know what is happening in the “torsion summands”.
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On complete resolutions

Olympia Talelli

Abstract

This is a survey on complete resolutions for groups. We present cri-
teria of existence of complete resolutions and examine relations between
them. We also discuss the connection between complete resolutions for
groups and free and proper actions of groups on homotopy spheres.

0 Introduction

A complete resolution of a finite group G is a doubly infinite acyclic complex
F = (F))iez of projective ZG-modules, together with a map € : Fy — Z
such that (F;);>0 = Z is a resolution of G. Complete resolutions appeared
first in the calculation of the Tate cohomology of finite groups. Farrell [6]
constructed a cohomology theory for groups of finite virtual cohomological
dimension, which generalizes the Tate cohomology theory of finite groups.
For the calculation of this cohomology, complete resolutions were used, where
here, a complete resolution of a group G is a doubly infinite acyclic complex
(F})icz of projective ZG-modules, which agrees with a projective resolution
of G above a certain dimension. Ikenaga [9] generalized the Farrell-Tate
cohomology to a class of groups which properly contains the groups of finite
virtual cohomological dimension, namely, the class of groups which admit a
complete resolution and every projective has finite injective dimension. It is
worth noting that in [18] C.T.C Wall suggested generalizing Farrell theory to
rings where projectives have finite injective dimension and injectives has finite
projective dimension.

Tate cohomology has now been generalized to the class of all groups by
Benson and Carlson [2], Mislin [12] and Vogel [8]. The generalized Tate coho-
mology of a group G, f[i(G, —), © € Z, or complete cohomology of G, shares
basic properties with ordinary cohomology but it also has some distinctive
features:

(a) H'(G,P) =0 for every projective ZG-module P and i € Z

Partly supported by Special Account for Research Grants (70/4/6411). The project is
co-funded by the European Social Fund and National Resources EPEAK II-Pythagoras

291
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(b) there is a canonical natural transformation
T H*(Gv *)*)ﬁ*(Ga 7)

such that every natural transformation from ordinary cohomology to a
cohomological functor which vanishes on projectives, factors uniquely
through 7

(c) if there exists an n € Z such that H'(G, P) = 0 for all projective ZG-
modules P and all i > n then 7: H (G, —) =2 H' (G, —) for all i > n.

(d) For any group G, cdG < oo if and only if HO (G,Z) =0.

The generalized Tate cohomology can not always be calculated via com-
plete resolutions as they do not always exist.

However, there are many advantages in having the generalized Tate co-
homology computed via complete resolutions. For example, in this case the
Eckmann—Shapiro Lemma holds for the generalized Tate cohomology, spec-
tral sequences can be constructed analogous to the Lyndon—Hochschild—Serre
spectral sequence in ordinary cohomology, cup product is constructed which
is compatible with that in ordinary cohomology.

This article is a survey on complete resolutions.

In §1 we recall the definitions of complete cohomology and complete resolu-
tions and discuss their basic properties.

In §2 we present criteria of existence and methods of construction of complete
resolutions and consider relations between the various criteria.

In §3 we discuss the state of a Conjecture, in which having the complete co-
homology calculated via complete resolutions plays an important role. The
Conjecture [15] states that periodicity in the cohomology of a group after
some steps characterizes those groups which act freely and properly on a fi-
nite dimensional homotopy sphere.

1 Complete cohomology and Complete
resolutions

In [12] generalized Tate cohomology or complete cohomology is defined for
any group G, specializing to the ones defined by Farrell and Tkenaga, when
the latter are defined. Let us recall briefly the definition.

A sequence of additive functors T* = {T™ | n € Z} is a (—o0,+00)-
cohomological functor from ZG-modules to abelian groups if there is a natural
long exact sequence

. —>TnB/—’TnB—’TnBH—>Tn+lB/—’ .

associated to any short exact sequence 0 — B’ — B — B’ — 0 of ZG-
modules.
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Definition.

(i) A (—o0,+00)-cohomological functor T* is called P-complete if T"(P) =
0 for every projective ZG-module P and for every n € Z.

(ii) Let T™ be a cohomological functor from ZG-modules to abelian groups.
A P-completion of T* consists of a cohomological functor T* from ZG-
modules to abelian groups, together with a morphism 7% — T* of

(=00, +00)-cohomological functors such that the following conditions
hold:

(1) T* is P-complete

(2) If V* is a P-complete cohomological functor then any morphism
T* — V* of (—00,400) cohomological functors factors uniquely
through the given morphism 7% — T™.

It is clear from standard arguments that the P-completion of 7™ if it
exists, is uniquely determined up to natural isomorphism.
It was shown in [12] that
H"(G,-)=lmS7H""(G,~), neZ
—
Jj20
with ST/ H" "7 (G, —) denoting the jth left satellite of H"™7(G,—), is the
P-completion of H"(G,—), n € Z. Note that H" (G, —) is regarded as a
(—00, +00)-cohomological functor with the convention that H" (G, —) = 0 for
n < 0.
Different, but equivalent definitions of complete cohomology can be found
in [2] and [8].
A striking property of the complete cohomology is the following [11]:

H(G,Z) =0 if and only if cdG < oo.
In general, HO (G,Z) is very hard to compute for groups of infinite cohomo-
logical dimension. Some calculations in this direction were done in [5].

Sometimes the complete cohomology can be calculated using complete
resolutions. Let us recall the definition.

Definition. A complete resolution for a group G, (F,P,n), consists of an
acyclic complex F = {(F;,0;) | i € Z} of projective modules and a projective
resolution P = {(P;,d;) | i > 0} of G such that F and P coincide in sufficiently
high dimensions

Fn,—l_)"'_)FO—}F—l — e

e
N p

n

i — n+1—>Ez

1 —Py—7Z—0
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The number n is called the coincidence index of the complete resolution.

A map of complete resolutions (F,P,n) — (F',P’,m) is a pair of chain
maps f: F — F', g: P — P’ such that f; = g; for i > max(m,n).
Let silpG denote the supremum of the injective lengths of the projective ZG-
modules [7]. The following proposition, which was shown in [9], says that
if G admits a complete resolution and silpG < oo then any two complete
resolutions of G are homotopy equivalent.

Proposition 1.1. [9] Let G be a group which admits complete resolutions and
assume that silpG < oo. If (F,P,n),(F',P',m) are complete resolutions of
G then there are homotopy equivalences f : F ~ F', ' : P ~ P’ which agree
in sufficiently high dimensions.

It follows now from [12, Lemma 2.4] that if G admits a complete resolution
and silpG < oo then the complete cohomology of G is calculated via complete
resolutions, i.e.

H'(G,M) = H' (Homzg (F, M))

for any ZG-module M and all ¢ € Z.

Ikenaga didn’t use the notion of silpG but that of generalized cohomological
dimension of G, cdG = sup{k : EXtZG(M, F) # 0, M Z-free, F ZG-free}.
Note however that cdG < silpG < ¢dG + 1. He showed that cdG < oo is
equivalent to a certain extension condition; namely:

Proposition 1.2. [9] silpG < m is equivalent to the following extension
condition:
For every exact sequence

Om

0—kerd,,—P, 2 P, _1—> -+ —Py—M—0

with P; projective ZG-modules for 0 < ¢ < m, any map ker0,, — P, P
projective, extends to a map P,, — P.

Moreover, if G admits a complete resolution and silpG < oo then G admits
a complete resolution of coincidence indexr < silpG.

The following result shows that not every group admits a complete reso-
lution, so in particular the complete cohomology is not always calculated via
complete resolutions.

Proposition 1.3. [17] If a group G admits a complete resolution of coinci-
dence index n, then

(i) H'(G,P) # 0 for some projective ZG-module P and some i < n

(ii) the finitistic dimension of ZG is finite and fin.dim of ZG < n + 1.
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Note that ZG has finite finitistic dimension means that there is a bound
on the projective dimensions of the modules of finite projective dimension.

Corollary 1.4. If a group G contains a free abelian subgroup of infinite rank,
then G does not admit a complete resolution.

Proof. Tt follows from Prop. 1.3 that a free abelian group A of infinite rank
does not admit a complete resolution since H'(A, P) = 0 for any projective
ZA-module P and any i. The result now follows, since admitting a complete
resolution is a subgroup closed property. O

1.5 EXAMPLES OF COMPLETE RESOLUTIONS

(a) G finite.
Since G is finite we have the following Z-split ZG-monomorphism
0—7Z 4> 7.G (1)
1— Z g
geaG

If C is a Z-free ZG-module then we can embed C' in a projective ZG-module
by tensoring (1) with C over Z. Indeed 0 — C' — ZG ® C' is ZG-exact, where
Z

NN N\
7G ® C is a ZG-module via the diagonal action. As ZG ® C ~ ZG ® C' it
Z Z Z

NN
follows that ZG ® C' is a projective ZG-module. If R_; = cokerp then R_; is
Z

Z-free and by using repeatedly the above embedding we obtain the following
Z.G-exact sequence

0—7Z L5726 —ZG®R., — ZGOR_1®R_|— -
NS VA NS VA VA

R_y R1QR
with ZG, ZG® R_1, ZG® R_1 ® R_1, ... projective ZG-modules.
Z Z Z

Ifnow ---— P, - P,_1 — - —F 57 —>0isa projective resolution for
G then

o—P,—P,_ 1 —P— ZG—ZGRR_1—ZGRR_1QR_1—---
pe 7 zZ Z

is a complete resolution of G of coincidence index O.
(b) vedG < 0.
Let H be a torsion free subgroup of G of finite index with ¢dH = n.

Consider G = |J tH a coset decomposition. As | T |< oo we have the
ter
following Z-split ZG-monomorphism

0—7Z 2 7(G/H) (2)

1—>ZtH

ter
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If C is a ZG-module which is projective as a ZH-module then we can embed

C in a projective ZG-module by tensoring (2) with C over Z.

Indeed 0 — C — Z(G/H) ® C is ZG-exact, where Z(G/H) ® C is a ZG-
z z

N\ N\ N
module via the diagonal action. As Z(G/H) @ C ~ ZG ® C' it follows that
z ZH

\ N\
Z(G/H) ® C is a projective ZG-module.
Z

Now consider --- — P, G, Py —---— Py — Z — 0 a projective resolution
of G. Since cdH = n we have that R, = imd, is a projective ZH-module,

N N\
hence if I is any Z-free ZG-module then R, ® I' is a ZG-module which is
projective as a ZH-module. If now K = cokerp then by using repeatedly the
above embedding we obtain the following ZG-exact sequence

0—R,—Z(G/H)®R, — Z(G/H)QK®R, — ZGRIK®KQR,
Z N S Z Z N Z Z

K QRp K QK @Ry,
Z Z Z

with Z(G/H)® R,,, Z(G/H) @ KQ R,,, Z(G/H) K ® K ® R,, ... projective
7 Z 7 zZ 7 Z
Z.G-modules.
It follows now that
Z(G/H) %Rn%Z(G/H) <§K§Rn—> .
te —>Rz,

\ P_1— - — P —Z—0

is a complete resolution of G of coincidence index n.

(c) Groups with periodic cohomology after k-steps.

If a group G has periodic cohomology with period ¢ after k-steps, i.e. if
the functors H'(G, —) and H'"7(G, —) are naturally equivalent for all i > k,
then G has a projective resolution which is periodic after k-steps [14]. Hence
there is a ZG-exact sequence of the form

0—Rpyqg—FPryg—1— - —b; T/Pk—l — =Py —Z—0

Ry

with P; projective ZG-modules for all ¢+ and Rj44 >~ Ry
Clearly by splicing together copies of

0—Ry—Fpiqg-1— - —P—R,—0

we obtain a complete resolution of G of coincidence index k.
It was shown in [17] that:
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Proposition 1.6. The complete cohomology of a group G can be calculated
via complete resolutions if and only if G admits a complete resolution and
silpG < 0.

If the complete cohomology of a group G can be calculated via complete
resolutions, then the complete cohomology has many properties analogous to
those of the Farrell-Tate cohomology theory, where the role of vedG is played
by silpG, namely [9]:

(1) the natural map H'(G,—) — Eﬂ(G, —) is an isomorphism for ¢ > silpG

(2) Eckmann—Shapiro’s Lemma holds: if H < G and M is a ZH-module
then N N
H'(H,M)=H'(G,Homzy (ZG,M)), i€Z

(3) }AP(G, M) = 0if M is an injective or a projective ZG-module, for all 7 €
7. Consequently, the functors H' (G, —) are effaceable and coeffaceable
and thus we have dimension shifting in both directions.

(4) cup product is constructed in H* with the usual properties, which is
compatible with that in ordinary cohomology, i.e. the diagram

H?(G,M)® H'(G,N) — H"**(G,M ® N)
! !
H?(G,M) ® H(G,N) — H""(G,M @ N)

commutes for all p, ¢, and all ZG-modules M, N.

2 silpG, spliG, fin. dim of ZG and Complete
resolutions

It follows from the proof of [9, Thm. 2] that:

Proposition 2.1. If a group G admits a ZG-exacts sequence

0— @& ZG/Gi,)— - — & (G/Gi)—L—0
in €1, 19 €1o
such that Gy, admits a complete resolution for alli; and there is an integer m
with silpGy; < m for all i; then G admits a complete resolution and silpG <
00.

In particular, if G admits a finite dimensional contractible G—CW-complex X
with finite cell stabilizers then G admits a complete resolution and silpG < oo,
since the augmented cellular chain complex of X satisfies the hypotheses of
Prop. 2.1.
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Let spliG denote the supremum of the projective lengths of the injective
ZG-modules [7]. It was shown in [7] that:

Proposition 2.2. If spliG < oo then G admits a complete resolution and
silpG < oo.

It is implicit in Cornick’s and Kropholler’s results in [4] that:

Proposition 2.3. If there is a Z-split ZG-exact sequence 0 — Z — A with A
Z-free and pdza A < oo then G admits a complete resolution and the complete
cohomology of G can be calculated via any complete resolution.

It turns out that the conditions in Proposition 2.2 and 2.3 are equivalent,
namely:

Theorem 2.4. [17] The following conditions are equivalent for a group G

(1) G admits a complete resolution and silpG < oo

(2) There is a Z-split ZG-exact sequence 0 — Z — A with A Z-free and
pdza A < o0

(3) spliG < .
Proof. (1)=(2) Consider a complete resolution for the group G

B —
F,_4 /= i S Fy—F | — -

On +1
n+1 Fn

\ P1— - —FP—Z—0

Let R, = im0,, n € Z. If A : R, — P is a ZG-homomorphism with P a
projective ZG-module, then since silp G < oo there is a positive integer myg
and an integer m so that A represents the zero element of Exty’ (R, ,P).
Hence we obtain the following commutative diagram

On n ) 9 o
— L'+ —+1>F‘71 — F, 1 —F —1>F0 —U>F,1 SinlEN
NS
Ry
|0 e b bl
*Ln41 J ’Fn—>Pn—l—>"'—>P1d—>P0—>Z—>O
n +1 n 1

where Ry = im0,.
Clearly [f] € ExtIZG(R,l,Z) and Yoneda product with [f] induces an isomor-
phism: Ext}(Z, —) — BExt,' (R_y, —) for all i > n.
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That implies ([14], [18]) that [f] is represented by an extension 0 — Z — A —
R_1 — 0 with pdzg A < 0o. The result now follows.

2) = (3)

Let 0 = Z — A — B — 0 be a Z-split, ZG-exact sequence with A Z-free
and pdzg A < oo. If I is an injective ZG-module, then 0 - [ - I ® A —
I ® B — 0 is an exact sequence of ZG-modules and to show that pdzgI < oo
it is enough to show that pdzg A® I < oco. Now consider a ZG-exact sequence
0 — K — P — I — 0 with P a projective ZG-module. Since A is Z-free the
sequence 0 - K ® A - PR A — 1®A — 0is exact. Since pdzgA < oo
and K is Z-free it follows that pdzc K ® A < oco. Hence pdzgI ® A < co and
thus pdzgI < oo. By standard arguments, it follows that if every injective
ZG-module has finite projective dimension then spli G < 0.

(3) =) ([7)

We shall first show that spliG < co = silpG < oc.

Let P be a projective ZG-module. The short exact Z-sequence 0 — Z —
Q — Q/Z — 0 gives rise to the short exact ZG-sequence 0 — P — P % Q —

P®Q/Z — 0. So to show that P has finite injective dimension is equivalent
z
to showing that P ® D has finite injective dimension where D is a divisible
zZ

abelian group. Let us denote P @ D with P.
Z

Consider the Z-split, ZG-exact sequence 0 — IG — Z = 7Z — 0 where ¢ is
the augementation map and IG the augmentation ideal. This gives rise to
the following Z-split, ZG-exact sequence sequence (diagonal action)

0—Z—Homgz(ZG,7)— Homz(IG,Z)—0
which, in its turn, gives rise to the following Z-split ZG-exact sequence
0— Homyz(Homz(IG, Z.), P)— Homg(Homz(ZG, Z), P)— P—0.

Since P is a direct summand of an induced module, it is relative projective
hence P is a direct summand of Homg(Homyz(ZG,Z),P). Thus to show
that P has finite injective dimension it is enough to show that H omz(ZG,Z)
has finite projective dimension. For the last conclusion we use the well
known result that if pdzgB < oo and I is a Z-injective ZG-module then

NN
idzg Homz(B,I') < co. So it remains to show that pdzg Homz(ZG,Z) is
finite. Indeed from 0 — Z — Q — Q/Z — 0 we obtain the short exact
Z.G-sequence

0—Homgz(ZG,Z)— Homz(ZG,Q)— Homz(ZG,Q/Z)—0

and since Homgz(ZG,Q) and Homz(ZG,Q/Z) are injective ZG-modules and
spliG < oo it follows that pdze Homz(ZG,Z) < oo. Thus we proved that any
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projective has finite injective dimension. By standard arguments now follows
that silpG < co.

It remains to show that spliG < co implies the existence of a complete reso-
lution of G.

Consider an injective resolution of G
(AR SN PN S S p—

Then there are projective resolutions (P, d) — Z, (P*,8")—1I;,i =0,1,2,...
such that the following diagram is commutative

0—2 — Iy—1) — - — Ly — Iy1—

[

Pg—)P{?;)POl*)g,Pgn P(;n,+1

OIT a;‘T aﬂ a;"Taf’*'T

P1—>P10—>P11—>~'-—>P1m—>P1m+1—>--'

ror

If spliG = n then imd’ = R! is a projective ZG-module for all i. Hence
there is the following ZG-exact sequence

0—R, —>R2 —>R711 —>R,21 — e
where R,, = im0, and Rfl are projective ZG-modules. It is clear now that

R)—R, —R— -
"L 41 }Pn

\ P1— - —FP—Z—0

is a complete resolution of G of coincidence index n. O
Remarks 2.5.

a) It follows from Prop. 1.6 and Thm. 2.4 that spliG < oo if and only if
the complete cohomology of G is calculated via complete resolutions

b) If there is a Z-split ZG-exact sequence 0 — Z 2, A with A Z-free and

pdzaA < oo then one can construct a complete resolution for G as
follows [4]:
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Assume that pdzg A = n and let

— P, E)_} P_4—. - —P—Z—0

be a projective resolution of Z. Then

0; ®1a

- —P; ®A P 1®A— - —FP®A—A—0
zZ zZ

is a projective resolution for A, hence if R, = im0, then R, ® A is a
zZ
projective ZG-module.
If follows now from 0 — Z 2 A that any module of the form R, ®
zZ

B, where B is a Z-free ZG-module, can be embedded in a projective
module. Indeed, if K = cokerp then 0 — R, ® B — R, ® B ® A —

R, ® B ® K — 0 is a ZG-exact sequence with Rn ® B ® A a prOJectlve

7.G- module By using now repeatedly this embeddlng we obtain the
following ZG-exact sequence

0—R,—R, QQA— R, QK®RA — R, QKQKRQKA—---
Z N/ zZ z N\ / Z 7 Z
Rp ®K Ry, @K QK
Z Z Z
with R, ® A, R, R K®A, R, @ K@K ® A, ... projective ZG-modules.
Z Z 7 Z 7 Z
Hence we have that

R, A—R, QK® A—s ---

/ Z Z 7
\ g

n—

o 7 +1 ’Rz

11— —FPy—7—0

is a complete resolution of G of coincidence index n.

The complete resolutions in Examples (a), (b) of 1.5 are special cases
of this construction.

As we saw in the proof of (3) = (1), spliG < 00 = pdze Homz(ZG,Z) <
00. Actually it is not difficult to show that spliG < oo if and only if
pdze Homz(ZG,7Z) < .

Definition. Let C; be the class of groups G whose complete cohomology is
calculated via complete resolutions.

Note that by Thm. 2.4 and Remarks 2.5 a), C; coincides with the class of
groups of finite spli and the class of groups which admit a complete resolution
and for which silpG is finite.
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We saw that groups which admit a finite dimensional contractible CW-
complex with finite cell stabilizers are in Cs. Moreover, if a group G admits
a finite dimensional free G — CW-complex homotopy equivalent to a sphere
then it follows from results in [13] and Thm. 2.4 that G is in Cj.

Proposition 2.6. [17] The class C, is subgroup closed, extension closed and
moreover if G acts cocompactly on a G-CW -complex with stabilizers in C,

then G is in C.

Proof. Tt was shown in [7] that the class of groups G with spliG < oo is
subgroup and extension closed. Now if G acts cocompactly on a G-CW-
complex with stabilizers in C§, then there is an exact ZG-sequence

i1 €14 ig €1y

with spliG;, < oo for all i; and | Iy |< oo, | I} |< oc.
The result now follows from Prop. 2.1.

As we have seen if spliG < oo then silpG < oo. It is not known whether
spliG < oo if and only if siplG < oo. However, it is easy to see that if
spliG < oo then spliG = silpG = fin. dim of ZG ([13)). O

We expect that

CONJECTURE I The following are equivalent for a group G
G admits a complete resolution

fin.dim ZG < oo

Consider the class HF, of hierarchically decomposable groups which was in-
troduced by Kropholler [10] and is defined as follows. Let HyF be the class
of finite groups. Now define H,F for each ordinal « inductively: if a is a
successor ordinal then H, F is the class of groups G which admit a finite di-
mensional contractible G — CW-complex with cell stabilizers in H,_1F, and
if o is a limit ordinal then H,F = |J HpF. A group belongs to HF if it
f<a

belongs to H,F for some A.

Note that HF contains among others all groups of finite virtual coho-
mological dimension and all countable linear groups of arbitrary character-
istic. Moreover, it is extension closed, subgroup closed, closed under count-
able directed unions and closed under amalgamated free products and HNN-
extensions.
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Proposition 2.7. [17] If G is in HF then Conj.I is true.

Proof. Note that for any group G, (1) = (2) and (4) = (1). It was shown in
[4] that if G is in HF then (2) < (3) < (4). The proof now follows. O

3 Complete resolutions and free actions on fi-
nite dimensional homotopy spheres

We saw in 1.5 (¢). that if a group G has periodic cohomology with period ¢
after k-steps then G admits a complete resolution of coincidence index k. We
believe that the periodicity isomorphisms are always induced by cup product
with an element in H?(G,Z) and we showed in [17] that:

Theorem 3.1. Let G be a group with periodic cohomology of period q after
k steps. Then the following are equivalent

(i) the periodicity isomorphisms are induced by cup product with an element

in H1(G,Z)
(ii) silpG < o0
(iil) spliG < oo
(iv) the complete cohomology of G is calculated via complete resolutions.

Corollary 3.2. [17] If G is in HF and has periodic cohomology with period
q after k-steps, then the periodicity isomorphisms are induced by cup product
with an element in H1(G,Z).

Proof. 1t is immediate from Prop. 2.7 and Thm. 3.1. O

It was conjectured in [16] that a countable group G has periodic cohomol-
ogy after some steps if and only if G acts freely and properly on R" x S™,
for some n and m. Note that if G acts freely and properly on R" x S™ then
G must be countable, since R" x S™ is a separable metric space. A gener-
alization of this conjecture was stated in [13] namely, Conj. . A: Periodicity in
cohomology after some steps is the algebraic characterization of those groups
G which admit a finite dimensional free G — C'W-complex homotopy equiva-
lent to a sphere. Conj. A was proved in [13] for the class HF,, i.e. the subclass
of HF which consists of those groups in HF for which there is a bound on
the orders of their finite subgroups.

Both the above conjectures have their roots in a conjecture of C.T.C. Wall
[18] which says that a countable group G of finite virtual cohomological di-
mension acts freely and properly on R” x §™, for some n and m if and only if
G has periodic Farrell-Tate cohomology. C.T.C. Wall’s conjecture was proved
in [3].
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Conj. A was proved by Adem and Smith in [1] under the additional hy-
pothesis that the periodicity isomorphisms are induced by cup product with
an element in H?(G,Z). It follows now from their result and Corollary 3.2
that

Theorem 3.3. [17]. If G is in HF then Conj. A holds for G.

We believe that admitting a complete resolution is a type of finiteness
condition stemming from the finite subgroups of the group and we propose:

CONJECTURE II A group G admits a complete resolution if and only if G
admits a ZG-exact sequence

O—)En —>E7z—1 — —>E0 —Z—0

where each E; is a direct summand of a module of the form & Z(G/Gj,),
ji €Ji
with G, finite subgroups of G for all j;.

This in particular would imply:

CoNJECTURE III If G has periodic cohomology after some steps and G is
torsion free then cdG < oc.

Conj. III reflects our belief that genuine periodicity in the cohomology of a
group G after some steps comes form the finite subgroups of the group. Note
that this is not a necessary condition, since there is a group G which acts on
a tree with cyclic stabilizers, hence every finite subgroup of G has periodic
cohomology with period 2, and yet G does not have periodic cohomology after
any finite number of steps [15].
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Structure theory for branch groups

John S. Wilson

University College,
Oxford

1 Introduction

Branch groups are certain groups of automorphisms of rooted trees, whose
definition, formulated in 1997 by R. I. Grigorchuk, will be recalled below. The
class of branch groups provides a convenient setting in which to study many
important examples of groups, with relevance to topics in analysis, geometry,
combinatorics, probability and computer science as well as group theory. We
shall recall a few of these examples below; a fuller introducton to examples
and to the contexts in which branch groups arise can be found in Grigorchuk’s
survey article [3]. Of further importance, and particularly relevant here, is the
fact that the class of branch groups arises naturally in the study of just infinite
groups (see [14], [15] and below). We recall that if X is a property of groups
then a group G is called a just non-X group if each proper quotient of G has
the property X but G itself does not have the property.

Let (my)n>0 be a sequence of integers with m, > 2 for each n. The
(spherically homogeneous) rooted tree of type (m,,) is a tree T with a vertex
vy (called the root vertez) of valency my, such that every vertex at a distance
n = 1 from vy has valency m, + 1. The distance of a vertex v from vy is called
the level of v, and the set of vertices of level n is called the nth layer of T.
We picture T" with the root at the top and with m,, edges descending from
each vertex of level n. Each vertex v of level r is the root of a rooted subtree
T, of type (my)n>,. We may regard the set of vertices of T' as an ordered set
by writing u < v if and only if u is a vertex of T,,.

Now let G be a group that acts faithfully as a group of automorphisms of
T fixing the root vertex. For each vertex v we write ristg (v) for the subgroup
consisting of those elements of GG that fix all vertices outside T,,, and for each
n > 0 we write ristg(n) for the group generated by all subgroups ristg (v)
with v of level n. The group G acts as a branch group on T if G satisfies the
following two conditions for each n > 0:

(i) G acts transitively on the set of vertices of level n;

306
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(i) |G : ristg(n)] is finite.

More generally, we say that G is a branch group if G acts faithfully as a branch
group on some rooted tree.

Groups G of automorphisms of rooted trees satisfying (i) are subject to
strong restrictions: it is proved in [3, Theorem 4] that each non-trivial normal
subgroup of G contains the derived group of ristg (n) for some n, and the proof
of [5, Lemma 2] shows that if G has a non-trivial virtually abelian normal
subgroup then ristg (n) is abelian for some n. Addition of the condition (ii)
excludes the possibility that some subgroup ristg (n) is abelian, and so each
branch group G has the following property:

(B1) G is just non-(virtually abelian) and G has no non-trivial virtually
abelian normal subgroups.

Suppose that G acts faithfully as a branch group on a tree T. If v is
a vertex then clearly (ristg(v))Y = ristg(vg) for each g € G, so that the
normalizer N¢ (ristg (v)) of ristg (v) is just the stabilizer of v in G. Therefore
,er Ne (ristg (v)) = 1. Restricted stabilizers are examples of basal subgroups
(whose definition will be given in Section 3) and so every branch group has
the following property:

(B2) N(Ng(B) | B a basal subgroup) = 1.

The properties (B1) and (B2) concern the purely internal group-theoretic
structure of G and make no reference to actions of G on geometric objects.
It turns out that branch groups can be characterized completely by (B1),
(B2) and another more technical property (B3), which again relates only to
the structure of G as a group. Indeed, graphs having large rooted subtrees
can be found within the structure of groups G satisfying (B1) and (B2), and
in certain cases the graphs are themselves trees. Our primary object here
is to describe, without proofs, the genesis of these graphs, their properties
and their role in the characterization of branch groups. Before doing this, we
recall some examples and give further group-theoretic motivation for studying
branch groups.

2 Examples and motivation

In order to describe and work with examples of groups acting on rooted trees
it is helpful to have a more explicit notation for vertices of trees.

For each n € Nlet X,, be a finite set with |X,,| > 2. We consider the set T of
finite strings x; ...z, withn € NU{0} and z; € X for each i. We regard T as
arooted tree, with edges linking all pairs of the form (1 ... x,, 21 ... 2y Zpi1),
and with root vertex the empty string (. In this way we obtain an explicit
representation of the rooted tree of type (m,) where m, = |X,|. The nth
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layer L,, of this tree consists of all strings of length n, and for each v € T, the
set of strings in T beginning with v is the subtree T, with root vertex v.

Example 1. The group A = Aut(T) is itself a branch group: it acts transi-
tively with kernel rist4 (n) on L, for each n. Since A is the inverse limit of its
images in the groups Sym(L, ), it is a profinite group and its action on the
set of vertices of T' (regarded as a discrete space) is continuous.

For each integer r > 0 write D, for the group of automorphisms of T
that affect only the first r entries of strings. Thus D, is a complement to
rist4 (r) in A and it permutes the subtrees with roots in L,. Each element of
rist4 () is determined by its actions on these subtrees, which are isomorphic
to the tree T") with vertices labelled by strings whose nth entry is in X, .
Given a family (qq) of automorphisms of T() indexed by the elements [ € L,
we define an automorphism of 7', also denoted by («y), which acts on 7} as
a; acts on T") for each | € T("). Each automorphism of T can be written
uniquely as a product ¢.(a;) with 0 € D, and each oy in Aut(7)). As this
notation suggests, the group A = Aut(T) is isomorphic to the permutational
wreath product Aut(7))wr D,. We note also that D, is isomorphic to the
permutational wreath product

Sym(X, ) wr Sym(X, _1)wr -+ wr Sym(X7).

Example 2. Our next examples are certain wreath products with infinitely
many factors.

Fix a ‘“trivial’ element 1, € X,, for each n and write 1) for the string of
length n with all entries trivial. Suppose that H,, is a transitive permutation
group on X, for each n € N. We define a faithful action of H,, on T as follows.
Let € Hy,andv=2x1...2, €T.If r 2 n and z; = 1; for i < n we let v§
be the string with ith entry z; for i # n and nth entry z,&; otherwise we set
v€ = v. In other words, ¢ is an element of rist4 (1" ~1)) and it permutes in
the obvious way the rooted trees having roots 1V, with z, € X,. We
identify each H, with its image in Aut(7T") and we write

W = (H, | n € N).

Evidently W acts transitively on each L,,, and the kernel of the action on L,
is risty (n), so that W is a branch group.

Groups of this type (and more general ones with N replaced by arbitrary
linearly ordered sets) were first discussed in Hall [8]. The isomorphisms de-
scribed in Example 1 above induce isomorphisms

W= (H,|n>r)ywrH, wrH,_y wr - wr H

for each r; the group (H,, | n > r) acts naturally on a tree isomorphic to the
trees with root in L,..
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It is not hard to prove that if the groups H,, are non-abelian simple groups
then the only proper non-trivial normal subgroups are the groups risty (n).
Therefore, if in addition the groups H, are isomorphic permutation groups,
then every non-trivial normal subgroup of W is isomorphic to a direct product
of finitely many copies of W.

Example 3. The groups in Example 2 are locally finite. Finitely generated
groups with similar wreath product decompositions were first found by P. M.
Neumann [10]. For simplicity of exposition we fix m > 5 and consider only
the tree T'(m) whose vertices are finite strings with entries from {1,2,...,m}.
The discussion of Example 1 shows that each element g of A = Aut(T'(m)) is
uniquely of the form ¢.(g1, ..., gn ), with ¢ in the group ¥,, = Sym{1,...,m}
and ¢g1,...,9n € A, and that this establishes an isomorphism A = Awr 3, .

For g € Adefinege Aby g=(g,9,1,...,1). This is a recursive definition:
if the action of g on the nth layer L, is known, it gives the action on L, .
For h, k € A we have

(k)" hk = ((hk)*hk, Ik RE,1,...,1) = (1, (BK) k. 1,...,1).

We deduce successively that %7171];: acts trivially on L, forn =1, 2, ...,
and hence that (hk) = hk. Therefore g +— g is a homomorphism A — A.

We regard the alternating group A,, as embedded in the obvious way in
the subgroup D; of A (defined in Example 1) and we fix a finitely generated
perfect subgroup P of A with A,, < P.Let G = (h,h | h € P). So G is finitely
generated and perfect. We prove that G 2 Gwr 4,,.

Let h, k € P. Since (2,3,4) € G, the subgroup G contains

[h, k238 = [(h,h,1,...,1), (k, 1,k 1,..., )] = ([h, k], 1,...,1).
Therefore (h,1,...,1) € G for all h € P as P is perfect. Hence G contains

(h,1,...,1)"'h=(1,h,1,...,1) and (1,h,1,..., )32 = (h,1,...,1).

It follows that G contains {(g,1,...,1) | g € G} as well as A,,,. Thus
G 2 {0'(913"'7QM) | o c Amagi S G}

The reverse inequality is clear, and so the isomorphism A — Awr X,, induces
an isomorphism G — G wr A,,.

Write K, for the kernel of the action of G on L,, for each n. Clearly ristg (1)
maps to the base group B of the wreath product under the isomorphism, and
rist¢ (1) = Kj. Thus if ristg(n) = K, for some n then ristg(n + 1) is the
kernel of the action of B on L, 1, and hence ristg (n+1) = K, 1. This and a
similar induction show that ristg (n) = K, for each n, that G acts transitively
on each L, , and therefore that G is a branch group. In fact the argument of
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[10, Lemma 5.1] shows that the subgroups K, are the only proper non-trivial
normal subgroups of G.

Examples like this (but with different permutation groups acting on the
sets X,,) were used by Neumann [10] to answer questions of Pride concerning
largeness of groups, and by Segal [12] to answer questions about subgroup
growth of groups. In [17], [18] it was shown that if m > 29 then the group G
constructed above does not have uniformly exponential growth; this leads to
examples that answer a question of Gromov [6] on word growth of groups.

Example 4. The next example, the Grigorchuk group, has rather different
properties from those considered so far.

Take T to be the tree T(2) with vertices the finite strings with entries
from {1,2}. Let a be the automorphism that changes the first entry of each
non-empty string; thus a interchanges the two trees 17, Tb with roots the
strings 1, 2.

We define b, ¢, d recursively as the maps (a, ¢), (a,d), (1,b); thus b acts on
T, as a acts on T and on 15 as ¢ acts on T', and similarly for ¢, d.

The (first) Grigorchuk group is the group I' = (a,b,c,d). Grigorchuk
proved that it has the following properties:

e [ is a just infinite 2-group;
e [ has solvable word and conjugacy problems;
e I has intermediate word growth and so is amenable.

More recently, Pervova [11] proved that the maximal subgroups of " have
index 2; though this property is automatic for (locally) finite 2-groups, there
is no reason to expect it to hold for arbitrary 2-groups. Grigorchuk and the
author [4] have proved that I' has the following additional properties:

e any two infinite finitely generated subgroups have isomorphic subgroups
of finite index;

e the finitely generated subgroups of I' are closed in the profinite topology
on I', and I'" has solvable generalized word problem.

Grigorchuk [2] has introduced and studied many groups sharing some of
the properties of I'. Further important just infinite branch groups of a rather
similar character are provided by the Gupta—Sidki p-groups [7]. Let p be an
odd prime. The Gupta—Sidki p-group is the subgroup of Aut(T'(p)) generated
by a, b, where a is the automorphism that acts as the p-cycle (1,2,...,p)
on the first entries of non-empty strings and b is the automorphism defined
recursively by the formula b = (a,a™!,1,...,1,b). The Grigorchuk group and
the Gupta—Sidki groups are perhaps the most easily described examples of
finitely generated infinite torsion groups.
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Example 5. Our final example is not a branch group but it satisfies con-
ditions (B1), (B2). There are many such groups; the following particularly
simple and elegant description of one was shown to me by Said Sidki. The
group is the subgroup of the automorphism group of T = T(6) generated
by two automorphisms a, b. Let s, t be the automorphisms that permute
the first entries of non-empty strings as the permutations (1,2, 3)(4,6,5) and
(1,4)(2,5)(3,6). The automorphisms a, b are defined recursively as follows:

a=(a,1,...,1)s, b=(b1,...,1)t.

Further motivation

The examples in (2), (3), (4) above are just infinite. In [14], [15] it was
shown that if G is any just infinite group then exactly one of the following
holds:

(a) G is virtually abelian;
(b) G embeds with finite index in some group H wr F', where F is a finite

transitive permutation group, H is not virtually cyclic and all subgroups of
finite index in H are just infinite;

(¢c) G acts faithfully as a branch group on some tree.

Therefore just infinite groups fall naturally into three disjoint classes, one
consisting of branch groups, and so branch groups arise inevitably in the study
of the structure of just infinite groups.

3 The structure graph

Our goal now is to explain why conditions (B1), (B2) of the Introduction
characterize a class of groups acting on trees somewhat wider than the class
of branch groups, and then to formulate a third condition that distinguishes
the branch groups. The immediate aim of the section is to use ideas from the
study of just infinite groups in [14], [15] to extract from the structure of a
group G satisfying (B1), (B2) a graph, called the structure graph of G. The
arguments justifying the assertions that we make are harder than for just
infinite groups since the powerful finiteness properties of just infinite groups
are no longer available.

We noted in Example 1 that Aut(7) is a profinite group which acts contin-
uously on (the set of vertices of) T'. Given a profinite group G, it is therefore
reasonable to ask when it has a continuous action as a branch group on a
rooted tree. It turns out that the answer is exactly the same as for abstract
groups, but with the notions of subgroup, epimorphic image etc. interpreted
appropriately in the category of profinite groups. The proofs are easy modi-
fications of those for the abstract case, for reasons partially explained in [15,
Section 2].
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3.1 The structure lattice

Let G be an abstract or profinite group. We write L = L(G) for the set of
subnormal subgroups of G having only finitely many conjugates. By a result
of Wielandt ([15, Lemma 2.2]), the set L is closed for intersections and joins
of pairs of subgroups, and so it is a sublattice of the lattice of subgroups of
G.

Though we shall ultimately be interested in groups that are just non-
(virtually abelian), we can start in greater generality. Let X be a property of
groups satisfying the following conditions:

e X is inherited by subgroups, quotients, finite extensions and direct prod-
ucts with finitely many factors;

e every non-trivial X'-group has a non-trivial virtually abelian character-
istic subgroup.

Examples of such properties of interest in this context are the properties of
being finite, virtually abelian, virtually metabelian, virtually nilpotent, or
virtually soluble. (An example studied in [1] corresponds to the case when X
is the class of virtually metabelian groups.)

For the rest of this section, G will be a group having the following property:

(Bly) G is a just non-X group and G has no non-trivial virtually abelian
normal subgroups.

It follows easily from (Bly) that L contains no non-trivial virtually abelian
subgroups. Moreover if H, K € L then [H, K] =1 if and only if H N K = 1.

For subgroups H, K of L we write H ~ K if C¢(K) = Cg(H). One can
show that the relation ~ is a congruence on the lattice L; that is to say, it is
an equivalence relation, and if subgroups Hi, Hy, K1, Ky € L satisfy H; ~ Ho,
K1 ~ KQ then

H1 ﬂKl NHQ ﬂKQ and <H1,K1>N<H27K2>.

Thus the quotient set £ = L/~ is a lattice, with the join and meet of elements
[H], [K] defined by

[H]V[K]=[HVK] and [H]A[K]=[HAK]

We call L the structure lattice of G. It has greatest and least elements [G] and
{1}. It turns out that £ is a Boolean lattice; that is, it satisfies the distributive
laws and each element has a complement. Conjugation in GG induces an action
of G on the lattice £, defined by [H]? = [HY].

For each normal subgroup N of finite index in G let Ly be the set of fixed
points of £ under the action of N on L. Clearly Ly is a Boolean sublattice of
L, and we have Ly = {[H] | H<aN}. Clearly too £ = |Jy L~ . Each sublattice
Ly is finite; this is a consequence of the following result whose proof is similar
to the proof of [16, (12.6.7)].
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Proposition 3.1. Let F be a finite group that acts as a group of automor-
phisms of a modular lattice L. Then the set LY of elements fized by F
is a sublattice. If LY satisfies the mazimal condition then so does L.

Being a finite Boolean lattice, Ly is isomorphic to the lattice of subsets
of a finite set. Indeed, if b is an atom of Ly and Y denotes the orbit of b
under the action of G on L, then the map 6 : {by,...,b.} — by V--- Vb, is
an isomorphism from the lattice of subsets of Y to Ly . Translated back to a
statement about subgroups of G, the above statement becomes the following:

Proposition 3.2. Let N be a normal subgroup of finite index in G. Then
N has a normal subgroup B whose conjugates in G generate their direct
product, and such that the elements of Ly are precisely the 2™ equiv-
alence classes containing products of conjugates of B, where m = |G :
Ne (B)|.

We illustrate this result by considering permutational wreath products.
Let F' be a finite transitive permutation group on a set 2, let H be a group
satisfying (B1ly) and let G be the permutational wreath product H wr F', with
base group N. Then G also satisfies (Bly), and £ = L(G) can be identified
with the set of maps from Q to L(H). Moreover Ly can be identified with
the set of subsets of €2, since each subgroup in L(G) normalized by the base
group is equivalent in the relation ~ to the direct product of some of the
canonical direct factors of the base group. In particular, if £L(H) has only the
two elements {1}, [H], then £(G) is equal to Ly and is isomorphic to the
lattice of subsets of €.

This process can be reversed: if G is an arbitrary group satisfying (Bly)
and if IV is a normal subgroup of finite index in G then G is isomorphic to
a large subgroup of a wreath product associated with N. Taking B as in
Proposition 3.2, we let K be the kernel of the action of G by conjugation
on the set Y = {BY | g € G} and let H = K/Ck (B). Then H has property
(Blx) and there is a natural embedding of G with large image in H wr (G/K),
where we regard F' = G/K as a permutation group via its action on Y.

3.2 Basal subgroups and the graph B

The subgroup B in Proposition 3.2 is a basal subgroup of G. A basal subgroup
of G is a subgroup with only finitely many distinct conjugates, such that the
conjugates generate their direct product. Hence basal subgroups are normal
in their normal closures and belong to L. If B € L then B is basal if and only
if any two distinct conjugates of B intersect trivially.

If G acts faithfully as a group of automorphisms of a rooted tree then the
rigid stabilizer of each vertex v is a basal subgroup: we have (ristg (v))? =
ristg (vg) for each g € G, so that riste (v) has only finitely many conjugates,
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which evidently generate their direct product. This is the motivation for our
interest in basal subgroups.
We list some straightforward properties of basal subgroups.

Lemma 3.3. Suppose that A, B are basal subgroups of G.

(a) AN B is basal.
(b ]fl 7é A B then Ng(A) < Ng(B)

a)
)

(¢) If A ~ B then Ng(A) = Ng(B).
)
)

(d) If No(A) < L < G then (AF) is basal and Ng ((A")) =
(e) stabg ([A]) :NG<A)~

Lemma 3.4. If H € L\ {1} then H contains a basal subgroup B such that
H ~ (B9 |BY < H).

At this point we need to make some restriction on the class X'. For sim-
plicity we shall assume from now on that X is the class of virtually abelian
groups, so that our group G satisfies condition (B1).

One can show that if G is residually finite then G has descending chains
(K;)ien of normal subgroups of finite index with (] K; = 1, and moreover that
if (K;)ien is any such chain then each basal subgroup B of G is normalized
by some subgroup Kj;. It follows that £ is the union of countably many finite
sublattices Ly and so is countable. If £ is infinite then it is isomorphic to
the lattice of closed and open subsets of Cantor’s ternary set, and since any
countable residually finite group can act faithfully with all orbits finite on this
lattice, it is clear that L itself reflects little of the structure of G. To obtain
useful actions we have to pass to subsets of L.

Write

B =B(G)={[B] | B #1, Bbasal}.

The action of G on £ induces an action on B. We recall the condition (B2)
stated in the Introduction:

(B2) N(Ng(B) | B a basal subgroup) = 1.

Since each subgroup Ng (B) has finite index, (B2) implies that G is residu-
ally finite, and moreover (B2) is precisely the condition that G acts faithfully
on B.

Therefore from now on we assume that G satisfies both (B1) and (B2). The
set B is infinite; regarded as a partially ordered set it satisfies the maximal
condition and it has no minimal elements, but it is not generally a rooted tree.
We regard B = B(G) as a graph by linking with an edge each pair (a,b) with
b maximal in {c € B | ¢ < a}. We call B the structure graph of G. It turns
out that B is a connected graph, and of course G acts as a group of graph
automorphisms of B.
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To illustrate the utility of the structure graph we make some remarks
about automorphisms of G. One can prove that G has a chain of characteristic
subgroups of finite index. From this fact alone it follows that (1) Aut(G) is
residually finite and (2) Aut(G) is profinite if G is profinite. However more
information is available, since there is a canonical faithful representation of
Aut(G) in a profinite subgroup of the group A = Aut(B).

Let A be the automorphism group of B, and let G be the image of G
in A. It is easy to show that C4(G) = 1. For each h € N4(G), let h* be
the automorphism ¢g — ¢" of G. Then the map h +— h* is an isomorphism
from N4 (G) to the full group of abstract automorphisms of G. It follows that
Aut(G) =~ Ny (é)

Let A be the subgroup of A consisting of the automorphisms that induce
bijections of BN Ly for each characteristic subgroup NN of finite index in G.
Then A is the inverse limit of its images in the groups Sym(BNLy), and so A
is a profinite group canonically associated with G. It is clear that N4 (G) < A.
Assertions (1), (2) above follow, and we also see that if G is profinite then
every automorphism of GG as an abstract group is continuous.

4 Structure trees

Let G be a group that satisfies conditions (B1) and (B2). We shall show that
the structure graph

B=B(G)={[B]| B#1, B basal}

contains G-invariant subsets which have the structure of rooted trees on whose
layers G acts transitively. The proofs of most assertions of this section are
simple modifications of those in [15, Section 7].

We fix an infinite strictly descending chain F = (G;);>o of normal sub-
groups of finite index with Gy = G and (| G; = 1. An element b of B is called
a vertex if there is an integer ¢ such that b is an atom in Lg,; the least such
i is the depth of b. We write T = T (F) for the set of all vertices; since each
L, is finite, so is the set of vertices of depth ¢ for each 3.

Clearly [G] is a vertex, being an atom in Lg, . If a, b are vertices and b < a
then the definition of vertices implies that b has greater depth than a.

We regard 7 as a graph by linking with an edge each pair (a,b) with
a,b € T and b maximal in {v € 7 | v < a}. The action of G on £ and B
induces an action on 7, and the sets of vertices of fixed depth are unions of
orbits for this action. In fact, the orbits of G in its action on 7 are the non-
empty sets of elements of equal depth. For each b € B there is a vertex t with
t < b, and it follows that 7 has no minimal vertices. Hence 7 is a rooted tree
on each of whose layers G acts transitively. We call 7T the structure tree of G
with respect to F. The action of G on 7 is faithful, and if G is profinite then
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the map from G to Aut(7) is continuous, and so is an embedding of profinite
groups.

The following result illustrates the intimate relationship between the sub-
group structure of G and the properties of the tree 7.

Proposition 4.1. Let a,b be vertices of T of depthsi,j with i < j and write
a = [A],b = [B] with A, B basal. The following are equivalent:

(a) b<ain L;
(b) the path in T from [G] to b passes through a;

(¢c) A and B do not centralize each other.

The existence of the tree 7 is the crucial ingredient in the characterization,
in terms of their actions on rooted trees, of the groups with the properties
(B1), (B2).

Let H act faithfully as a group of automorphisms of a tree S. We say
that H acts as a generalized branch group on S if H acts transitively on
each layer of S and for all n the following holds: risty (n) is non-abelian and
H/(ristg (n))’ is virtually abelian.

Theorem 4.2. Let G be an abstract or profinite group. Then G can act
faithfully as a generalized branch group on a rooted tree if and only if G
satisfies conditions (B1), (B2).

In order to characterize branch groups we need an additional condition
forcing rigid level stabilizers to have finite index.

(B3) For each non-trivial basal subgroup A, the normal closure in G of the
subgroup ((N¢(B) | Bbasal, AN B = 1) has finite index in G.

Condition (B3) can be stated more succinctly using the notion of a rigid
normalizer. The rigid normalizer Rg(A) of a non-trivial basal subgroup A of
G is defined by

Rg(A) =(\(Na(B) | Bbasal, AN B = 1).

The subgroup R (A) is the unique maximal element of [A] and it is a basal
subgroup. If G acts faithfully on a rooted tree T' and if the rigid stabilizer of
each vertex of T is non-trivial, then R (ristg (v)) = ristg (v) for each vertex
v of T'. Condition (B3) is the requirement that the normal closure of the rigid
normalizer of each non-trivial basal subgroup has finite index in G. The role
of rigid normalizers in the following characterization was first fully elucidated
by my former student Philip Hardy in his Ph.D. thesis [9].

Theorem 4.3. Let G be an abstract or profinite group. Then G is a branch
group if and only if it satisfies conditions (B1), (B2) and (B3).
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5 The relation between the graph B and trees

Let G be an abstract or profinite group G satisfying (B1), (B2), and fix a
rooted tree T on which G has a generalized branch action. The structure
graph can be reconstructed from T':

Lemma 5.1. (a) B = {[{ristg (v)L)] | v € T, stabg (v) < L < G}.

(b) Suppose that v € T and L,M < G with L, M > stabg(v). Then
(ristg (v)*) ~ (ristg (v)M) if and only if L = M.

(¢) If v <w in T then ristg (w) ~ (ristg (v)stabe (@),
(d) Letb € B\{[G]}. The elements a of B with a > b such that a, b are

joined by an edge are in bijective correspondence with the subgroups
L of G that contain stabg (b) as a mazimal subgroup.

We see that the subgroup structure of G above each of its vertex stabilizers
determines both the vertices and edges of B.
There is a canonical map ¢p : T — B defined by

¢r(v) = [ristg(v)] for each v € T.

This map is injective and preserves the action of G. Philip Hardy [9] has
proved that ¢ is surjective if and only if the action of G on T satisfies the
following condition:

(S) for each vertex v of T and each subgroup L of G such that L > stabg (v),
there is a vertex w > v such that L = stabg (w).

Let B be a non-trivial basal subgroup of G and u a vertex of T. We call
B a vertex subgroup of G with respect to w if there is an integer m > 0 such
that [ ], ristg (v)" < B <ristg (u), where the product is over all vertices of level
m in T,. If G acts as a branch group on T, then B is a vertex subgroup
with respect to u if and only if B ~ ristg (u); thus in this case u is uniquely
determined.

We can now state various conditions under which B is a tree.

Theorem 5.2. Suppose that G is an abstract or profinite group satisfying
(B1) and (B2). The following are equivalent:

(a) B is a rooted tree;

(b) there exists a rooted tree on which G has a faithful generalized
branch action with condition (S);

(¢c) for each normalizer M of a non-normal basal subgroup of G there
is a unique subgroup Ly; of G which contains M as a mazximal
subgroup.
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If G also satisfies (B3), these are equivalent to

(d) G acts faithfully as a branch group on some rooted tree such that
each non-trivial basal subgroup is a vertex subgroup.

Suppose now that B is a tree. Then B is a rooted tree, and G acts on it with
a generalized branch action satisfying condition (S). Furthermore rist¢ ([A]) =
R (A) for each non-trivial basal subgroup A. Any tree T on which G acts as
a generalized branch group can be embedded canonically (by the map ¢r) in
B. The trees in B that arise are obtained using the notion of deletion of layers
introduced in [5]. Given an infinite set Q of non-negative integers containing
0 we form a new tree T as follows: its vertices are the vertices of B whose
levels are in €2, and vertices u, v of Ty with v < u are linked by an edge if and
only if v is maximal in {w € Ty | w < u}, where the partial order on Ty is
the one inherited from B. Clearly G also acts as a generalized branch group
on T (respecting topologies in the profinite case), and if G acts as a branch
group on B then it acts as a branch group on Tg.

In [5] the implications were studied of two properties of branch actions of
a group G on a tree T that hold in a number of cases of interest:

(*) for each vertex uw of T' the stabilizer of u in G acts as a (transitive) cyclic
group of prime order on the edges descending from u;

(#+) whenever u,u’ are incomparable vertices and v < u, there is an element
g € G with v'? =’ and v9 # v.

It was shown directly in [5] that the structure graphs of branch groups
satisfying (%) and (**) are trees, and that each of these branch groups acts
on a maximal tree that is essentially unique. Philip Hardy has proved that
a generalized branch group satisfying (%) and (x*) must also satisfy (S), and
this allows these results to be extended to generalized branch groups. The
conditions (*) and (#*) can often be verified directly for particular examples.
It was shown in [5] that they hold for a number of familiar examples (includ-
ing the Grigorchuk group and the Gupta—Sidki groups). Further examples of
branch groups whose structure graph is a tree are Examples 1, 2, 3 described
in Section 2, with each H, primitive in Example 2. The structure graph of
the group of Example 2 fails to be a tree if at least one of the permutation
groups H,, has point stabilizer contained in two incomparable subgroups of
H,.
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